CHAPTER 6

GENERALIZED INVERSE OF MATRICES AND
SEMIGROUPS

[This Chapter is based on the lectures of Professor K.S.S. Nambooripad, Director-in-
Charge, Centre for Mathematical Sciences, Trivandrum Campus, Kerala, India. |

6.0. Introduction

Linear algebra is perhaps the most important branch of mahes from
both theoretical and practical point of view. In this cortelkecking the exis-
tence of inverses (checking the non-singularity) of masiand linear transfor-
mations and computing the same are crucial. | am sure thaangoiamiliar with
the simple criterion for verifying non-singularity of metes and computing the
inverses. Often a problem that can be solved by matrix (ealitransformation)
inversion may be relevant even when the matrix under coregide is singular.
For example, the solution of a matrix equatioh = v whereu andv are vectors
andA is a matrix or linear transformation is clearly= vA~t if Ais non-singular.
The problem is clearly relevant evenAfis singular. Several mathematicians
including Moore (1935), Penrose (1955) provided consioustthat can replace
inversion when the matrix involved is singular. Terms ligeheralized inverses’
(‘ginverses’ by Rao and Mitra (1971)), ‘relative inversey’'R.C. Burk (in Sur-
vey of Binary Systems) and @ord (1941), ‘inverses’ by Preston (1954), etc.
are used in this context. Our aim here is to describe someessétbonstructions
and also suggest some computational procedures based ondéedying semi-
groups. You may refer to Rao and Mitra (1971) for applicagiohgeneralized
inverses.
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250 6. GENERALIZED INVERSE OF MATRICES AND SEMIGROUPS
6.1. Preliminary Definitions

| assume that you are familiar with basic linear algebra. Hbek Artin
(1990) is a good source for these ideas (especially the falsapters). However,
for convenience we shall briefly recall some of them.

6.1.1. Vector spaces

Letk be a field. A vector space overconsists of a sé¥, a binary operation
+: VXV -V, (Uv)y—u+v

called the vector addition and an actionkodn V

kxV->YV; (a0 av.
These must satisfy the following conditions:
v1) (u+v)+w=u+(v+w)foralluv,weV,
(v2) u+v=v+uforalluuveV,
(v3) there exists & VwithO+v=vforallveV;
(v4) for eachv € V there exists-v € V with v + (-v) = 0;
(vb) 1v = v for all v € V where 1 denote the identity of the fiekg
(v6) (aB)v = a(Bv) for all @, B € k andv € V;
(v7) a(u+v) = au+ avforall @ € k andu,v € V; and
(v8) (¢ +Bv=av+pVioralla,pekandveV.

WhenV is a vector space ovér the elements o¥ are called vectors and those
of k are called scalars.

Observe that the first four axioms above says that) is an abelian group.
Thus a vector space ovircan be defined as an abelian grodgwith addition
+ which is omitted for brevity) on whick acts satisfying the last four axioms
above. We now look at some examples:

Example 6.1.1. LetP(A) be the set of all subsets of a geaind forA;, A; € P let
AMdA=ALUA\NAINA

denote the symmetric flerence ofA; andA,. ThenG = (P(A), @) is an abelian group.
Letk = Z,, whereZ, = {0, 1} denote the prime field of characteristic 2. THéns a
vector space ovef, with respect to the action defined bp0= 0 and ¥ = A’ for all
A eG.
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Example 6.1.2. Letk" = {(X3,..., %) : X € k, i = 1,2,...,n} wherek denotes
some field (the casés= R or C are the more important). Define additionkifhby

(Xl,---,xn)"'(yl,---,yn) = (X1+Ul+"'+xn+yn) for a” (X1’~--’Xn)’ (Ul,---,yn)E]kn
and the action ok onk" by

K(X1,..., %) = (kxq, ..., Kkx%).
With these addition and scalar multiplicatidd?, is a vector space ovér

Example 6.1.3. Let C™[a, b] denote the set of all complex valued functions on the
interval [a, b] that aren times continuously dierentiable. Iff,g € C™[a,b] ande € C,
then define the functiong + g anda f by

(f+9)0 =) +4() and @F)(O) = ()

for all t € [a,b]. It can be seen that the functioris+ g anda f are continuously dier-
entiablen times and it can be verified th&f"[a, b] is a vector space ovet.

A number of other examples can be constructed by modifyiagidia in the
last two examples.

Let V be a vector space ovir A subsetU of V is a subspace of if U is
closed with respect to vector addition and scalar multgian or equivalently,
U satisfies the following condition:

au+BveU forall uveU and a,B€k.

It is clear that a vector spadé has at least two subspaces; the {§¢tand
V itself. All subspaces dlierent from these two are called proper subspaces. If
v# 0, L) ={av : a € k} Is clearly a proper subspace\df Consequently any
non-zero vector space has a rich family of subspaces. Fartre the set of all
subspaces d¥ is a partially ordered s&®(V) under inclusion and is called the
projective geometry coordinatized My

Let A = {U, : @ € A} denote an arbitrary family of subspacesvbfUsing
the definitions and elementary set-theoretic argumentsaneerify that

A= (U, (6.1.1)
aeA
is the largest subspace W¥fcontained in every member oA. If W = AA then
the set/ of all subspaces d¥ that contain every member ol is non-empty
sinceV € U. Hence, by the above?/ is the smallest subspace that contains
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every member ofA. We use the notatio A to denote the smallest subspace
of V containingU,, for everya € A; that is,

AU =) A (6.1.2)

The subspacég’ A is called the sum of the familyd. With the operations
(intersection) and. (sum) defined by®?) and (??), the partially ordered set
P(V) becomes a complete lattice. For basic definitions of kdtiand related
results (see Skornyakov, 1964).

WhenA = {1, 2,...,n}is finite, we write

Zﬂ:V1+V2+---+Vn.

We can verify that the right-hand side represents the swlespfaall vectors € V
that can be written as = vy + v» + - - - + v, Wherey, € V; for all i. Moreover,
the subspac®/ = V; + V, + --- + V, is said to the direct sum of subspadés

i = 1,2,...,nif every vectorv in W has a unique representation in the form
v=uv1+01+ -+, With y; € V,. In this case we write

W=V,eVo®---dV,.

The reader may verify that the following criterion is ne@gsand skicient for
the sumW = Y| V, of subspaces of to be direct:

2V
i
foralli=1,2,...,n. In particular, ifn = 2, the sunV; + V, is direct if and only

if V1 NV, = {0}. We say that the subspa¥®g is a complement of the subspace
V; or thatV; andV, are complementary subspaces if

VieV, =V (?7)

(see Example 6.1.7). Evely € (V) has a complement (see Coroll&?9) so
that® (V) is called a complemented lattice.
Finally we observe that, i), V, W € £(V) andU 2> W then we have:

U+(VAW) =U+V)nW (6.1.4)

This equation is called the modular law satisfied by the gennf(V). Thus
P(V) is a complete, complemented modular lattice (see Skoowdl®64) for a
more comprehensive discussion of complemented modutaest

Vin = {0} (6.1.3)
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6.1.2. Linear independence and bases

If X C V is any subset of the vector spa¢ea vectorv € V which can be
expressed as a finite sum of the form

r
UZZG’iUi where ajek, vye X, foralli=1,...,r
i=1

is called a (finite) linear combination of vectors)Xn Elementsy; € k are called
the codficients of the linear combinatiom Here we assume that the sum is
written in such a way that the vectorssg ..., v, are distinct. Clearly we may
add terms @, + Ow, + ... Owy to the linear combination without afecting the
value ofv. We denote by (X), = L{X) the set of all finite linear combinations
of vectors inX. X is said to be linearly independent if whenever a finite linear
combination of vectors iiX is zero then all its cd@cients are zero; that is,

r
Zaivi =0 implies ;=0 forall i=12,...,r.
i=1

Notice that any subset &f that contains O is linearly dependent. Moreover, it
is useful to observe that the empty set (considered as atsoibgg is linearly
independent. In the following we will be concerned with rempty linearly
independent sets.

In view of the importance of linear independence, it is ukteflook at some
equivalent formulations of the definition. Suppose thaty'! ajv;, w = Zfﬁjw,-
are two linear combinations. By adding O-terms as requiredgan assume that
v andw are linear combinations of the same set of vectors

{Ug, ..., Un} = {01, ... 00} U fwe, ..., ws).
Then we may write
C o =a; ifu=vjforsomel<j<r;
V= Z aju; where , _
i o =0 otherwise.
B =Pk if U = wri forsome I< k< s;

@ =0 otherwise.

m
Similarly w= )" gu  where {
i
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It follows that -
vtw= ) (ah+ B
k=1

Hencev + w is a linear combination as specified above. Agaik i€ k and
v = ZimCUiUi then

kv = i(kaq)ui

is a linear combination of vectors . Therefore, by the definition above, the
set L(X) of all linear combinations of vectors i is a subspace of. On
the other hand, ifJ is any subspace df containingX, then the definition of
subspaces shows that any finite linear combination of veatof belongs taJ.
Thus £{X) c U. Consequently(X) is the intersection of all subspaces\o6f
containingX. The subspac&£(X) is called the linear span of or that £(X) is
the subspace generated Ky Notice that every vector il (X) can be written
in the formv = Y_; ajv; wherey; € X. However, it is possible that the linear
expression representimgnay not be unique. Also, it is clear thgtU) = U for
any subspact of V; in particular,£{L(X)) = L({X) for all X C V. Notice that
for any family A = {U,, : @ € A} of subspaces of, we have

> A= Jua

aeA

The reader may enjoy proving the following equivalent cheazations of
linear independence.

Theorem 6.1.1. LetV be a vector space over the figldThen the following
statements are equivalent forXV:

(a) X is linearly independent.

(b) Every vector in£(X) is auniquelinear combination of vectors in X.
(c) No proper subset of X generaté€sX).

A setX C Vs called a generator &f overk (or simply, a generator of
if the field k is clear from the context) i(X) = V. Notice thatV itself is a
generator oV and so, every vector space has a generator. More¥vscalled
a basis oV overk (or simply, a basis o¥) if X is a linearly independent set that
generate¥. By the theorem above is a basis if and only if
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1) Everyv € V can be written as = Y, aju; With @; € k andy; € X; and
2) if Y ajv = Zfﬁjwj thenr = sand after reordering of terms, if necessary, we
havea; = B andv; = w; fori =1,2,...,r.

As above, it will be convenient to have some equivalent attarezations of
basis. We need some terminology about partially orderedtsdbrmulate these
equivalent definitions of linear independence. The readsrnefer to some book
on algebra ( such a Artin 1990 ) or topology ( Nanda and Nan@@ ) %or more
extensive treatment of these topics. Recall that a relation a setX ( that is,
< C Xx X) is a partial order if it satisfies the following: For arbityax, y, z€ X
we have

1) X< X
2) xX<y<z= x<zand
3) x<yandy < ximpliesx = y.

When< satisfies these conditions we shall say thas a partially ordered set
with respect to< or briefly thatX is a partially ordered set since the relation
< will usually be clear from the contextX is said to be linearly ordered (or
X'is a chain) if, for allx,y € X, eitherx < yory < x. If Y C XthenY is
a partially ordered set with respect to the relatom(Y x Y) and this patrtial
ordered set is called a partially ordered subseXofGivenY € X, me X is
an upper [lower] bound o¥ if y < m[m < y] for all y € Y; mis the least
upper bound [greatest lower boundinfis the smallest [largest] among all upper
bounds [lower bounds]; it is denoted by supinf Y] if these exist.m € X is
maximal [minimal] if x e X andm < x[x < m] impliesm = x.

We use the terminology introduced above in the followingesteent.

Theorem 6.1.2. The following statements are equivalent for a subsetX.

(@) X is a basis of V.
(b) Every vector in V is a unique linear combination of vectorXin

(c) X is maximal in the partially ordered set of all linearly inoendent subsets
of V under inclusion.

(d) X is minimal in the partially ordered set of all generatindgosets of V.

For many practical as well as theoretic purposes it is nacgds know
whether the given vector spabehas a basis satisfying some additional restric-
tions and to find one such basis. For example, given a lingagpendent sek
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and a generating sétin V we would like to find a basiB such that
AcCcB and B\AcCX

To prove the existence of such a basis we need the followitatheeretic prin-
ciple (see Artin, 1990, page 588):

Lemma 6.1.1 (Zorn’s Lemma). Let P be a partially ordered set with respect
to the relation<. If every chain inP has an upper bound théhhas maximal
elements.

Suppose thaf\ be a linearly independent set aXdbe a generating set in
V. Consider the partially ordered setwith respect to inclusion of all linearly
independent subse®of V satisfying the conditions

AcCC and C\ACX (6.1.5)
ClearlyAe CandsoC # 0. If C ={C, : @ € A} is any chain inP, then
AcC= Uca and C\AcCX

aeN
It is easy to see that is linearly independent and €0 € # is an upper bound
of C in £. Hence by Zorn’s lemm# contains maximal elements. LBte #
be a maximal element i®. ThenB is linearly independent. We claim that
L(B) = V. For,ifv e X\ Bandifv ¢ £(B), then the seB’ = BU {v} is a
linearly independent set satisfying (6.1.5). Sifes a proper subset &', this
contradicts the maximality d. ThereforeX € £(B) and soV = L(X) C L(B).
Therefore we have the following.

Theorem 6.1.3. Let A be a linearly independent subset of a vector space V.
If X is a generating set of V there exists a subset C of X sud¢hAtheC = ¢ and
B=AuCisabasisof V.

The above result has several important consequences. Bhstitement
below follows by takingX = V in the theorem above. The second statement is
obtained by taking, in additiory = 0.

Corollary 6.1.1. LetV be a vector space over

A. Every linearly independent setihcan be extended to a basis.
B. Every generating set C V contains a basis.
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In particular, every vector space has a basis.

LetU C V be any subspace. Kis a basis olJ thenAis a linearly indepen-
dent subset o¥. By Theorem?? (or Corollary?? A), there isC C V such that
ANnC=0andB=AuCisabasisolV. LetW = £{C). ThenW is a subspace
of V with basisC. AlsoU N W = {0}. SinceB c U & W, we haveU & W = V.
Furthermore, itV is finite dimensional, so ard andW. Then dimU = |A] and
dimW = |C|. Therefore

dimV = |B| = |Al +|C| = dimU + dimW.
Thus we have:

Corollary 6.1.2. Let U be a subspace of a vector spAteverk. ThenU has
a complemenw in V. If V is finite dimensional so ar&d andW. Further
dimU + dimW = dimV.

The construction of the complement of a given subspace ateticin the
paragraph preceding the corollary indicates that a noeEgte subspadg
has more than one complemendMr{infinitely many complements if the charac-
teristic of the fieldk is 0). We shall denote the set of all complement&Jaby
Clul.

Suppose thaB andB’ are two bases of a vector spaéelf ug € B, then by
Theorem??(d), Co = B\ {ug} does not generaté and soB’ \ £{Cpy) # 0; let
vo € B\ L(Cp). ThenBy = Co U {vo} Iis a linearly independent set having the
same number of vectors & SinceB is a basis, there exist € B anda; € k,
i=0,1,...,rwithvy = X{_,au;. Sincevy ¢ L{Co), a # 0. Hence

Uo = ag'uo — > (35"a)u; € L(Bo).
i#0

ThereforeBy € £(B) so that£(By) = £(B) = V. ThereforeBy is a basis
of V containing the same number of vectorsBaslf C, # 0, we may choose
u; € Co C By and proceeding as above, get a new bBsis which the vectors
Up andu; has been replaced by two vectegsv; € B’; B; contains the same
number of vectors aB. If B is finite, say,B = {uo, ..., Uy_1}, then all bases
Bo, By, ..., Bj,... contain the same numbeiof vectors. InB; we have replaced
i + 1 vectors fromB with vectors fromB’. HenceB,_; will contain n vectors
from B’. SinceB,_; is a basis contained iB’, it follows from Theoren?? that
B,.1 = B’. ThusB’ also contain® vectors.
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Theorem 6.1.4. If a vector space V has a finite basis containing n vectors,
then every basis of V has exactly n vectors.

We say that a vector spabkis finite dimensional if it has a finite basis.\If
has this property, Theorefa? shows that the number dixhof vectors in a basis
is an invariant fol and is called the dimension ®f. If B = {u;, U, ..., U} is a
basis ofV, it is clear that every vectare V can be uniquely written as

n
U:Zaui where a ek, 1i=12,...,n
i=1

Also any set oh + 1 vectors inV is linearly dependent.

6.1.3. Euclidean spaces

LetV be a real or complex vector space. An inner produc¥aes a function
() :VxV — ksuch that

(11) Forallv e V, (v,v) > 0 and{v,v) = O if and only ifv = 0.
(12) Forallu,v,w € V anda, b € k, (au+ b, w) = a{u, w) + b{v, w).

(13) For allu,v € V, (u,v) = {v,uy wherez denote the complex conjugate of
zeC.

The pair(V, ( )) is called an inner product space. We shall say for brevity\tha
is an inner product space if the inner produgts clear from the context. Axiom
(3) above is called the conjugate symmetry of the inner prbddotice that for
a real inner product this reduces to symmetfy,;v) = (v,u) for all u,v € V.
A symmetric inner product is often referred to as a dot prodécreal inner
product is always a dot product; the converse is not true.

Here we will be concerned with finite dimensional inner prctcipaces. The
function() : k" x k" — k defined by

(X, y) = Z x7; forall xyek" (6.1.6)
i

is an inner product ok". A real inner product space of finite dimension is called
a Euclidean space. In particul&é:, = (R", ()) is a Euclidean space of dimension

n. A finite dimensional complex inner product space will beated byH (or H,

if necessary)H is called a unitary space (or a Hilbert space (see Limayel,198
Page 182-184)).
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Recall that a norm on a vector spa¢eoverk is a function||| : V —» R
satisfying the following conditions (see Limaye, 1981, €8§). For allx,y € V
andk € k, we have:

i. |IX| = 0 and||x|| = 0if and only ifx = 0;
ii. [IX+ yll < lIXI| + llyll; and
iii. [k = [KIlIXI.
The following theorem shows that any inner product spacensraned space

(that is, a vector space on which a norm is given). See ( Apds285, Page 48)
andor ( Limaye, 1981, Page 176-182) for proofs and further tetai

Theorem 6.1.5. Let V be an inner product space with respect to the inner
product( ) and let||-|| : V — R denote the map defined by

ull = + v(u, u) (6.1.7)
forallu € V. Then for all ue V, |jul| is a non-negative real number. Furthermore,
we have
(a) (SchwartZ's inequality) [(x, y)| < |IXlllyll for every xy € V where equality

holds if and only if x andg are linearly dependent.
(b) The mag|-|| : V - Risanormon V.
(c) (Parallelogram law) For all X,y € V,
X+ yll? + [1X = ylI* = 23117 + llyII?).
(d) (Polarization identity) For all X,y € V,

A0 ) X+ ylI2 = Ix = ylP? +illx + iyl — ilx - igyl? if k =C;and
I+ gl = (X = P if k = R.

Conversely, ifi|| : V — R is a norm on V, there exists an inner prodyot
satisfying(??) if and only if||-|| also satisfies parallelogram law.

In the following discussion (in this section) the spacessodered will be
Euclidean (and occasionally unitary). Two vectarg € E,, are said to be or-
thogonal, writtenx L y if (X,y) = 0. Also, for anyX C E,, we write

Xt={yeE,:xLy forall xeX]. (6.1.8)
It is easy to see that the following hold.
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Proposition 6.1.1. For anyX C E,, the setX* defined by Equation??) is a
subspace oE,. Moreover, ifX is a subspace d&,, thenX* is a complement of
XandX*++ = X.

For any subseX of E,, X* is called the orthogonal subspaceXofor simply
the orthogonal ofX). When X is a subspac&* is a complement oKX (see
Equation £?)*) and is called the orthogonal complemeniof

Remark 6.1.1. Considerx, y € E,. By Schwartz inequality,

(X[l <
X y)
and so, there is a real numbgesuch that

< = Xlllgll
X y)
Notice that this equation defingsin magnitude but is indeterminate in sign.
However, lines containing vectoxsandy are orthogonal if and only if vectors
andy are orthogonal in the sense defined above.

1

LetV be a finite dimensional inner product space. A subsetV is said to
be orthogonal if Oz X and satisfies the following:

Xyy=0 forall xyeX with x=#uy.
X is said to be normal if

IX| =1 forall xe X

X is ortho-normal if it is both orthogonal and normal. Any atjonal set is
linearly independent and so an orthogonal se¥ ioontains utmosh non-zero
vectors. Any singleton set containing a normal (unit) vedalearly orthonor-
mal. A basis which is also an orthonormal set is called aroorhmal basis. We
proceed to show that has an orthonormal bases.

Let dimV = n. Suppose that, = {w4,...,w,} is an orthonormal set iN.
SinceC, is linearly independent, by Theoret?there isD, = {u,1, ..., Uy} Such
thatB, = C, U Dy, is a basis oV. Now u,,1 ¢ £{C,) and so,

r
w;+1 = Ur+1 — Z<Ur+1, wj) # 0.
j=1
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Therefore ifw,,, = ﬁ thenC,,1 = {w1, ..., w1} 1S an orthonormal set and
Br.1 = Ci11 U Dyy1 IS @ basis ofV. Then, by inductionB,, = {wy,...,wy} is
an orthonormal basis. The procedure used in the inductem at the above
argument is called Gram-Schmidt’s orthogonalization pduce.

If vis a unit vector thero} is clearly an orthonormal set M. So, starting
from any non-zero unit vector we can construct an orthonbbasis ofV by

executing the Gram-Schmidt procedure repeatedly.

Proposition 6.1.2. LetV be an inner product space with difn= n. Given any
orthonormal seK = {u; : 1 <i <r}inV, there exists an orthonormal ba8i®f
V containingX. Therefore, every finite dimensional inner product spacedm
orthonormal basis.

Example 6.1.4. Let X be asetand lat: X — k be a mapping. The support ofs
the set

Suppf) = {x e X : v(x) # 0}.
Let k* denote the set all mappingswhich satisfy the condition that Supf(s finite.
Define addition and scalar multiplication pointwise: For € kX andk € k let

U+v)(X) =uX) +ov(X) and kv)(X) = k(v(X))

for all x € X. Show thatkX is a vector space ovér. For eachx € X, letes : X — k be

the function such that
1 ify=xand
e =
<) {o if y # x.
Prove thaEx = {g : x € X} is a basis okX overk and that the mag — e, is a bijection
of X with Ex. Ex is called the natural basis &f. In particular, ifX = {1,...,n} any
n-tuple can be interpreted as a functionXto k. SinceX is finite, any function orX to

k has finite support. Therefore the vector spltes a particular case &*. The natural
basis ofk" is denoted by, = {e1, e, ..., &4}

Example 6.1.5. LetN = {0,1,2,...} denote the set of natural numbers. Consider

the set ]
k[X] = {Zaixi ‘neN, a ek}
i=0
of all polynomials in one variable with coeficients ink wherex® = 1. If p(x), q(X) €
k[X], define

P9 +a(x) = ) (@ + b)x
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wherea; denotes the cdicient of X in p(x) if X occurs in p(X) and zero otherwise.
Similarly b; denotes the cdicient of X' in q(x) if the powerx' occurs ing(x) and 0
otherwise. Further ik € k then let

Kp(x) = k[Z aixi) = Z(ka)xi.

Show thatk[x] is a vector space ovérandB = {x" : n € N} is a basis ok[x]. Conse-
quentlyk[x] is not finite dimensional.

Example 6.1.6. Letk" be the vector space of Example 6.1.2. Let
En=leck":i=12.n}
. 0 ifi#j;and
where & = (01,02 ...,0n) Wwith ¢ = {l :f : f j an

Show that&, is a basis ok" overk. Consequentlk” is a finite dimensional vector space
with dimk" = n.

Example 6.1.7. Observe that the Euclidean plane can be identified with the re
vector spac&k? (see Example 6.1.6 ). Any non-zero proper subspade?ds a line
through the origin and any two distinct lines through thegioriare direct summands.
Similarly, R® can be identified with three dimensional Euclidean spaceramdzero
proper subspaces are lines and planes through the origihisla plane and is a line
through the origin not lying ofP, then we have® @ | = R3. Moreover iflq, |, 13 are
distinct, none-coplanar lines through the origin, then

|1€B|269|3=R3

Hence the triad of lined{, I», |13) represent an oblique coordinate systemkdr

Example 6.1.8. Prove the following:

(a) &n (see Example 6.1.6 ) is an orthonormal basis with respedigadrniner product
defined by Equation??).
(b) Let C[X] be the vector space of all complex polynomials in one véeiabor p(x) =
Yiax,q(x) = Xjbjx! € C[X], define
(P(Y.d09) = ) abr.
i

Prove that this is an inner product @fix] and that the sgtx” : n € N} is an orthonor-
mal basis ofC[x].
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(c) Let X be a set an¥/ = C* be the vector space of all complex valued functions<on
with finite support (see Example 6.1.4 ). Foy € V let

(f.9) = > (g3

XeX

Show that this defines an inner product\wand that the sdtx of Example 6.1.4 is
an orthonormal basis of.
Example 6.1.9. Show that an orthonormal basis©$ has the form
{(cosH, sind), (—sing, cosd)} or {(cosh, —sind), (sinh, coss)}.

Can you get a similar description of orthonormal basig4n

Example 6.1.10. Letu € E3be a unit vector. Show that

u = (cosd cosg, cosdsing, sing), for some 0 € [—gg] ¢ € [0, 2n].

Prove further that
{(cos@ cosg, cosd sing, sind), (— sind cosg, — sind sing, cosh), (— sing, cosg, 0)}

is an orthonormal basis &s.

6.2. Linear Transformations

Every type of mathematical common object such as sets, grotgrtor
spaces, topological spaces,etc has associated with isa itlappings that en-
able us to compare two object of the same class. For examplemorphisms
of groups do this work for groups, continuous mappings fpotogical spaces,
etc. The maps that help to compare vector spaces over thefeddhare called
linear transformations.

6.2.1. Linear transformations and matrices

LetV andW be vector spaces over the fi?dddA mapf : V — Wis called a
linear transformation if

(Lt1) f(u+v) = f(u)+ f(v) forallu,v € V; and
(Lt2) f(av) = af(v)forallveV, a €k.
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Observe that the first statement above shows that a lineesforanationf : V —
W preserves vector addition so thfats an additive homomorphism oY¥/(+) to
(W, +). The second shows thatis compatible with the scalar multiplication. We
can combine the two statements as folloWs.V — W s a linear transformation
if and only if

f(au+ bv) = af(u)+ bf(v) forall abek, uveV

This statement says thdtis a linear transformation if and only if it preserves
linear combinations of two-element sets of vector¥inThis can be obviously
extended to any arbitrary finite set of vectors; that is a linear transformation
if and only if f satisfies the following condition for atl € N:

n n
f(Zawi) =Y af() foral ack neV, i=1...n
i=1 i=1

A linear isomorphism or simply isomorphism of vector spaises bijective lin-
ear transformation. Notice that, ffis a linear isomorphism so . Two iso-
morphic vector spaces are algebraically indistinguishapken though the rep-
resentation of vectors in the vector spaces may fferént ( see Example 6.4.1
below).

We have seen that every vector sp&Ces the linear span of a basigof V.
Similarly, we can see that every linear transformatfonV — W is the linear
extension of a map : B —» WwhereB is a basis oV. Here, by linear extension
of o we mean the maff, : V — W defined as follows:

f,(v) = Z ao(u) forall o= Z aueV (6.2.1)
ueB ueB
Since every € V is a unique finite linear combination of vectorsBnthe map
f, is well-defined. The extension is clearly unique and lindarf : V —» W
is any linear transformation thehis the linear extension af = f|B and the
uniqueness above implies thia& f,.

It is possible to discuss various propertiesfefin terms ofo. Now f, is
not one to one if and only if there is a non-zero veat@a V with f,(v) = 0. If
v = YgayU, sincev # 0, a, # 0 for someu € B. Hencef,(v) = Y ga,o(u) =0
is a non-zero linear combination of vectorsoi(B) and so,o(B) is not linearly
independent. Suppose thigtis one-to-one. Le} g a,0(u) = 0 be a finite linear
combination of vectors ior(B) which is 0. Ifv = } g a,u then by the definition
of f, above,f,(v) = 0. Sincef, is one-to-oney = 0. SinceB is a basis oWV, it
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follows thata, = O for all u € B which says that-(B) is linearly independent in
W.

Next, let f, be surjective and lab € W. Then there exist = Yga,u € V
with

w=f,(0) = ) aufe(W)
B

which implies thatw € £{o(B)). Thereforeo(B) is a generating set faV. On
the other hand, letr(B) be generating. liv € W, there isa, € k with w =
Yeawo(u). If v =Y gauthenf,(v) = wand so,f, is surjective. Combining the
two cases considered above, it follows tiiat V — W is a linear isomorphism
if and only if o(B) is a basis ofV.

Theorem 6.2.1. Let V and W be vector spaces over the fieland B be a
basis of V. Suppose that: B — W be a mapping. Let,f: V — W be the map
defined by(??). Then § : V — W is the unique linear transformation which
extendsr on B.

(A) f, isinjective if and only ib-(B) is linearly independent in W.
(B) f, is surjective if and only i&-(B) is a generating set for W.
Consequently,fis a linear isomorphism if and only if(B) is a basis of W.

Conversely if f: V — W any linear transformation, then for any basis B of
V, we have f= f, whereo = f|B.

If V andW are finite dimensional and if divd = dimW = n, then bothv and
W have baseB andC containingn vectors and so, there is a bijection®bnto
C which extends to an isomorphism. Conversely let ®im nandf : V - W
be a linear isomorphism. Then for any baBisf V,

dimV = |B| = |C| = dimW
whereC = f(B) is a basis oiV. Thus

Corollary 6.2.1. Two finite dimensional vector spac¥sandW are isomorphic
if and only if dimV = dimW.

The following result lists some very important propertiéaitrary linear
transformations.
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Proposition 6.2.1. Letf :V — W be a linear transformation. Then

N(f)={ueV: f(u)=0} (6.2.2)
and R'(f)={weW: f(v)=w forsome veV}.

are subspaces of and W respectively. IfU is a complement ofN(f) in V,
then f|U is a linear isomorphism o0 onto R*(f). In particular, ifV is finite
dimensional, so arf(f) andR*(f) and

dimV = dimN(f) + dim R*(f).

Proof 6.2.1. It is easy to verify thaN(f) andR*(f) are subspaces &f and
W respectively. LetU be a complement ofi(f) and letf’ = f|U. Clearly
f’: U — R'(f)islinear. Also, ifu e U andf’(u) = f(u) = 0, thenue N(f)nU.
Henceu = 0 which says that’ is injective. Also, for anyw € R*(f), there exists
v € V with f(v) = w. SinceN(f)® U =V, there exists unique, € N(f) and
v; € U such thab = vg+v1. Thenf(v) = f(vo)+ f(vy) = f(v1) = f'(v1) = wwhich
shows thatf’ is surjective. Thereford’ : U — R*(f) is a linear isomorphism.
If V is finite dimensional, so a(f) andU. SinceR*(f) is isomorphic taJ,
R*(f) is finite dimensional and by Corollar? dimR*(f) = dimU. Hence the
desired equality follows from Corollary?.

The integer dinR*(f) is called the rank of and is denoted as Rarfik Sim-
ilarly, the integer dimN(f) is called the nullity off and is denoted by Nullity.
Then, by the proposition above, we have

Rankf + Nullity f =dimV =n

for all linear transformations with dirh= V.

6.2.2. The space of linear transformations and matrices

Let H,(V, W) denote the set of all linear transformations of an arbtvactor
spaceV overk to a vector spac®/. Sincek will be clear from the context, we
shall abbreviate the notation KV, W). It is useful to note that the s&i(V, W)
itself carries a vector space structure.

Proposition 6.2.2. LetV andW be vector spaces over the fiédddThenH(V, W)
IS a vector space with respect to addition and scalar migiéfpbn defined as
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follows:
(f+9)v) = f() +9(v); and &f)(v) = k(f(v)) (6.2.3)
forall f,g €e H(V,W), ke kandv e V.

In the following, unless otherwise specified, W, etc. will denote finite
dimensional vector spaces ower

Suppose thaf : V — W is a linear transformation of a vector spat¢o a
vector spac&V. LetB = {u : 1 <i <n}andC = {w; : 1 < j < m} be bases o¥
andW respectively so that diM = n and dimw = m. There are bijections ( see
Example 6.4.2)

g:B—>&,; um~ege and
c:C—>&; wyH e

By Theorem??, the linear extensions of these, again denotedgbgnd . are
linear isomorphisms df ontok" andW ontok™ respectively (see Example 6.4.2
)- Hencef = ¢z' o f o ¢ is a linear transformation & to k™. Let

fu) = > aw;; (6.2.4)
j=1

foralli=1,2,...,n. The map

mpc(f) e - @1, ....a8m & — k"

is called the matrix off in the base8 andC. We use the usual matrix notation
to indicate this map:

A1 A2 o+ Am

dp1 Ay - Aom
mB,c( f)= . .

dn A2 o Oy

Clearlymgc(f) is ann x m-matrix. Conversely ifA = (g;) is anyn x m-matrix,
it determines a map

A:e (1,82 ,a8m)
of &, to k™ which sends to thei — th row of A. The linear extensiofi of the
mapA is a linear transformation &" to k™ and

f:(BOfAO(El:V—)W
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is a linear transformation such thagc(f) = A. Thus the correspondende—
mpc(f) is a bijection of the set dfi(V, W) of all linear transformations o¥ to
W with the setMat,, of all n x m matrices ovek.

Letoy; : B — W be the map defined as follows:

(o) = wj ifk=iand
W70 otherwise.

By Theorem?? there is a unique linear transformatidf),= f,;, : V. — W, the
linear extension ofrj;. Let

F=Fgc={fj:1<i<nl<j<m.

F is linearly independent sincg;; d;; fij = 0 implies

[Zdij fij)(vk) =0 forall i=1,...,n

ij
Hence dej fkj(w) =0 forall i=1,...,n
j

SinceC is linearly independent, this implies thdg = O for all j andk. SoF is
linearly independent. Now let € H(V, W) with mgc(g) = (aj). Then by £7?),

g(v) = Za,-,-w,- forall i=1,...,n.
]

Suppose thay’ = 3 ; & fij. By (??) ¢’ € H(V,W) and for anyk = 1,...,n,
g'(v) = Z a;j fij (o)
i

= Z agjwi = g(vw).
j

Therefore, by the uniqueness in Theorewe conclude thag = ¢’ and soF
is a basis oH(V, W). It follows that dimH (V, W) = mn

AgainMat,,, is a vector space ovérwith addition and scalar multiplication
defined by

(&) + (byj) = (&; + by;) forall (&), (bj) € Matym;

k(a;) = (ka;) forall (a;) € Matym kek. (6.2.5)
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Let f,g € H(V, W) anda, b € k. Suppose thatigc(f) = (a;) andmgc(g) = (byj).
Then for each; € B

(af +bg)(v) = a(f(u)) + blg(vi)
= a(z a”wj) + b(z bijwj)
j j
= ) (aa + bby)uw;.
j

It follows from (??) that
mgc(af + bg) = (aa;j + bh;) = a(a;) + b(by;)
= amgc(f) + bmgc(g).

Therefore the mamgc : f — mpgc(f) is linear. We have already noted that
mgc : H(V, W) — Mat,«m is a bijection and sang is a linear isomorphism.

Let U, V andW be vector spaces with bas@s B and C respectively. If
f € H(U, V) andg € H(V, W) then by ¢?), equations defining matrices, g(f) =
(aj) andmgc(g) = (bi) are

f(u) = Z a;jvj and g(l)j) = Z bjkwk.
j k

If h= f og, equations definingiac(h) are

h(u;) = Z aijg(vj) = Z Z ayj bjwy
i j k
= Z CikWk where Ck = Z a”-bjk.
k ]

Hencemac(h) = (ci). Notice that i) is the usual row-column produdt () (bj).
Therefore we have

mac(f o g) = mag(f) x mgc(g). (6.2.6)

For the convenience of later reference, we summarize tlcesbgon. Recall that
the setH(V, W) of all linear transformations of a vector spa¢¢o W is a vector
space (see PropositiG?).
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Theorem 6.2.2. Let V and W be vector spaces oewith dimV = n and
dimW = m. TherH(V, W) is a vector space ovérsatisfying the following: [(1)]
dimH(V, W) = nm.

Mat,.m iS a vector space ovér with addition and scalar multiplication defined
by (??).

If B and C are bases of V and W respectively, then

mgc @ H(V, W) - Maty,, - mgc(f)

is a linear isomorphism oH (V, W) onto Mat.,. In particular dimMat,., =
mn.

Moreover, if A, B and C are bases for vector spaces U, V and \perely
then

mac(f og) = map(f) x mac(g)
forall f € H(U,V) andg € H(V, W).

6.2.3. The algebra of linear transformations and matrices

If V is a vector space with diM = n overk, it follows by settingV = W
in Theorem?? thatH(V, V) is a vector space of dimensiofA overk. Moreover,
for f,g € H(V,V) the composite o g (often abbreviated ag) is again a lin-
ear transformation i (V, V). This gives a multiplication irH(V, V) which is
associative and distributive. It is easy to see th@t, V) is a ring with respect
to vector addition (defined by EquatioR?)) and composition. We denote this
ring by A(V). Moreover,A(V) is also a vector space overand satisfies the
following:

k(fg) = (kf)g = f(kg) forall kek, f,geA(V). (6.2.7)

Rings that are vector spaces over the fieltiat satisfies the property above are
calledk-algebras (or simply algebraslfis clear from the context). Thu$(V)
is a finite dimensionat-algebra of dimension?. Similarly Mat,,, is an algebra
of dimensiom? overk with respect to matrix addition and scalar multiplication
defined by EquatiorX?) and usual matrix multiplication which is isomorphic to
A(k"). We shall identifyMat,., with A(k") = M.

Let B be a basis oV overk. If f € A(V) thenf is a linear transformation
from V to itself and so, its matrix can be defined as in Equati#®) here we
may chooseB = C. We denote this matrix byig(f) so thatmg(f) = mgg(f).
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For f € A, we writem(f) for the matrixmg(f) where&, denotes the natural ba-
sis ofk" ( see Example 6.1.6 ). Again by Theoré&® the mapmng : A(V) — M,

is a linear isomorphism and by Equatid??), the mapmg also preserves multi-
plication. A maph : A — A’ of an algebral to A’ is an algebra isomorphism
if it is linear isomorphism and ring isomorphism. Therefarg : A(V) —» M, is
an isomorphism of algebras.

Theorem 6.2.3. Let V be a vector space withimV = n. Then(V) is
an algebra of dimension?noverk with respect to vector addition and scalar
multiplication defined by Equatiof??) and composition. Similarly the st,

of all n x n matrices ovei is an algebra of dimension?roverk with respect
to matrix addition and scalar multiplication defined by E¢joa (??) and usual
matrix multiplication. Moreover, the mapg : A(V) — M, is an isomorphism
of algebras.

In the following discussiorl = A(V) will denote the algebra of linear trans-
formation of a vector spacé with dimV = n overk. The theorem above says
that we can identify the algebria(V) with the matrix algebraM, by the iso-
morphismmg. Clearly the identification depends on the given b&sidn any
case, given any statement regarding linear operat@fsme can routinely trans-
late the statement to an appropriate statement regarditrgcesainM,, (that is,
statement about squamnex n-matrices). The operator version is geometric as it
involves dfine and linear subspaces\éfand certain geometric transformations
whereas the matrix version is computational. Often we dtate the geometric
version and leave its translation to matrices as an exawite reader.

6.3. Ginverses

LetUg be a subspace &f. Then by Corollary?? Ug has a complemertd; in
V so thatUp @ U; = V. We shall say thatly, U,) is a direct-sum decomposition
of V. Then each vectar € V can be uniquely decomposedwas ug + u; where
u € U;, i=0,1. Let

e(Up,U)): V>V, ub u;.

Then Uy, U,) is the projection ofV onto U, determined by the direct sum
decomposition. It is easy to verify thetUy, U,) is a linear operator ol such
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that

N(e&(Uo,U1)) = Uy and R'(gUo, Uy)) = Us.
Recall that (see (fiord and Preston, 1961, for example) an operétonV (that
is, f € A(V)) is called an idempotent if> = f. Given a direct sum decompo-
sition (Uo, U,) of V, the mape(Uy, U,) defined above is an idempotent. Some
useful properties equivalent to being an idempotent aréalfeving.

Lemma6.3.1. The following statements are equivalent for an operatenl.
(2) f is an idempotent ifl.

(2) f|R*(f) is the identity transformation oR"(f).
B)N(f)® R*(f) =V andf = e(N(f), R*(f)).
Thus there is a bijection between idempotentd iand direct decomposition of
V.
Let f € H(V, W) be a linear transformation. We shall say that H(W, V) is

a generalized inverse (or just ginverse for shortj df

fgf = f; (6.3.1)
g is called an semigroup inverse, or simply an sinverse if

fgf=f and gfg=g¢g; and (6.3.2)
andg is called a group inverse, or simply an inverse if

fgf =1, ¢gfg=g and g¢gf = fg. (6.3.3)

We shall denote byV(f), the set of all ginverses dfand byV(f), the set of all
sinverses of . If g € gV(f), then we havdgf = f. Soifh = gfg then

fhf = (fgf)gf = fgf = f; and
hfh=g(fgf)gfg=9g(fgf)g=9gfg=nh.
Henceh € V(f). Therefore ifgV(f) # 0 so isV(f) and we have
V(f) c gV(f).
It can be shown that an inverse tfif exists, is unique which will be denoted by
f-1. Notice that iff is invertible in the usual sense (that is, if det 0) thenf !

is the inverse off as defined above. However, if the inverfsé exists as above,
f need not be invertible
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Theorem 6.3.1. Let f,g € A. Theng € gV(f) if and only if there is a
complement U oll(f) such that

gIR*(f) = (flU)™ (6.3.4)
A ginversgy is an sinverse if and only if
N(f)®R'(g9) = R'(f)® N(g) = V. (6.3.5)
In this case we have R'(fg) =R'(9) and R'(gf) = R'(f).
Furthermore, f has an inverse if and only if
N(f)® R (f) =V. (6.3.6)

Proof 6.3.1. Suppose thaj € U satisfies the given condition. By Propositiah
f|U is a linear isomorphism afl onto R*(f). Hence(f|U)™ is well-defined.
Also, if v € V, thenv = vy + v, for a uniquevy € N(f) andv; € U. Hence
vf = (v,) f and by the given condition, we have

@ fgf =((()f)g) f = ()f =)
Thus fgf = f and so,g € gV(f). Conversely, leyy € gV(f). Thene = fg
is an idempotent such thalk(fg) = N(f). so, by Lemm&??, U = R'(fg) is
a complement oN(f). Also by Propositior??, flU : U — R*(f) is a linear
isomorphism. Hence i € U,

W(fIU) (gI(R'(F))) = (u)fg =u
by Propositior??. This proves that
gIR*(f) = (flU)™
as desired.

Suppose thay € V(f) so thatfgf = f andgfg = g. Thene = fgis an
idempotent wititN(f) = N(fg) and so, by Lemma&?, R*(fg) @ N(f) = V. Since
R*(fg) € R*(g), by Propositior??, we have

dimR'(fg) = Rankf < Rankg and by symmetry, Rank< Rankf.
ConsequentlRr*(fg) = R*(g9) and soN(f) ® R'(g9) = V. Again by symmetry we
haveR*(f) @ N(g) = V.

Conversely, assume thatsatisfies Equation??). Then the complemerti

in Equation @?) is R*(g) which shows thay € gV(f) andf € gV(g). Therefore
g € V(f) as desired. Ib € R'(fg), v = ug for someu € V. Hence ()fg =
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(uygfg = ug = vand soR'(g) C R*(fg). Since clearlyR*(fg) C R*(g) we have
R'(fg) = R*(g). Similarly R*(gf) = R*(f).
Suppose thag = f~! so thaty € V(f) andfg = gf. By Equation ??),

V=N(f)eR'(g) =N(f)@R'(fg) = N(f)® R'(gf) = N(f) ® R'(f).

On the other hand, suppose tiNtf) @ R*(f) = V and lete = ¢(N(f), R*(f)).
Thenf = eo fy wherefy = f|R"(f) is, by Propositior??, a linear automorphism
of R*(f). Itis easy to check that = eo f;! is the inverse off as defined in
Equation ©7).

Proposition?? together with the last statement of the theorem above (see
Equation 7)) gives the following:

Corollary 6.3.1. LetU andW be subspaces of a vector spatéwith dimV =
n). Let

HUW) ={f e :N(f)=U, R (f)=W)}.
ThenH(U,W) # 0 if and only if dimU + dimW = dimV. Moreover,H(U, W)
is a multiplicative subgroup & (V) if and only if U @ W = V. If this is the case,
thenH(U, W) is the group with identity(U, W) and inverse of any € H(U, W)
is the group inverse satisfying Equatict?).

Notice thatH(U, W) is a subgroup of!l if and only if (U, W) is an idem-
potent. HereU (andor W) can take any value subject to the restriction that
(U, W) is a direct-sum decomposition (see Lem@®. If U = {0} is the trivial
subspace, theW = V and the grougH(U, W) is the automorphism group of
V which is denoted b¥L (V). GL(V) is called the general linear group ot
The corresponding subgroup M, is denoted bysL, which is called the general
linear group of rankn. This is the group of all invertible matrices M, and
GL, = mg(GL(V)) for any basiB of V (see Theorem?).

If G is any multiplicative subgroup o, its identity is an idempotent i#
and hence, by Lemma?, has the formg(U, W) where J,W) is a direct sum
decomposition oV. Hence we must have ¢ H(U, W) and so,H(U,W) is a
maximal subgroup ofl. It is easy to see that the map

f e H(U,W) — fIW: H(U,W) — GL(W)

is a natural isomorphism & (U, W) on to GL(W). Thus maximal subgroups of
A are, up to isomorphism, general linear groups of rank lesms ¢tn equal tan.
Theoren?? shows that we may construct ginverses and sinverses ag$ollo
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Theorem 6.3.2. Let f € A. For any complement U d¥'(f) and W ofN(f)
the map

h=e(U,R'(f)) o (flW)~*

is the unique sinverse of f wifl(h) = U andR*(h) = W. Every sinverse of f is
constructed in this way. Moreover,c gV(f) if and only if

g=h+a
where he V(f) anda € % with a(R*(f)) € N(f).

Proof 6.3.2. Let U andW be as given above. Suppose thigt= f|W so that
fo : W — R'(f) is a linear isomorphism by Propositiét?. It follows from
Lemma??thatf = e(N(f), W) o f,. Also

h=e&U,R'(f)) o (fo)™

= &(U, R*(f)) o ((fo) ™ o fo(fo)™) = hfh
and fhf =e(N(f),W)o (fo(fo)‘lfo)

= e(N(f),W)o fp = f.
Thereforeh € V(). Sincefy : W — R*(f) is a linear isomorphism, clearly,

N(h) = N(e(U,R*(f)) =U and

R'(h) = R'(f;1) = W
To prove the uniqueness bfassume thay € V(f) with N(g)
W. By Theorem??, g|R*(f) = hR*(f) = (fo)t. Clearlyg|U
U @ R'(f) =V, it follows thatg = h.
Suppose thay = h + @ whereh € V(f) anda : R'(f) — N(f) is a linear

transformation. Let € V. Sincevf € R'(f), (vf)a € N(f) so that (¢(f)a)f = 0.
Therefore

U, R'(9) =
hlU. Since

W) fgf = @) fhf— ) faf = (W)Thf = (v)F.

Since this hold for alb € V, fgf = f and so,g € gV(f). Conversely, let
g € gV(f). Thenh = gfg € V(f). Sincel is an algebrag = g — h € 2. Let
w € R*(f). Then forv € V with vf = w, we have

(wa)f = (vf)(gf —hf)=(v)fgf —(v)fhf=()f - ()f =0.
Hencewa € N(f) and sog|R*(f) : R*(f) — N(f). This completes the proof.
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The theorem above shows that any ginverse can be obtainesidalale per-
turbation of an sinverse. One can pertarb V(f) so that the resulting ginverse
is invertible.

It is clear from Theoren?? that ginverses and sinverses of a singular linear
transformationf € A are not unique since a subspace/ahay have more than
one (infinitely many if the fielc is infinite) complements. However, given any
g € gV(f), everyh € V(f) can be constructed as follows:

Theorem 6.3.3. Letg € gV(f), U be a complement & (f) and W be a
complement oil(f). Then

h(U, W) = &U, R(f)) o g o N(f), W)

is the unique sinverse of f such thHé¢h(U, W)) = U and R*(h(U,W)) = W.
Consequently

V(f) = {h(U.W) : U € CR'()). W e C(N(F)}.

Proof 6.3.3. The choice olJ andW implies by Lemm&?? that

eN(f),W)o f = f = f o &(U,R'()). (a)

Also, letgo = ¢IR*(f). Then by Equation??), go = f;* wheref, = (f|W’)
for someW e C(N(f)). Sincef, is a linear isomorphism of the subspasg
ontoR*(f), go is a linear isomorphism &' (f) onto the compleme” of N(f).
Then by Lemm&7? e(N(f), W)|W : W — W s a linear isomorphism and so,

g o &N(f), W)IR'(f) = go o (&(N(f), W)IW')

is a linear isomorphism @&*(f) ontoW. Since

h=h(U, W) = &U, R'(f))ogoe(N(f), W) = (U, R'(f)) o (g o &(N(f), W)) [R*(f),
it follows thatN(h) = U andR*(h) = W. Furthermore,
fhf = (fe(U, R'(f))) g (&(N(f), W)f)
=fgf=f* by Equation(a);
and hth=e(U,R'(f))(gfg)e(N(f), W)
= (U, R (f))(g fgIR*(f))e(N(f), W).
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Sincegy = 1, we havey fg|R* (f) = gofogo = go and so,
hfh=e(U, R*(f))(g0)e(N(f), W) = h.

Thereforeh = h(U, W) € V(f) and satisfies the desired conditions. Uniqueness
of h follows from Theoren??. The last statement is now clear.

Remark 6.3.1. Here we have considered ginverses of linear transformafion
V — Vin the algebral(V) of linear transformations of a (finite dimensional)
vector spac®’. We may extend this to linear transformations of the frnV —

W from a vector spac¥ to W. For letU be any complement d&*(h) = Imhin
W. If U’ is any complement dli(h) in V, thenh|U’ is a linear isomorphism of
U’ ontoR*(h). Then the linear transformation

g =&U,R'() o (flU)™
satisfiesfgf = f. Theorem?? can also be extended to this more general case
easily: any sinverse of a linear transformatibn V. — W can be constructed
from a given sinverse (or ginversgps

g = &U,R'(h)) o g o &N(h),U’)
whereg(U, R*(h)) € 2(W) ande(N(h), U’) € A(V) are idempotents.
If Ais ann x mmatrix, it represents a linear transformation\of= k" to
W = kM and the matri)G of a ginversey of A constructed as above also satisfies
AGA= A. Consequently if the matrix, = A~ of g is known, the matrix of any
sinversey’ of the matrixms = A of f can be computed by multiplying~ by
suitable idempotent matrices.

6.3.1. Ginverses of matrices

In the following discussion we shall be concerned witk n-matrices (ma-
trices inM,). As observed above in RemaPR, all this can be extended to the
more general case afx m-matrices.

Recall that eactA € M, the unique linear operator df, that send each
& € Eptor, i =1,2,...,nhas matrixA in the natural basis d&, (see Example
6.1.4). Since no confusion is likely we shall use the samatiwot for both the
linear transformation and its matrix in the natural basi€f We proceed to
compute the matrix of some sinverBaf A. Suppose that

rﬁ:ri:(ai].’aiZa'-',ain), 1§|§ﬂ
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be the set of rows of and

A .
¢ =¢ = (auj, &j---»a), 1l<j<n

be the set of columns. Then

The linear span
R'(A) = L{ry,...,1,)

of row-vectors ofA is called the row-space. CleamRj(f) is the range (image)
of the linear transformatioA. Similarly the space

RY(A) = L{cps .5 ¢
is called the column space 8f Now x € N(A) if and only if
XA = ((X ¢, (X &),y o (X)) = 0
which is true if and only ifx is a solution of the system of homogeneous linear
equations
n

D xai=(xq)=0 forall i=12....n (6.3.7)

j=1
It follows that the spac®°(A) is the orthogonal tdl(A). Also R°(A) is the row-
space ofA’, the transpose oA and it is well-known that Rank = RankA'.
Hence dinR*(A) = dimR‘(A) = RankA = t. SinceR‘(A) N N(A) = {0}, it
follows thatR‘(A) is the orthogonal complement 8(A). HenceA induces a

linear isomorphism oR‘(A) ontoR*(A). Therefore there exists an ordered set of
rows of A

A= {1ty ) with iy <ip<--- <l (6.3.8)
that forms a basis d@*(f). Similarly there is an ordered set of columnsfof

A= {e ¢ty With ji<jo<-- < jp (6.3.9)
that forms a basis d@‘(A).
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We say that a matrio € 2 dominates a matri® with respect to a row-base

A if
v =1, ifandonlyif k=i, forsome 1<I<t. (6.3.10)

If D is non-singular, then the set of rowsBfnot in A, spans a complement of
R*(A). Conversely, given a row-bagg and a basi®y of a complement of
R*(A), there is a unique matri® = m(A,, By) such thaD dominatesA and the
set of rows ofD not in A, is By.

As above letD = (m;) = (A, By) be a non-singular matrix dominatingy
By definition of the linear transformatiof,

AW;W — R'(A) where W= f{(g,.€,,...,6).

is a linear isomorphism dfV onto R*(A). HenceW is a complement oN(A).
Again by the definition oD = m(A., By), DIW = AW. If M = () = D1, we
have

MIR*(A) = (DIW) ™" = (AW) .

By Theorem?? M is an invertible ginverse oA.

Proposition 6.3.1. LetA € U, and letD = m(A,, By) be a non-singular matrix
dominatingA whereBy is a basis of the complemeutof R*(A). ThenDis a
non-singular ginverse dk.

GivenA € % and a complemend of R*(A), the result above shows that it is
possible to calculate one ginverlskof A provided we can comput&. andBy.
Standard linear algebraic methods are available for thesguatations. Clearly
M depends on the choice Of. If we setU = R*(A)*, the orthogonal complement
of R*(A), we may choos&,, as the set of all linearly independent solutions of
the system of equations

<X7 I‘ik

y=0 forall k=12...,t

A complete system of linearly independent solutions mayxpéiatly computed

in terms ofA using Cramer’s (see Nambooripad, 2000, page 109). Constygue
it is always possible to compute one (invertible) ginver3éen Theorenf?
shows that any sinverse can be constructed by pre- and pdsplying by suit-
able idempotents and by Theoré? any ginverse can be computed by a suitable
perturbation of an sinverse.
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Again by Theorent?? any sinversey € V(A) is uniquely determined by a
complement) of R*(A) and a complemerw of N(A) so that

N(g)=U and R'(g) =W

We proceed to compute the matrixgin the natural basis d&,. Let By andBy
be bases of) andW respectively. Also leD = m(A,, By) be a nonsingular ma-
trix dominatingA. If M = (n;) = D-1thenMD = I,. Sincee = (i1, 62, - - ., Oin)
is thei® row vector ofl,,, we have

&= ) M+ ), My

1 €A ujeBy

foralli =1,2,...,n. Sinceu; € N(g), application ofy to either side of the above
equation gives

@)g= ), MJg-

1 €A

Sinceg|R*(A) is an isomorphism, by Equatio?), for eachk = 1,2, ..., tthere
exists a uniquey € W such that

n
()9 = w = Z Wk;€
j=1

and{wy : 1 < k <t} is a basis oiN. Therefore

Il
—_——
[
=

E
———
D

forall1<i<n.
Thus we have proved the first part of the following. The cosegrart is an
immediate consequence of Theor@mand the first part.
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Theorem 6.3.4. Let A€ M, andg € V(A). Suppose thall(g) = U and
R*(g) = W. Further, let

A =1, )

be a row-base of A. ! = (my;) be the inverse of the non-singular matrix
m = m(A,, By) that dominates A, then

m(g) = () where fy = > mw. (6.3.11)
j

is the matrix of the sinversgof A.

Conversely, leBy = {u;} and By = {w;} be bases of complements U and W
of R*(A) and N(A) respectively. Ifin ! = (my;) is the inverse ofn(A., By), the
matrix formed as in Equatio(??) is the matrix of an sinverse of A.

The theorem above gives a construction of an arbitrary ssevef a matrix
A € M,,. The construction uses the following data:

(@) A row-baseA, of A.
(b) A basisBy of a complement of the subspacR'(A).
(c) A basisB,, of a complementV of the subspacl(A).

Obtaining these items of data in the appropriate format negdrsome com-
putations. Known computational methods are availabletitr purpose. The
remaining computation consist mainly of inversion of a rsamgular matrix for
which also classical methods are available. Finally, asvahoy Equation ??),
we need to compute certain inner products which are quigggsiiforward.

Various special types of ginverses can be computed by chgtise comple-
mentsU of R*(A) andW of N(A) suitably and using the procedure described in
Theorem??. An important particular case is obtained by choogding R*(A)*
and lettingW as an arbitrary complement NfA) (and or choosingV = N(A)*
andU as arbitrary). IfU = R*(A)*, thenBy = {uy, ..., U} may be chosen as
the maximal set of linearly independent solutions

n
Zakxk:(x,ri):o forall ie{1,2...,n (6.3.12)
i=1

Itis possible to compute these explicitly in termsfafising the standard Cramer’s
rule (see Nambooripad, 2000, page 108).= N(A)* we may similarly choose
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Bw = {ws, ..., w} as the maximal set of linearly independent solution of tre sy
tem of homogeneous linear equatio?®)(We will indicate the significance of
these choices in the next section. In particular, the clsoice

W=N(A)" and U =R'(A)"

give a unique sinvers&’ which is called the Moore-Penrose inversetof

6.4. Systems of Linear Equations

Here we consider applications of ginverses in solving systef linear equa-
tions. Again we shall confine ourselves to square matriceesxtension to the
more general case is routine.

LetA e M,andXx = (Xq,..., X,). Then for ally € E,, the the matrix equation

XA =y (6.4.1)

can be equivalently written as the system of simultanemgsli equations

n
(X, ¢) = Z ajx;=y; forall i=12...,n (6.4.2)
j=1

The equation above is called the system of linear equatietesined by the
matrix A. It has a solution € E, if and only if vA = y so thaty is the image
of v under the linear transformatiok that is,y € R*(A). If this is the case, we
say that the given system of equation is consistent. Ndtiag tor any solution
v of the given systemy + u is also a solution provided is the solution of the
homogeneous systeaA = 0. Hence for any solution of the system (6.4.1),
v+ N(A) represents a complete set of solutions of (6.4.1). Singdasis

By = (v, vo, ..o, V)

of N(A) represents a complete linearly independent set of solsibdthe homo-
geneous systewA = 0, it is easy to see that

Ba={v,v+vy,...,0+ Vnt}

represents a complete set offijae) independent solutions of (6.4.1).
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Theorem 6.4.1. Let A € M, and letA be a ginverse of A. If the linear
equation (6.4.1) determined by A is consistent tkea yA is a solution and
yA + N(A) represents the set of all solutions of (6.4.1).

Proof 6.4.1. If (6.4.1) is consistent then for arye gV(A), there isv € E,, such
thatvA = y and we have

yAA = (WA)AA = (0)(AAA) = (V)A = y.

Thereforex'= yA is a solution of (6.4.1)

Clearly for anyA € V(A) yA + uis a solution of (6.4.1) for alu € N(A).
Conversely ifx; = X is any solution, thenxy)A = y and sou = X; — Xo € N(A)
wherex, = yA. Hencex; = Xg + U € Xy + N(A). Thereforex, + N(A) represents
the set of all solutions of (6.4.1).

The theorem above applies for all systems of linear equatiath homoge-
neous and inhomogeneous. Next we will deal with inhomogesegstems.

Theorem 6.4.2. Let (6.4.1) be a system of consistent linear equations and
y # 0. If Xis any solution of (6.4.1), theh+ 0 and there is & € V(A) such that
X = yA. Consequently

£+ N(A) = (yA: Aec V(A)} (6.4.3)
is the set of all solutions of the equation (6.4.1).

Proof 6.4.2. Let Xy be a solution of (6.4.1). Thex{) A =y # 0 and soxy # 0.
In particularx, ¢ N(A). It follows that there is a complemeMt of N(A) such
thatx, € W. By Theorem??we can findA € V(A) such thaR*(A) = W. Since
(%)A = y, by Theoren®?, yA = x,. The last statement is now obvious.

ForA € M,,, letW be a complement di(A). If xo € W thenx, is a solution of
the equatiorxA = y determined byA wherey = (Xp)A. SinceAW : W — R*(A)
is a linear isomorphism, it is clear thag is the solution of exactly one such
equation determined b&. Moreover, by Theorerfa?, every consistent equation
determined byA has a unique solution iW.

Proposition 6.4.1. Let A € M, and letW be a complement oR*(A). Then
everyX, € W is a solution of a unique linear equation (6.4.1). Moreoegegry
consistent linear equation (6.4.1) has a unique solutid.in
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We now consider some special type of sinverses fffiatdsolutions of linear
equations with various properties.

6.4.1. Ginverse for minimum norm solutions

We say that a ginversd € V(A) gives “minimum norm” solution of the
equationxA = y (equation (6.4.1))if the solutiopA has minimum norm; that is,
A satisfies the condition )

lyAll = inf JIx|. (6.4.4)

xeyA+N(A)

Theorem 6.4.3. Let Ac M,. Then for & € V(A), yA* gives the minimum
norm solution of equation (6.4.1) if and only if

R (A") = N(A)*. (6.4.5)

When A satisfies (6.4.5) aboveA* is the unique solution of (6.4.1) with mini-
mum norm. Moreover, if Agives minimum norm of (6.4.1) for some R*(A)
then it gives minimum norm for ajl€ R*(A).

Proof 6.4.3. Fixy € R*(A) and let be a solution of (6.4.1). Sind¥A)eW = E,
whereW = N(A)* there exists uniquey € N(A) andv; € W with v = vg + vs.
Then
vA = ()A+ (b1)A=(1)A=y
so thatv, is a solution of (6.4.1) iW. Since(vy, v1) = 0 we have
I0l1? = llooll® + lloall > llval?

Sincev; € W, it follows by the definition ofA* thatv, = yA*. To see that, is
unique, we observe thag = 0 if v where a solution with minimum norm so that
v € W. It follows from Propositior?? thatv = v;.

Since the condition (6.4.5) does not involyghe last statement is obvious.

6.4.2. Ginverse for least square solutions

Another question often comes up when dealing with optinozgproblems
is the following: If the equatioxA = y is not consistent, can we find an optimal
solution ? That is, we wish to find a vectosuch that

lIzZA—yl|| = inf |[XA—yl|. (6.4.6)
XeEn
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where||Z| denote the euclidean norm nfA vectorz with this property is called
a least square solution (abbreviated as ‘Iss’) of the inisterst equation (6.4.1).

We say that a ginvers@ € V(A) gives a least square solution of (6.4.1) if
z = yAis a least square solution of (6.4.1).

Theorem 6.4.4. Let Ac M,. Then z E, is a least square solution of (6.4.1)
if and only if there is A € V(A) satisfying the condition

N(A,) = R'(A)* (6.4.7)

such that z= yA,. If z, s € E, are least square solutions of (6.4.1) if and only if
s=z+ ufor some e N(A).

Furthermore if A gives least square solution of (6.4.1) for some R*(A)
then it gives least square solution for gle R*(A).

Proof 6.4.4. Suppose thad, € V(A) satisfies (6.4.7). Iz = yA, then we have
(zA-y)A. =0
and sozA-y € N(A,). Furthermore for anx € E,
IXA—-yll = lIzZA-y + wAl|.
wherew = X — z. SinceN(A,) = R*(A)*, we haveizA- y, wA) = 0 and so,
IXA=ylI? = IZA- yIP* + |lwAl?
> ||lzA- yl.

Thereforez satisfies Equatiorf2?) and hence it is a least square solution of equa-
tion (6.4.1). Ifz = yA, is an Iss of (6.4.1), and i € N(A) thens = z+ uiis
clearly an Iss of (6.4.1).

As above letz = yA, whereA, satisfies (is clearly an Iss of (6.4.7) ). Suppose
thatsis a Iss of equation (is clearly an Iss of (6.4.1) ) other thali u = sz,
as aboveézA- y,uA) = 0 and so,

ISA=ylI” = lZA— y + uAI®
= llzA- yl” + [luA?
= llzA- yl.

ThereforeuA = 0 and sou € N(A). Consequently, s € E, are least square
solutions of (is clearly an Iss of (6.4.1)) if and onlysit= z+u for someu € N(A).
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Since equation (is clearly an Iss of (6.4.1) ) is inconsisieg N(A) and so,
s=z+u¢ N(A). Therefore there is a complemant of N(A) containings and
such thazgN(A), Ws) = s. By Theoren??

Arr = Ag(N(A), W)

is an sinverse oA satisfying (is clearly an Iss of (6.4.7) ) and such that yA, ..
Since the condition (is clearly an Iss of (6.4.7) ) does nablve y, it is clear
that if yA, is an Iss for somg thenyA, is an Iss for every € E,.

Corollary 6.4.1. The Moore-Penrose invergé gives the least square solution
of equation (is clearly an Iss of (6.4.1). ) with minimum norm

Proof 6.4.5. By definition the Moore-Penrose inverse satisfies the cmmdit
(6.4.5) and (is clearly an Iss of (6.4.7)) andzse yA' is both a minimum norm
solution as well as a least square solution of (is clearlysarof (6.4.1) ) by (
Theorem??, Theorent??.)

For an extensive treatment of ginverses of metrices we tieéaeader to(Rao
and Mitra, 1971 ). Here we shall go through some of the refulis their work;
but the treatment will be more geometric.

Example 6.4.1. Letk,[x] be the set of all polynomials of degree less timaa N.
Prove thatk,[X] is a subspace of the vector spade] of Example 6.1.5 and théB =
{Lx,...,x"1} is a basis ofn[X] over k. Consequentlyk,[X] is a finite dimensional
vector space with dirkp[X] = n. Letk" denote the vector space of Example 6.1.6. Prove
that the mapping : kn[X] — k", defined by

f(p(X) = (0. a1.-..,81-1) Where p(x) =ap+aix+---+an1x"* € kn[X]
is an isomorphism df,[x] ontok".
Example 6.4.2. Let B be a basis oV overk and letk® be the vector space of
Example 6.1.4. Then the map: v — g, is a bijection ofB onto the basi€g of kP (see
Example 6.1.4). Then by Theore?? f, : V — kB is an isomorphism of vector spaces,

called the cofficient isomorphism determined by the baBislf v = Y ,ga,u € V, by
(??), we have

fo(0) = ) aur(u) = ) auey
B B

and so f-()(u) = a, forallu e B.
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Thus for each € V, f,(v) is the function orB which mapsu € B to the coéicient of

u in the linear combination fos with respect taB; we denote this isomorphism hy.

In particular, if B is finite containingn elements, as noted in Example 6.1.4, functions
on B = {uy,..., Uy} to k may be identified as-tuples. Hence, in this caseB(v) =
(al,...,an) if v= i”:la;ui.

Example 6.4.3. Letk[X] denote the vector space of all polynomials oke(see
Example 6.1.5). Fop(x) = Y|_,aX € k[X], let (p(X))D' denote the-th derivative of
p(x). Then the map

D" : p(x) - (p(x)D"

is a linear transformatioB" : k[X] — k[x]. Show thatD" is surjective and thafi(D") =
k[X]n. Deduce thaD" is not injective.

Example 6.4.4. If n,r € N prove thatD" : k[X]n — k[X]n is a linear transformation
which is non-zero if < n. Find the matrix oD" in the basig1, x, X3, ..., xX"1}.

Example 6.4.5. Callafunctionf : [a,b] — Csmooth iff has continuous derivatives
of all orders. Prove that the s€t°[a, b] of all smooth complex-valued functions on the
interval [a, b] C R is a vector space under point-wise addition and scalar plichiion:
Forf,g €e C*[a,blanda € C,

(fF+9)) =1 +9(x and @f)(X) = a(f(x)

for all x € [ab]. If D! denote thet-th derivative (see Example 6.4.3), show that
T(D) = X, b D' is a linear transformation if(C*[a, b]). Show further that the sub-
spaceN(T(D)) is finite dimensional. Find difN(T(D)). Determine also the subspace
R*(T(D)).

References

Apostol, Tom M. (1985). Mathematical AnalysisNarosa Publishing House,
New Delhi, Madras.

Artin, M. (1990). Algebra Prentice-Hall of India, Private limited, M-97, Con-
naught Circus, New Delhi -110 001. Printed in India by spleareangement



288 6. GENERALIZED INVERSE OF MATRICES AND SEMIGROUPS

with Prentice-Hall, Inc., Englewood Glis, N.J., U.S.A.; Fourth Printing : De-
cember 1998.

Clifford A.H. (1941). Semigroups admitting relative invers@anals of Math.,
1037-1049.

Clifford A.H. and Preston G.B. (1961Algebraic theory of semigroupMath.
surveys No.7, American Mathematical Socety, Providenbede Island.

Limaye, B.V. (1981) Functional AnalysisWiley Eastern, New Delhi.

Moore, R.A. (1935). General Analysidemoirs of the Amer. Phil. Sqcl
Chapter 3, Section 29. Amer. Phil. Soc., Philadelphia.

Nambooripad, K.S.S. (2000Matrix Groups CMS Preprint. Centre for Mathe-
matical Sciences, Thiruvananthapuram, This is a first draft

Nanda, Sribatsa and Nanda, Sudarsan. (19@@neral Topology Macmillan
India Limited.

Penrose, R. (1955). A generalized inverse for matriees;. Cambridge Philos.
Soc.,51, 406-413.

Preston, G. B. (1954). Inverse semi-groupd,ondon Math. Soc29, 396-403.

Rao, C. R. and Mitra, S. K. (1971%eneralized Inverse of Matrices and its Ap-
plications John Wiley and Spons, New York.

Skornyakov, L. A. (1964)Complemented Modular Lattices and Regular Rings.
Olive & Boyd, Edinburg & London. This is the translation ofetbbook by the
same author in Ruuian published in 1961(Moscow).



