
CHAPTER 6

GENERALIZED INVERSE OF MATRICES AND
SEMIGROUPS

[This Chapter is based on the lectures of Professor K.S.S. Nambooripad, Director-in-

Charge, Centre for Mathematical Sciences, Trivandrum Campus, Kerala, India. ]

6.0. Introduction

Linear algebra is perhaps the most important branch of mathematics from
both theoretical and practical point of view. In this context checking the exis-
tence of inverses (checking the non-singularity) of matrices and linear transfor-
mations and computing the same are crucial. I am sure that youare familiar with
the simple criterion for verifying non-singularity of matrices and computing the
inverses. Often a problem that can be solved by matrix (or linear transformation)
inversion may be relevant even when the matrix under consideration is singular.
For example, the solution of a matrix equationuA= v whereu andv are vectors
andA is a matrix or linear transformation is clearlyu = vA−1 if A is non-singular.
The problem is clearly relevant even ifA is singular. Several mathematicians
including Moore (1935), Penrose (1955) provided constructions that can replace
inversion when the matrix involved is singular. Terms like ‘generalized inverses’
(‘ginverses’ by Rao and Mitra (1971)), ‘relative inverses’by R.C. Burk (in Sur-
vey of Binary Systems) and Clifford (1941), ‘inverses’ by Preston (1954), etc.
are used in this context. Our aim here is to describe some of these constructions
and also suggest some computational procedures based on theunderlying semi-
groups. You may refer to Rao and Mitra (1971) for applications of generalized
inverses.
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250 6. GENERALIZED INVERSE OF MATRICES AND SEMIGROUPS

6.1. Preliminary Definitions

I assume that you are familiar with basic linear algebra. Thebook Artin
(1990) is a good source for these ideas (especially the first 3chapters). However,
for convenience we shall briefly recall some of them.

6.1.1. Vector spaces

Let k be a field. A vector space overk consists of a setV, a binary operation

+ : V × V → V; (u, v) 7→ u+ v

called the vector addition and an action ofk onV

k × V → V; (α, v) 7→ αv.

These must satisfy the following conditions:

(v1) (u+ v) + w = u+ (v + w) for all u, v, w ∈ V;
(v2) u+ v = v + u for all u, v ∈ V;
(v3) there exists 0∈ V with 0+ v = v for all v ∈ V;
(v4) for eachv ∈ V there exists−v ∈ V with v + (−v) = 0;
(v5) 1v = v for all v ∈ V where 1 denote the identity of the fieldk;
(v6) (αβ)v = α(βv) for all α, β ∈ k andv ∈ V;
(v7) α(u+ v) = αu+ αv for all α ∈ k andu, v ∈ V; and
(v8) (α + β)v = αv + βV for all α, β ∈ k andv ∈ V.

WhenV is a vector space overk, the elements ofV are called vectors and those
of k are called scalars.

Observe that the first four axioms above says that (V,+) is an abelian group.
Thus a vector space overk can be defined as an abelian groupV (with addition
+ which is omitted for brevity) on whichk acts satisfying the last four axioms
above. We now look at some examples:

Example 6.1.1. LetP(A) be the set of all subsets of a setA and forA1,A2 ∈ P let

A1 ⊕ A2 = A1 ∪ A2 \ A1 ∩ A2

denote the symmetric difference ofA1 andA2. ThenG = (P(A),⊕) is an abelian group.
Let k = Z2, whereZ2 = {0, 1} denote the prime field of characteristic 2. ThenG is a
vector space overZ2 with respect to the action defined by 0A′ = 0 and 1A′ = A′ for all
A′ ∈ G.



6.1. PRELIMINARY DEFINITIONS 251

Example 6.1.2. Let kn = {(x1, . . . , xn) : xi ∈ k, i = 1, 2, . . . , n} wherek denotes
some field (the casesk = R or C are the more important). Define addition inkn by

(x1, . . . , xn)+(y1, . . . , yn) = (x1+y1+· · ·+xn+yn) for all (x1, . . . , xn), (y1, . . . , yn) ∈ kn

and the action ofk onkn by

k(x1, . . . , xn) = (kx1, . . . , kxn).

With these addition and scalar multiplication,kn is a vector space overk.

Example 6.1.3. Let C(n)[a, b] denote the set of all complex valued functions on the
interval [a, b] that aren times continuously differentiable. Iff , g ∈ C(n)[a, b] andα ∈ C,
then define the functionsf + g andα f by

( f + g)(t) = f (t) + g(t) and (α f )(t) = α( f (t))

for all t ∈ [a, b]. It can be seen that the functionsf + g andα f are continuously differ-
entiablen times and it can be verified thatC(n)[a, b] is a vector space overC.

A number of other examples can be constructed by modifying the data in the
last two examples.

Let V be a vector space overk. A subsetU of V is a subspace ofV if U is
closed with respect to vector addition and scalar multiplication or equivalently,
U satisfies the following condition:

αu+ βv ∈ U for all u, v ∈ U and α, β ∈ k.

It is clear that a vector spaceV has at least two subspaces; the set{0} and
V itself. All subspaces different from these two are called proper subspaces. If
v , 0,L〈v〉 = {αv : α ∈ k} is clearly a proper subspace ofV. Consequently any
non-zero vector space has a rich family of subspaces. Furthermore the set of all
subspaces ofV is a partially ordered setP(V) under inclusion and is called the
projective geometry coordinatized byV.

LetA = {Uα : α ∈ Λ} denote an arbitrary family of subspaces ofV. Using
the definitions and elementary set-theoretic arguments onecan verify that

∧A =
⋂

α∈Λ

Uα (6.1.1)

is the largest subspace ofV contained in every member ofA. If W = ∧A then
the setU of all subspaces ofV that contain every member ofA is non-empty
sinceV ∈ U. Hence, by the above∧U is the smallest subspace that contains
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every member ofA. We use the notation
∑

A to denote the smallest subspace
of V containingUα for everyα ∈ Λ; that is,

∧U =
∑

A (6.1.2)

The subspace
∑

A is called the sum of the familyA. With the operations∩
(intersection) and

∑

(sum) defined by (??) and (??), the partially ordered set
P(V) becomes a complete lattice. For basic definitions of lattices and related
results (see Skornyakov, 1964).

WhenΛ = {1, 2, . . . , n} is finite, we write
∑

A = V1 + V2 + · · · + Vn.

We can verify that the right-hand side represents the subspace of all vectorsv ∈ V
that can be written asv = v1 + v2 + · · · + vn wherevi ∈ Vi for all i. Moreover,
the subspaceW = V1 + V2 + · · · + Vn is said to the direct sum of subspacesVi,
i = 1, 2, . . . , n if every vectorv in W has a unique representation in the form
v = v1 + v1 + · · · + vn with vi ∈ Vi. In this case we write

W = V1 ⊕ V2 ⊕ · · · ⊕ Vn.

The reader may verify that the following criterion is necessary and sufficient for
the sumW =

∑n
i=1 Vi of subspaces ofV to be direct:

Vi ∩

















∑

j,i

V j

















= {0} (6.1.3)

for all i = 1, 2, . . . , n. In particular, ifn = 2, the sumV1 + V2 is direct if and only
if V1 ∩ V2 = {0}. We say that the subspaceV2 is a complement of the subspace
V1 or thatV1 andV2 are complementary subspaces if

V1 ⊕ V2 = V (??∗)

(see Example 6.1.7). EveryU ∈ P(V) has a complement (see Corollary??) so
thatP(V) is called a complemented lattice.

Finally we observe that, ifU,V,W ∈ P(V) andU ⊇W then we have:

U + (V ∩W) = (U + V) ∩W. (6.1.4)

This equation is called the modular law satisfied by the geometry P(V). Thus
P(V) is a complete, complemented modular lattice (see Skornyakov, 1964) for a
more comprehensive discussion of complemented modular lattices.
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6.1.2. Linear independence and bases

If X ⊆ V is any subset of the vector spaceV, a vectorv ∈ V which can be
expressed as a finite sum of the form

v =

r
∑

i=1

αivi where αi ∈ k, vi ∈ X, for all i = 1, . . . , r

is called a (finite) linear combination of vectors inX. Elementsαi ∈ k are called
the coefficients of the linear combinationv. Here we assume that the sum is
written in such a way that the vectorsv1, . . . , vr are distinct. Clearly we may
add terms 0w1 + 0w2 + . . .0wk to the linear combinationv without affecting the
value ofv. We denote byL〈X〉k = L〈X〉 the set of all finite linear combinations
of vectors inX. X is said to be linearly independent if whenever a finite linear
combination of vectors inX is zero then all its coefficients are zero; that is,

r
∑

i=1

αivi = 0 implies αi = 0 for all i = 1, 2, . . . , r.

Notice that any subset ofV that contains 0 is linearly dependent. Moreover, it
is useful to observe that the empty set (considered as a subset of V) is linearly
independent. In the following we will be concerned with non-empty linearly
independent sets.

In view of the importance of linear independence, it is useful to look at some
equivalent formulations of the definition. Suppose thatv =

∑r
i αivi, w =

∑s
j β jw j

are two linear combinations. By adding 0-terms as required,we can assume that
v andw are linear combinations of the same set of vectors

{u1, . . . , um} = {v1, . . . , vr} ∪ {w1, . . . , ws}.

Then we may write

v =

m
∑

i

α′i ui where

{

α′i = α j if ui = v j for some 1≤ j ≤ r;

α′i = 0 otherwise.

Similarly w =

m
∑

i

β′i ui where

{

β′i = βr+k if ui = wr+k for some 1≤ k ≤ s;

α′i = 0 otherwise.
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It follows that

v + w =

m
∑

k=1

(α′k + β
′
k)uk.

Hencev + w is a linear combination as specified above. Again ifk ∈ k and
v =
∑m

i αiui then

kv =
m
∑

i

(kαi)ui

is a linear combination of vectors inX. Therefore, by the definition above, the
setL〈X〉 of all linear combinations of vectors inX is a subspace ofV. On
the other hand, ifU is any subspace ofV containingX, then the definition of
subspaces shows that any finite linear combination of vectors in X belongs toU.
ThusL〈X〉 ⊆ U. ConsequentlyL〈X〉 is the intersection of all subspaces ofV
containingX. The subspaceL〈X〉 is called the linear span ofX or thatL〈X〉 is
the subspace generated byX. Notice that every vector inL〈X〉 can be written
in the formv =

∑r
i=1 αivi wherevi ∈ X. However, it is possible that the linear

expression representingvmay not be unique. Also, it is clear thatL〈U〉 = U for
any subspaceU of V; in particular,L〈L〈X〉〉 = L〈X〉 for all X ⊆ V. Notice that
for any familyA = {Uα : α ∈ Λ} of subspaces ofV, we have

∑

A = L〈
⋃

α∈Λ

Uα〉

The reader may enjoy proving the following equivalent characterizations of
linear independence.

Theorem 6.1.1. Let V be a vector space over the fieldk. Then the following
statements are equivalent for X⊆ V:

(a) X is linearly independent.

(b) Every vector inL〈X〉 is auniquelinear combination of vectors in X.

(c) No proper subset of X generatesL〈X〉.

A set X ⊆ V is called a generator ofV overk (or simply, a generator ofV
if the field k is clear from the context) ifL〈X〉 = V. Notice thatV itself is a
generator ofV and so, every vector space has a generator. Moreover,X is called
a basis ofV overk (or simply, a basis ofV) if X is a linearly independent set that
generatesV. By the theorem above,X is a basis if and only if
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1) Everyv ∈ V can be written asv =
∑

i αivi with αi ∈ k andvi ∈ X; and
2) if

∑r
i αivi =

∑s
j β jw j thenr = sand after reordering of terms, if necessary, we

haveαi = βi andvi = wi for i = 1, 2, . . . , r.

As above, it will be convenient to have some equivalent characterizations of
basis. We need some terminology about partially ordered sets to formulate these
equivalent definitions of linear independence. The reader may refer to some book
on algebra ( such a Artin 1990 ) or topology ( Nanda and Nanda 1990 ) for more
extensive treatment of these topics. Recall that a relation≤ on a setX ( that is,
≤ ⊆ X× X ) is a partial order if it satisfies the following: For arbitrary x, y, z ∈ X
we have

1) x ≤ x;
2) x ≤ y ≤ z=⇒ x ≤ z; and
3) x ≤ y andy ≤ x impliesx = y.

When≤ satisfies these conditions we shall say thatX is a partially ordered set
with respect to≤ or briefly thatX is a partially ordered set since the relation
≤ will usually be clear from the context.X is said to be linearly ordered (or
X is a chain) if, for allx, y ∈ X, eitherx ≤ y or y ≤ x. If Y ⊆ X thenY is
a partially ordered set with respect to the relation≤ ∩(Y × Y) and this partial
ordered set is called a partially ordered subset ofX. GivenY ⊆ X, m ∈ X is
an upper [lower] bound ofY if y ≤ m [m ≤ y] for all y ∈ Y; m is the least
upper bound [greatest lower bound] ifm is the smallest [largest] among all upper
bounds [lower bounds]; it is denoted by supY [inf Y] if these exist.m ∈ X is
maximal [minimal] if x ∈ X andm≤ x [x ≤ m] impliesm= x.

We use the terminology introduced above in the following statement.

Theorem 6.1.2. The following statements are equivalent for a subset X⊆ V.

(a) X is a basis of V.
(b) Every vector in V is a unique linear combination of vectors inX.
(c) X is maximal in the partially ordered set of all linearly independent subsets

of V under inclusion.
(d) X is minimal in the partially ordered set of all generating subsets of V.

For many practical as well as theoretic purposes it is necessary to know
whether the given vector spaceV has a basis satisfying some additional restric-
tions and to find one such basis. For example, given a linearlyindependent setA
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and a generating setX in V we would like to find a basisB such that

A ⊆ B and B \ A ⊆ X.

To prove the existence of such a basis we need the following set-theoretic prin-
ciple (see Artin, 1990, page 588):

Lemma 6.1.1 (Zorn’s Lemma). Let P be a partially ordered set with respect
to the relation≤. If every chain inP has an upper bound thenP has maximal
elements.

Suppose thatA be a linearly independent set andX be a generating set in
V. Consider the partially ordered setP with respect to inclusion of all linearly
independent subsetsC of V satisfying the conditions

A ⊆ C and C \ A ⊆ X. (6.1.5)

ClearlyA ∈ C and so,C , ∅. If C = {Cα : α ∈ Λ} is any chain inP, then

A ⊆ C =
⋃

α∈Λ

Cα and C \ A ⊆ X.

It is easy to see thatC is linearly independent and soC ∈ P is an upper bound
of C in P. Hence by Zorn’s lemmaP contains maximal elements. LetB ∈ P
be a maximal element inP. Then B is linearly independent. We claim that
L〈B〉 = V. For, if v ∈ X \ B and if v < L〈B〉, then the setB′ = B ∪ {v} is a
linearly independent set satisfying (6.1.5). SinceB is a proper subset ofB′, this
contradicts the maximality ofB. ThereforeX ⊆ L〈B〉 and so,V = L〈X〉 ⊆ L〈B〉.
Therefore we have the following.

Theorem 6.1.3. Let A be a linearly independent subset of a vector space V.
If X is a generating set of V there exists a subset C of X such that A∩C = ∅ and
B = A∪C is a basis of V.

The above result has several important consequences. The first statement
below follows by takingX = V in the theorem above. The second statement is
obtained by taking, in addition,A = ∅.

Corollary 6.1.1. Let V be a vector space overk.

A. Every linearly independent set inV can be extended to a basis.
B. Every generating setX ⊆ V contains a basis.



6.1. PRELIMINARY DEFINITIONS 257

In particular, every vector space has a basis.

Let U ⊆ V be any subspace. IfA is a basis ofU thenA is a linearly indepen-
dent subset ofV. By Theorem?? (or Corollary?? A), there isC ⊆ V such that
A∩C = ∅ andB = A∪C is a basis ofV. Let W = L〈C〉. ThenW is a subspace
of V with basisC. Also U ∩W = {0}. SinceB ⊆ U ⊕W, we haveU ⊕W = V.
Furthermore, ifV is finite dimensional, so areU andW. Then dimU = |A| and
dimW = |C|. Therefore

dimV = |B| = |A| + |C| = dimU + dimW.

Thus we have:

Corollary 6.1.2. Let U be a subspace of a vector spaceV overk. ThenU has
a complementW in V. If V is finite dimensional so areU and W. Further
dimU + dimW = dimV.

The construction of the complement of a given subspace indicated in the
paragraph preceding the corollary indicates that a non-degenerate subspaceU
has more than one complement inV (infinitely many complements if the charac-
teristic of the fieldk is 0). We shall denote the set of all complements ofU by
∁[U].

Suppose thatB andB′ are two bases of a vector spaceV. If u0 ∈ B, then by
Theorem??(d), C0 = B \ {u0} does not generateV and soB′ \ L〈C0〉 , ∅; let
v0 ∈ B′ \ L〈C0〉. ThenB0 = C0 ∪ {v0} is a linearly independent set having the
same number of vectors asB. SinceB is a basis, there existui ∈ B andai ∈ k,
i = 0, 1, . . . , r with v0 =

∑r
i=0 aiui. Sincev0 < L〈C0〉, a0 , 0. Hence

u0 = a−1
0 v0 −

∑

i,0

(a−1
0 ai)ui ∈ L(B0).

ThereforeB0 ⊆ L〈B〉 so thatL〈B0〉 = L〈B〉 = V. ThereforeB0 is a basis
of V containing the same number of vectors asB. If C0 , ∅, we may choose
u1 ∈ C0 ⊆ B0 and proceeding as above, get a new basisB1 in which the vectors
u0 andu1 has been replaced by two vectorsv0, v1 ∈ B′; B1 contains the same
number of vectors asB. If B is finite, say,B = {u0, . . . , un−1}, then all bases
B0, B1, . . . , Bi, . . . contain the same numbern of vectors. InBi we have replaced
i + 1 vectors fromB with vectors fromB′. HenceBn−1 will contain n vectors
from B′. SinceBn−1 is a basis contained inB′, it follows from Theorem?? that
Bn−1 = B′. ThusB′ also containsn vectors.
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Theorem 6.1.4. If a vector space V has a finite basis containing n vectors,
then every basis of V has exactly n vectors.

We say that a vector spaceV is finite dimensional if it has a finite basis. IfV
has this property, Theorem??shows that the number dimV of vectors in a basis
is an invariant forV and is called the dimension ofV. If B = {u1, u2, . . . , un} is a
basis ofV, it is clear that every vectorv ∈ V can be uniquely written as

v =

n
∑

i=1

aiui where ai ∈ k, i = 1, 2, . . . , n.

Also any set ofn+ 1 vectors inV is linearly dependent.

6.1.3. Euclidean spaces

Let V be a real or complex vector space. An inner product onV is a function
〈 〉 : V × V → k such that

(I1) For all v ∈ V, 〈v, v〉 ≥ 0 and〈v, v〉 = 0 if and only if v = 0.
(I2) For allu, v, w ∈ V anda, b ∈ k, 〈au+ bv, w〉 = a〈u, w〉 + b〈v, w〉.

(I3) For all u, v ∈ V, 〈u, v〉 = 〈v, u〉 wherez̄ denote the complex conjugate of
z ∈ C.

The pair(V, 〈 〉) is called an inner product space. We shall say for brevity that V
is an inner product space if the inner product〈 〉 is clear from the context. Axiom
(3) above is called the conjugate symmetry of the inner product. Notice that for
a real inner product this reduces to symmetry:〈u, v〉 = 〈v, u〉 for all u, v ∈ V.
A symmetric inner product is often referred to as a dot product. A real inner
product is always a dot product; the converse is not true.

Here we will be concerned with finite dimensional inner product spaces. The
function〈 〉 : kn × kn→ k defined by

〈x, y〉 =
∑

i

xiyi for all x, y ∈ kn (6.1.6)

is an inner product onkn. A real inner product space of finite dimension is called
a Euclidean space. In particular,En = (Rn, 〈 〉) is a Euclidean space of dimension
n. A finite dimensional complex inner product space will be denoted byH (or Hn

if necessary).H is called a unitary space (or a Hilbert space (see Limaye, 1981,
Page 182–184)).
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Recall that a norm on a vector spaceV over k is a function‖·‖ : V → R
satisfying the following conditions (see Limaye, 1981, Page 35). For allx, y ∈ V
andk ∈ k, we have:

i. ‖x‖ ≥ 0 and‖x‖ = 0 if and only if x = 0;

ii. ‖x+ y‖ ≤ ‖x‖ + ‖y‖; and

iii. ‖kx‖ = |k|‖x‖.

The following theorem shows that any inner product space is anormed space
(that is, a vector space on which a norm is given). See ( Apostol, 1985, Page 48)
and/or ( Limaye, 1981, Page 176-182) for proofs and further details.

Theorem 6.1.5. Let V be an inner product space with respect to the inner
product〈 〉 and let‖·‖ : V → R denote the map defined by

‖u‖ = +
√

〈u, u〉 (6.1.7)

for all u ∈ V. Then for all u∈ V,‖u‖ is a non-negative real number. Furthermore,
we have

(a) (Schwartz’s inequality) |〈x, y〉| ≤ ‖x‖‖y‖ for every x, y ∈ V where equality
holds if and only if x andy are linearly dependent.

(b) The map‖·‖ : V → R is a norm on V.

(c) (Parallelogram law) For all x, y ∈ V,

‖x+ y‖2 + ‖x− y‖2 = 2(‖x‖2 + ‖y‖2).

(d) (Polarization identity) For all x, y ∈ V,

4〈x, y〉 =















‖x+ y‖2 − ‖x− y‖2 + i‖x+ iy‖2 − i‖x− iy‖2 if k = C; and

‖x+ y‖2 − ‖x− y‖2 if k = R.

Conversely, if‖·‖ : V → R is a norm on V, there exists an inner product〈 〉
satisfying(??) if and only if‖·‖ also satisfies parallelogram law.

In the following discussion (in this section) the spaces considered will be
Euclidean (and occasionally unitary). Two vectorsx, y ∈ En are said to be or-
thogonal, writtenx ⊥ y if 〈x, y〉 = 0. Also, for anyX ⊆ En, we write

X⊥ = {y ∈ En : x ⊥ y for all x ∈ X}. (6.1.8)

It is easy to see that the following hold.
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Proposition 6.1.1. For anyX ⊆ En, the setX⊥ defined by Equation (??) is a
subspace ofEn. Moreover, ifX is a subspace ofEn, thenX⊥ is a complement of
X andX⊥⊥ = X.

For any subsetX of En, X⊥ is called the orthogonal subspace ofX (or simply
the orthogonal ofX). When X is a subspaceX⊥ is a complement ofX (see
Equation (??)∗) and is called the orthogonal complement ofX.

Remark 6.1.1. Considerx, y ∈ En. By Schwartz inequality,
∣

∣

∣

∣

∣

‖x‖‖y‖
〈x, y〉

∣

∣

∣

∣

∣

≤ 1

and so, there is a real numberθ such that

cosθ =
‖x‖‖y‖
〈x, y〉

.

Notice that this equation definesθ in magnitude but is indeterminate in sign.
However, lines containing vectorsx andy are orthogonal if and only if vectorsx
andy are orthogonal in the sense defined above.

Let V be a finite dimensional inner product space. A subsetX ⊆ V is said to
be orthogonal if 0< X and satisfies the following:

〈x, y〉 = 0 for all x, y ∈ X with x , y.

X is said to be normal if

‖x‖ = 1 for all x ∈ X.

X is ortho-normal if it is both orthogonal and normal. Any orthogonal set is
linearly independent and so an orthogonal set inV contains utmostn non-zero
vectors. Any singleton set containing a normal (unit) vector is clearly orthonor-
mal. A basis which is also an orthonormal set is called an orthonormal basis. We
proceed to show thatV has an orthonormal bases.

Let dimV = n. Suppose thatCr = {w1, . . . , wr} is an orthonormal set inV.
SinceCr is linearly independent, by Theorem?? there isDr = {ur+1, . . . , un} such
thatBr = Cr ∪ Dr is a basis ofV. Now ur+1 < L〈Cr〉 and so,

w′r+1 = ur+1 −

r
∑

j=1

〈ur+1, w j〉 , ∅.
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Therefore ifwr+1 =
w′r+1
‖wr+1‖

, thenCr+1 = {w1, . . . , wr+1} is an orthonormal set and
Br+1 = Cr+1 ∪ Dr+1 is a basis ofV. Then, by induction,Bn = {w1, . . . , wn} is
an orthonormal basis. The procedure used in the induction step of the above
argument is called Gram-Schmidt’s orthogonalization procedure.

If v is a unit vector then{v} is clearly an orthonormal set inV. So, starting
from any non-zero unit vector we can construct an orthonormal basis ofV by
executing the Gram-Schmidt procedure repeatedly.

Proposition 6.1.2. Let V be an inner product space with dimV = n. Given any
orthonormal setX = {ui : 1 ≤ i ≤ r} in V, there exists an orthonormal basisB of
V containingX. Therefore, every finite dimensional inner product space has an
orthonormal basis.

Example 6.1.4. Let X be a set and letv : X → k be a mapping. The support ofv is
the set

Supp(v) = {x ∈ X : v(x) , 0}.

Let kX denote the set all mappingsv which satisfy the condition that Supp(v) is finite.
Define addition and scalar multiplication pointwise: Foru, v ∈ kX andk ∈ k let

(u+ v)(x) = u(x) + v(x) and (kv)(x) = k(v(x))

for all x ∈ X. Show thatkX is a vector space overk. For eachx ∈ X, let ex : X → k be
the function such that

ex(y) =















1 if y = x; and

0 if y , x.

Prove thatEX = {ex : x ∈ X} is a basis ofkX overk and that the mapx 7→ ex is a bijection
of X with EX. EX is called the natural basis ofkX. In particular, ifX = {1, . . . , n} any
n-tuple can be interpreted as a function onX to k. SinceX is finite, any function onX to
k has finite support. Therefore the vector spacekn is a particular case ofkX. The natural
basis ofkn is denoted byEn = {e1, e2, . . . , en}.

Example 6.1.5. Let N = {0, 1, 2, . . . } denote the set of natural numbers. Consider
the set

k[x] =















n
∑

i=0

ai x
i : n ∈ N, ai ∈ k















of all polynomials in one variablex with coefficients ink wherex0 = 1. If p(x), q(x) ∈
k[x], define

p(x) + q(x) =
∑

i

(ai + bi)x
i
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whereai denotes the coefficient of xi in p(x) if xi occurs inp(x) and zero otherwise.
Similarly bi denotes the coefficient of xi in q(x) if the power xi occurs inq(x) and 0
otherwise. Further ifk ∈ k then let

kp(x) = k















∑

i

ai x
i















=
∑

i

(kai)x
i .

Show thatk[x] is a vector space overk andB = {xn : n ∈ N} is a basis ofk[x]. Conse-
quentlyk[x] is not finite dimensional.

Example 6.1.6. Let kn be the vector space of Example 6.1.2. Let

En =
{

ei ∈ k
n : i = 1, 2, ,̇n

}

where ei = (δ1i , δ2i . . . , δni) with δi j =















0 if i , j; and

1 if i = j.

Show thatEn is a basis ofkn overk. Consequentlykn is a finite dimensional vector space
with dimkn = n.

Example 6.1.7. Observe that the Euclidean plane can be identified with the real
vector spaceR2 (see Example 6.1.6 ). Any non-zero proper subspace ofR

2 is a line
through the origin and any two distinct lines through the origin are direct summands.
Similarly, R3 can be identified with three dimensional Euclidean space andnon-zero
proper subspaces are lines and planes through the origin. IfP is a plane andl is a line
through the origin not lying onP, then we haveP ⊕ l = R3. Moreover if l1, l2, l3 are
distinct, none-coplanar lines through the origin, then

l1 ⊕ l2 ⊕ l3 = R
3

Hence the triad of lines (l1, l2, l3) represent an oblique coordinate system forR3.

Example 6.1.8. Prove the following:

(a) En (see Example 6.1.6 ) is an orthonormal basis with respect to the inner product
defined by Equation (??).

(b) LetC[x] be the vector space of all complex polynomials in one variable. Forp(x) =
∑

i ai xi , q(x) =
∑

j b j x j ∈ C[x], define

〈p(x), q(x)〉 =
∑

i

aibi .

Prove that this is an inner product onC[x] and that the set{xn : n ∈ N} is an orthonor-
mal basis ofC[x].
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(c) Let X be a set andV = CX be the vector space of all complex valued functions onX
with finite support (see Example 6.1.4 ). Forf , g ∈ V let

〈 f , g〉 =
∑

x∈X

f (x)g(x).

Show that this defines an inner product onV and that the setEX of Example 6.1.4 is
an orthonormal basis ofV.

Example 6.1.9. Show that an orthonormal basis ofE2 has the form

{(cosθ, sinθ), (− sinθ, cosθ)} or {(cosθ,− sinθ), (sinθ, cosθ)}.

Can you get a similar description of orthonormal basis inE3.

Example 6.1.10. Let u ∈ E3 be a unit vector. Show that

u = (cosθ cosφ, cosθ sinφ, sinθ), for some θ ∈
[

−
π

2
,
π

2

]

, φ ∈ [0, 2π].

Prove further that

{(cosθ cosφ, cosθ sinφ, sinθ), (− sinθ cosφ,− sinθ sinφ, cosθ), (− sinφ, cosφ, 0)}

is an orthonormal basis ofE3.

6.2. Linear Transformations

Every type of mathematical common object such as sets, groups, vector
spaces, topological spaces,etc has associated with it a class mappings that en-
able us to compare two object of the same class. For example homomorphisms
of groups do this work for groups, continuous mappings for topological spaces,
etc. The maps that help to compare vector spaces over the samefield are called
linear transformations.

6.2.1. Linear transformations and matrices

Let V andW be vector spaces over the fieldk. A map f : V →W is called a
linear transformation if

(Lt1) f (u+ v) = f (u) + f (v) for all u, v ∈ V; and

(Lt2) f (αv) = α f (v) for all v ∈ V, α ∈ k.
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Observe that the first statement above shows that a linear transformationf : V →
W preserves vector addition so thatf is an additive homomorphism of (V,+) to
(W,+). The second shows thatf is compatible with the scalar multiplication. We
can combine the two statements as follows.f : V →W is a linear transformation
if and only if

f (au+ bv) = a f(u) + b f(v) for all a, b ∈ k, u, v ∈ V.

This statement says thatf is a linear transformation if and only if it preserves
linear combinations of two-element sets of vectors inV. This can be obviously
extended to any arbitrary finite set of vectors; that isf is a linear transformation
if and only if f satisfies the following condition for alln ∈ N:

f















n
∑

i=1

aivi















=

n
∑

i=1

ai f (vi) for all ai ∈ k, vi ∈ V, i = 1, . . . , n.

A linear isomorphism or simply isomorphism of vector spacesis a bijective lin-
ear transformation. Notice that, iff is a linear isomorphism so isf −1. Two iso-
morphic vector spaces are algebraically indistinguishable even though the rep-
resentation of vectors in the vector spaces may be different ( see Example 6.4.1
below).

We have seen that every vector spaceV is the linear span of a basisB of V.
Similarly, we can see that every linear transformationf : V → W is the linear
extension of a mapσ : B→W whereB is a basis ofV. Here, by linear extension
of σ we mean the mapfσ : V →W defined as follows:

fσ(v) =
∑

u∈B

auσ(u) for all v =
∑

u∈B

auu ∈ V (6.2.1)

Since everyv ∈ V is a unique finite linear combination of vectors inB, the map
fσ is well-defined. The extension is clearly unique and linear.If f : V → W
is any linear transformation thenf is the linear extension ofσ = f |B and the
uniqueness above implies thatf = fσ.

It is possible to discuss various properties offσ in terms ofσ. Now fσ is
not one to one if and only if there is a non-zero vectorv ∈ V with fσ(v) = 0. If
v =
∑

B auu, sincev , 0, au , 0 for someu ∈ B. Hencefσ(v) =
∑

B auσ(u) = 0
is a non-zero linear combination of vectors inσ(B) and so,σ(B) is not linearly
independent. Suppose thatfσ is one-to-one. Let

∑

B auσ(u) = 0 be a finite linear
combination of vectors inσ(B) which is 0. If v =

∑

B auu then by the definition
of fσ above,fσ(v) = 0. Sincefσ is one-to-one,v = 0. SinceB is a basis ofV, it
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follows thatau = 0 for all u ∈ B which says thatσ(B) is linearly independent in
W.

Next, let fσ be surjective and letw ∈ W. Then there existv =
∑

B auu ∈ V
with

w = fσ(v) =
∑

B

au fσ(u)

which implies thatw ∈ L〈σ(B)〉. Thereforeσ(B) is a generating set forW. On
the other hand, letσ(B) be generating. Ifw ∈ W, there isau ∈ k with w =
∑

B auσ(u). If v =
∑

B auu then fσ(v) = w and so,fσ is surjective. Combining the
two cases considered above, it follows thatfσ : V → W is a linear isomorphism
if and only ifσ(B) is a basis ofW.

Theorem 6.2.1. Let V and W be vector spaces over the fieldk and B be a
basis of V. Suppose thatσ : B→ W be a mapping. Let fσ : V → W be the map
defined by(??). Then fσ : V → W is the unique linear transformation which
extendsσ on B.

(A) fσ is injective if and only ifσ(B) is linearly independent in W.

(B) fσ is surjective if and only ifσ(B) is a generating set for W.

Consequently fσ is a linear isomorphism if and only ifσ(B) is a basis of W.
Conversely if f: V → W any linear transformation, then for any basis B of

V, we have f= fσ whereσ = f |B.

If V andW are finite dimensional and if dimV = dimW = n, then bothV and
W have basesB andC containingn vectors and so, there is a bijection ofB onto
C which extends to an isomorphism. Conversely let dimV = n and f : V → W
be a linear isomorphism. Then for any basisB of V,

dimV = |B| = |C| = dimW

whereC = f (B) is a basis ofW. Thus

Corollary 6.2.1. Two finite dimensional vector spacesV andW are isomorphic
if and only if dimV = dimW.

The following result lists some very important properties of arbitrary linear
transformations.
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Proposition 6.2.1. Let f : V →W be a linear transformation. ThenN( f ) = {u ∈ V : f (u) = 0}

and Rr( f ) = {w ∈W : f (v) = w for some v ∈ V}.

(6.2.2)

are subspaces ofV and W respectively. IfU is a complement ofN( f ) in V,
then f |U is a linear isomorphism ofU ontoRr( f ). In particular, ifV is finite
dimensional, so areN( f ) andRr( f ) and

dimV = dimN( f ) + dimRr( f ).

Proof 6.2.1. It is easy to verify thatN( f ) andRr( f ) are subspaces ofV and
W respectively. LetU be a complement ofN( f ) and let f ′ = f |U. Clearly
f ′ : U → Rr( f ) is linear. Also, ifu ∈ U and f ′(u) = f (u) = 0, thenu ∈ N( f )∩U.
Henceu = 0 which says thatf ′ is injective. Also, for anyw ∈ Rr( f ), there exists
v ∈ V with f (v) = w. SinceN( f ) ⊕ U = V, there exists uniquev0 ∈ N( f ) and
v1 ∈ U such thatv = v0+v1. Then f (v) = f (v0)+ f (v1) = f (v1) = f ′(v1) = wwhich
shows thatf ′ is surjective. Thereforef ′ : U → Rr( f ) is a linear isomorphism.
If V is finite dimensional, so areN( f ) andU. SinceRr( f ) is isomorphic toU,Rr( f ) is finite dimensional and by Corollary?? dimRr( f ) = dimU. Hence the
desired equality follows from Corollary??.

The integer dimRr( f ) is called the rank off and is denoted as Rankf . Sim-
ilarly, the integer dimN( f ) is called the nullity off and is denoted by Nullityf .
Then, by the proposition above, we have

Rank f + Nullity f = dimV = n

for all linear transformations with dimf = V.

6.2.2. The space of linear transformations and matrices

LetHk(V,W) denote the set of all linear transformations of an arbitrary vector
spaceV overk to a vector spaceW. Sincek will be clear from the context, we
shall abbreviate the notation toH(V,W). It is useful to note that the setH(V,W)
itself carries a vector space structure.

Proposition 6.2.2. Let V andW be vector spaces over the fieldk. ThenH(V,W)
is a vector space with respect to addition and scalar multiplication defined as
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follows:
( f + g)(v) = f (v) + g(v); and (k f)(v) = k( f (v)) (6.2.3)

for all f , g ∈ H(V,W), k ∈ k andv ∈ V.

In the following, unless otherwise specified,V, W, etc. will denote finite
dimensional vector spaces overk.

Suppose thatf : V → W is a linear transformation of a vector spaceV to a
vector spaceW. Let B = {ui : 1 ≤ i ≤ n} andC = {w j : 1 ≤ j ≤ m} be bases ofV
andW respectively so that dimV = n and dimW = m. There are bijections ( see
Example 6.4.2 )

cB : B→ En; ui 7→ ei and

cC : C→ En; w j 7→ ej .

By Theorem??, the linear extensions of these, again denoted bycB andcC are
linear isomorphisms ofV ontokn andW ontokm respectively (see Example 6.4.2
). Hencef̃ = c−1

B ◦ f ◦ cC is a linear transformation ofkn to km. Let

f (ui) =
m
∑

j=1

ai jw j; (6.2.4)

for all i = 1, 2, . . . , n. The map

mB,C( f ) : ei → (ai1, . . . , aim) : En→ k
m

is called the matrix off in the basesB andC. We use the usual matrix notation
to indicate this map:

mB,C( f ) =

































a11 a12 · · · aim

a21 a22 · · · a2m
...

... · · ·
...

an1 an2 · · · anm

































ClearlymB,C( f ) is ann×m-matrix. Conversely ifA = (ai j ) is anyn×m-matrix,
it determines a map

A : ei 7→ (ai1, ai2, · · · , aim)

of En to km which sendsei to thei − th row of A. The linear extensionfA of the
mapA is a linear transformation ofkn to km and

f = cB ◦ fA ◦ c
−1
C : V →W
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is a linear transformation such thatmB,C( f ) = A. Thus the correspondencef 7→
mB,C( f ) is a bijection of the set ofH(V,W) of all linear transformations ofV to
W with the setMatn×m of all n×m matrices overk.

Letσi j : B→W be the map defined as follows:

σi j (vk) =















w j if k = i and

0 otherwise.

By Theorem?? there is a unique linear transformation,fi j = fσi j : V → W, the
linear extension ofσi j . Let

F = FB,C = { fi j : 1 ≤ i ≤ n, 1 ≤ j ≤ m}.

F is linearly independent since
∑

i j di j fi j = 0 implies
















∑

i j

di j fi j

















(vk) = 0 for all i = 1, . . . , n.

Hence
∑

j

dk j fk j(vk) = 0 for all i = 1, . . . , n.

SinceC is linearly independent, this implies thatdk j = 0 for all j andk. SoF is
linearly independent. Now letg ∈ H(V,W) with mB,C(g) = (ai j ). Then by (??),

g(vi) =
∑

j

ai jw j for all i = 1, . . . , n.

Suppose thatg′ =
∑

i, j ai j fi j . By (??) g′ ∈ H(V,W) and for anyk = 1, . . . , n,

g′(vk) =
∑

i, j

ai j fi j (vk)

=
∑

j

ak jw j = g(vk).

Therefore, by the uniqueness in Theorem??, we conclude thatg = g′ and so,F
is a basis ofH(V,W). It follows that dimH(V,W) = mn.

AgainMatn×m is a vector space overk with addition and scalar multiplication
defined by

(ai j ) + (bi j ) = (ai j + bi j ) for all (ai j ), (bi j ) ∈ Matn×m;

k(ai j ) = (kai j ) for all (ai j ) ∈ Matn×m, k ∈ k.
(6.2.5)
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Let f , g ∈ H(V,W) anda, b ∈ k. Suppose thatmB,C( f ) = (ai j ) andmB,C(g) = (bi j ).
Then for eachvi ∈ B

(a f + bg)(vi) = a( f (vi)) + b(g(vi))

= a

















∑

j

ai jw j

















+ b

















∑

j

bi jw j

















=
∑

j

(aai j + bbi j )w j .

It follows from (??) that

mB,C(a f + bg) = (aai j + bbi j ) = a(ai j ) + b(bi j )

= amB,C( f ) + bmB,C(g).

Therefore the mapmB,C : f 7→ mB,C( f ) is linear. We have already noted that
mB,C : H(V,W)→ Matn×m is a bijection and so,mB,C is a linear isomorphism.

Let U, V andW be vector spaces with basesA, B andC respectively. If
f ∈ H(U,V) andg ∈ H(V,W) then by (??), equations defining matricesmA,B( f ) =
(ai j ) andmB,C(g) = (b jk) are

f (ui) =
∑

j

ai jv j and g(v j) =
∑

k

b jkwk.

If h = f ◦ g, equations definingmA,C(h) are

h(ui) =
∑

i

ai jg(v j) =
∑

j

∑

k

ai j b jkwk

=
∑

k

cikwk where cik =
∑

j

ai j b jk.

HencemA,C(h) = (cik). Notice that (cik) is the usual row-column product (ai j )(b jk).
Therefore we have

mA,C( f ◦ g) = mA,B( f ) ×mB,C(g). (6.2.6)

For the convenience of later reference, we summarize the discussion. Recall that
the setH(V,W) of all linear transformations of a vector spaceV to W is a vector
space (see Proposition??).
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Theorem 6.2.2. Let V and W be vector spaces overk with dimV = n and
dimW = m. ThenH(V,W) is a vector space overk satisfying the following: [(1)]
dimH(V,W) = nm.Matn×m is a vector space overk with addition and scalar multiplication defined
by (??).
If B and C are bases of V and W respectively, then

mB,C : H(V,W)→ Matn×m; f 7→ mB,C( f )

is a linear isomorphism ofH(V,W) ontoMatn×m. In particular dimMatn×m =

mn.
Moreover, if A, B and C are bases for vector spaces U, V and W respectively

then
mA,C( f ◦ g) = mA,B( f ) ×mB,C(g)

for all f ∈ H(U,V) andg ∈ H(V,W).

6.2.3. The algebra of linear transformations and matrices

If V is a vector space with dimV = n overk, it follows by settingV = W
in Theorem?? thatH(V,V) is a vector space of dimensionn2 overk. Moreover,
for f , g ∈ H(V,V) the compositef ◦ g (often abbreviated asf g) is again a lin-
ear transformation inH(V,V). This gives a multiplication inH(V,V) which is
associative and distributive. It is easy to see thatH(V,V) is a ring with respect
to vector addition (defined by Equation (??)) and composition. We denote this
ring by A(V). Moreover,A(V) is also a vector space overk and satisfies the
following:

k( f g) = (k f)g = f (kg) for all k ∈ k, f , g ∈ A(V). (6.2.7)

Rings that are vector spaces over the fieldk that satisfies the property above are
calledk-algebras (or simply algebras ifk is clear from the context). ThusA(V)
is a finite dimensionalk-algebra of dimensionn2. SimilarlyMatn×n is an algebra
of dimensionn2 overk with respect to matrix addition and scalar multiplication
defined by Equation (??) and usual matrix multiplication which is isomorphic to
A(kn). We shall identifyMatn×n with A(kn) = Mn.

Let B be a basis ofV overk. If f ∈ A(V) then f is a linear transformation
from V to itself and so, its matrix can be defined as in Equation (??) where we
may chooseB = C. We denote this matrix bymB( f ) so thatmB( f ) = mB,B( f ).
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For f ∈ An, we writem( f ) for the matrixmE( f ) whereEn denotes the natural ba-
sis ofkn ( see Example 6.1.6 ). Again by Theorem??, the mapmB : A(V)→ Mn

is a linear isomorphism and by Equation (??), the mapmB also preserves multi-
plication. A maph : A → A′ of an algebraA to A′ is an algebra isomorphism
if it is linear isomorphism and ring isomorphism. ThereforemB : A(V) → Mn is
an isomorphism of algebras.

Theorem 6.2.3. Let V be a vector space withdimV = n. ThenA(V) is
an algebra of dimension n2 over k with respect to vector addition and scalar
multiplication defined by Equation(??) and composition. Similarly the setMn

of all n × n matrices overk is an algebra of dimension n2 over k with respect
to matrix addition and scalar multiplication defined by Equation (??) and usual
matrix multiplication. Moreover, the mapmB : A(V) → Mn is an isomorphism
of algebras.

In the following discussion,A = A(V) will denote the algebra of linear trans-
formation of a vector spaceV with dimV = n overk. The theorem above says
that we can identify the algebraA(V) with the matrix algebraMn by the iso-
morphismmB. Clearly the identification depends on the given basisB. In any
case, given any statement regarding linear operators inA we can routinely trans-
late the statement to an appropriate statement regarding matrices inMn (that is,
statement about squaren× n-matrices). The operator version is geometric as it
involves affine and linear subspaces ofV and certain geometric transformations
whereas the matrix version is computational. Often we shallstate the geometric
version and leave its translation to matrices as an exerciseto the reader.

6.3. Ginverses

Let U0 be a subspace ofV. Then by Corollary??U0 has a complementU1 in
V so thatU0⊕U1 = V. We shall say that (U0,U1) is a direct-sum decomposition
of V. Then each vectoru ∈ V can be uniquely decomposed asu = u0 + u1 where
ui ∈ Ui, i = 0, 1. Let

e(U0,U1) : V → V; u 7→ u1.

Then e(U0,U1) is the projection ofV onto U1 determined by the direct sum
decomposition. It is easy to verify thate(U0,U1) is a linear operator onV such
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that N(e(U0,U1)) = U0 and Rr(e(U0,U1)) = U1.

Recall that (see Clifford and Preston, 1961, for example) an operatorf onV (that
is, f ∈ A(V)) is called an idempotent iff 2 = f . Given a direct sum decompo-
sition (U0,U1) of V, the mape(U0,U1) defined above is an idempotent. Some
useful properties equivalent to being an idempotent are thefollowing.

Lemma 6.3.1. The following statements are equivalent for an operatorf ∈ A.

(1) f is an idempotent inA.
(2) f |Rr( f ) is the identity transformation onRr( f ).

(3) N( f ) ⊕ Rr( f ) = V and f = e(N( f ),Rr( f )).

Thus there is a bijection between idempotents inA and direct decomposition of
V.

Let f ∈ H(V,W) be a linear transformation. We shall say thatg ∈ H(W,V) is
a generalized inverse (or just ginverse for short) off if

f g f = f ; (6.3.1)

g is called an semigroup inverse, or simply an sinverse if

f g f = f and g f g = g; and (6.3.2)

andg is called a group inverse, or simply an inverse if

f g f = f , g f g = g and g f = f g. (6.3.3)

We shall denote bygV( f ), the set of all ginverses off and byV( f ), the set of all
sinverses off . If g ∈ gV( f ), then we havef g f = f . So if h = g f g then

f h f = ( f g f )g f = f g f = f ; and

h f h= g( f g f )g f g = g( f g f )g = g f g = h.

Henceh ∈ V( f ). Therefore ifgV( f ) , ∅ so isV( f ) and we haveV( f ) ⊆ gV( f ).

It can be shown that an inverse off , if exists, is unique which will be denoted by
f −1. Notice that if f is invertible in the usual sense (that is, if detf , 0) then f −1

is the inverse off as defined above. However, if the inversef −1 exists as above,
f need not be invertible



6.3. GINVERSES 273

Theorem 6.3.1. Let f, g ∈ A. Theng ∈ gV( f ) if and only if there is a
complement U ofN( f ) such that

g|Rr( f ) = ( f |U)−1 (6.3.4)

A ginverseg is an sinverse if and only ifN( f ) ⊕ Rr(g) = Rr( f ) ⊕ N(g) = V. (6.3.5)

In this case we have Rr( f g) = Rr(g) and Rr(g f ) = Rr( f ).

Furthermore, f has an inverse if and only ifN( f ) ⊕ Rr( f ) = V. (6.3.6)

Proof 6.3.1. Suppose thatg ∈ A satisfies the given condition. By Proposition??
f |U is a linear isomorphism ofU ontoRr( f ). Hence( f |U)−1 is well-defined.
Also, if v ∈ V, thenv = v0 + v1 for a uniquev0 ∈ N( f ) and v1 ∈ U. Hence
v f = (v1) f and by the given condition, we have

(v) f g f = (((v1) f ) g) f = (v1) f = (v) f .

Thus f g f = f and so,g ∈ gV( f ). Conversely, letg ∈ gV( f ). Thene = f g
is an idempotent such thatN( f g) = N( f ). so, by Lemma??, U = Rr( f g) is
a complement ofN( f ). Also by Proposition??, f |U : U → Rr( f ) is a linear
isomorphism. Hence ifu ∈ U,

(u)( f |U)
(

g|(Rr( f ))
)

= (u) f g = u

by Proposition??. This proves that

g|Rr( f ) = ( f |U)−1

as desired.
Suppose thatg ∈ V( f ) so that f g f = f andg f g = g. Thene = f g is an

idempotent withN( f ) = N( f g) and so, by Lemma??, Rr( f g) ⊕ N( f ) = V. SinceRr( f g) ⊆ Rr(g), by Proposition??, we have

dimRr( f g) = Rank f ≤ Rankg and by symmetry, Rankg ≤ Rank f .

ConsequentlyRr( f g) = Rr(g) and so,N( f ) ⊕ Rr(g) = V. Again by symmetry we
haveRr( f ) ⊕ N(g) = V.

Conversely, assume thatg satisfies Equation (??). Then the complementU
in Equation (??) is Rr(g) which shows thatg ∈ gV( f ) and f ∈ gV(g). Therefore
g ∈ V( f ) as desired. Ifv ∈ Rr( f g), v = ug for someu ∈ V. Hence (v) f g =
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(u)g f g = ug = v and so,Rr(g) ⊆ Rr( f g). Since clearly,Rr( f g) ⊆ Rr(g) we haveRr( f g) = Rr(g). SimilarlyRr(g f ) = Rr( f ).
Suppose thatg = f −1 so thatg ∈ V( f ) and f g = g f . By Equation (??),

V = N( f ) ⊕ Rr(g) = N( f ) ⊕ Rr( f g) = N( f ) ⊕ Rr(g f ) = N( f ) ⊕ Rr( f ).

On the other hand, suppose thatN( f ) ⊕ Rr( f ) = V and lete = e(N( f ),Rr( f )).
Then f = e◦ f0 where f0 = f |Rr( f ) is, by Proposition??, a linear automorphism
of Rr( f ). It is easy to check thatg = e ◦ f −1

0 is the inverse off as defined in
Equation (??).

Proposition?? together with the last statement of the theorem above (see
Equation (??)) gives the following:

Corollary 6.3.1. Let U andW be subspaces of a vector spaceV (with dimV =
n). Let

H(U,W) = { f ∈ A : N( f ) = U, Rr( f ) =W}.
ThenH(U,W) , ∅ if and only if dimU + dimW = dimV. Moreover,H(U,W)
is a multiplicative subgroup ofA(V) if and only if U ⊕W = V. If this is the case,
thenH(U,W) is the group with identitye(U,W) and inverse of anyf ∈ H(U,W)
is the group inverse satisfying Equation (??).

Notice thatH(U,W) is a subgroup ofA if and only if e(U,W) is an idem-
potent. HereU (and/or W) can take any value subject to the restriction that
(U,W) is a direct-sum decomposition (see Lemma??). If U = {0} is the trivial
subspace, thenW = V and the groupH(U,W) is the automorphism group of
V which is denoted byGL(V). GL(V) is called the general linear group ofV.
The corresponding subgroup ofMn is denoted byGLn which is called the general
linear group of rankn. This is the group of all invertible matrices inMn andGLn = mB(GL(V)) for any basisB of V (see Theorem??).

If G is any multiplicative subgroup ofA, its identity is an idempotent inA
and hence, by Lemma??, has the forme(U,W) where (U,W) is a direct sum
decomposition ofV. Hence we must haveG ⊆ H(U,W) and so,H(U,W) is a
maximal subgroup ofA. It is easy to see that the map

f ∈ H(U,W) 7→ f |W : H(U,W) → GL(W)

is a natural isomorphism ofH(U,W) on toGL(W). Thus maximal subgroups of
A are, up to isomorphism, general linear groups of rank less than or equal ton.

Theorem??shows that we may construct ginverses and sinverses as follows.
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Theorem 6.3.2. Let f ∈ A. For any complement U ofRr( f ) and W ofN( f )
the map

h = e(U,Rr( f )) ◦ ( f |W)−1

is the unique sinverse of f withN(h) = U andRr(h) = W. Every sinverse of f is
constructed in this way. Moreover,g ∈ gV( f ) if and only if

g = h+ α

where h∈ V( f ) andα ∈ A with α(Rr( f )) ⊆ N( f ).

Proof 6.3.2. Let U andW be as given above. Suppose thatf0 = f |W so that
f0 : W → Rr( f ) is a linear isomorphism by Proposition??. It follows from
Lemma?? that f = e(N( f ),W) ◦ f0. Also

h = e(U,Rr( f )) ◦ ( f0)
−1

= e(U,Rr( f )) ◦
(

( f0)
−1 ◦ f0( f0)

−1
)

= h f h;

and f h f = e(N( f ),W) ◦
(

f0( f0)
−1 f0
)

= e(N( f ),W) ◦ f0 = f .

Thereforeh ∈ V( f ). Since f0 : W→ Rr( f ) is a linear isomorphism, clearly,N(h) = N(e(U,Rr( f )) = U andRr(h) = Rr( f −1
0 ) =W.

To prove the uniqueness ofh assume thatg ∈ V( f ) with N(g) = U, Rr(g) =
W. By Theorem??, g|Rr( f ) = h|Rr( f ) = ( f0)−1. Clearly g|U = h|U. Since
U ⊕ Rr( f ) = V, it follows thatg = h.

Suppose thatg = h + α whereh ∈ V( f ) andα : Rr( f ) → N( f ) is a linear
transformation. Letv ∈ V. Sincev f ∈ Rr( f ), (v f )α ∈ N( f ) so that ((v f )α) f = 0.
Therefore

(v) f g f = (v) f h f − (v) fα f = (v) f h f = (v) f .

Since this hold for allv ∈ V, f g f = f and so,g ∈ gV( f ). Conversely, let
g ∈ gV( f ). Thenh = g f g ∈ V( f ). SinceA is an algebra,α = g − h ∈ A. Let
w ∈ Rr( f ). Then forv ∈ V with v f = w, we have

(wα) f = (v f )(g f − h f) = (v) f g f − (v) f h f = (v) f − (v) f = 0.

Hencewα ∈ N( f ) and so,α|Rr( f ) : Rr( f )→ N( f ). This completes the proof.
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The theorem above shows that any ginverse can be obtained as asuitable per-
turbation of an sinverse. One can perturbh ∈ V( f ) so that the resulting ginverse
is invertible.

It is clear from Theorem?? that ginverses and sinverses of a singular linear
transformationf ∈ A are not unique since a subspace ofV may have more than
one (infinitely many if the fieldk is infinite) complements. However, given any
g ∈ gV( f ), everyh ∈ V( f ) can be constructed as follows:

Theorem 6.3.3. Let g ∈ gV( f ), U be a complement ofRr( f ) and W be a
complement ofN( f ). Then

h(U,W) = e(U,Rr( f )) ◦ g ◦ e(N( f ),W)

is the unique sinverse of f such thatN(h(U,W)) = U and Rr(h(U,W)) = W.
ConsequentlyV( f ) =

{

h(U,W) : U ∈ ∁(Rr( f )), W ∈ ∁(N( f ))
}

.

Proof 6.3.3. The choice ofU andW implies by Lemma?? that

e(N( f ),W) ◦ f = f = f ◦ e(U,Rr( f )). (a)

Also, let g0 = g|Rr( f ). Then by Equation (??), g0 = f −1
0 where f0 = ( f |W′)

for someW′ ∈ ∁(N( f )). Since f0 is a linear isomorphism of the subspaceW′

ontoRr( f ), g0 is a linear isomorphism ofRr( f ) onto the complementW′ of N( f ).
Then by Lemma?? e(N( f ),W)|W′ : W′ →W is a linear isomorphism and so,

g ◦ e(N( f ),W)|Rr( f ) = g0 ◦
(

e(N( f ),W)|W′)

is a linear isomorphism ofRr( f ) ontoW. Since

h = h(U,W) = e(U,Rr( f ))◦g◦e(N( f ),W) = e(U,Rr( f ))◦(g ◦ e(N( f ),W)) |Rr( f ),

it follows thatN(h) = U andRr(h) =W. Furthermore,

f h f =
(

f e(U,Rr( f ))
)

g (e(N( f ),W) f )

= f g f = f by Equation(a);

and h f h= e(U,Rr( f ))(g f g)e(N( f ),W)

= e(U,Rr( f ))(g f g|Rr( f ))e(N( f ),W).



6.3. GINVERSES 277

Sinceg0 = f −1
0 , we haveg f g|Rr( f ) = g0 f0g0 = g0 and so,

h f h= e(U,Rr( f ))(g0)e(N( f ),W) = h.

Thereforeh = h(U,W) ∈ V( f ) and satisfies the desired conditions. Uniqueness
of h follows from Theorem??. The last statement is now clear.

Remark 6.3.1. Here we have considered ginverses of linear transformations f :
V → V in the algebraA(V) of linear transformations of a (finite dimensional)
vector spaceV. We may extend this to linear transformations of the formh : V →
W from a vector spaceV to W. For letU be any complement ofRr(h) = Im h in
W. If U′ is any complement ofN(h) in V, thenh|U′ is a linear isomorphism of
U′ ontoRr(h). Then the linear transformation

g = e(U,Rr(h)) ◦ ( f |U′)−1

satisfiesf g f = f . Theorem?? can also be extended to this more general case
easily: any sinverse of a linear transformationf : V → W can be constructed
from a given sinverse (or ginverse)g as

g′ = e(U,Rr(h)) ◦ g ◦ e(N(h),U′)

wheree(U,Rr(h)) ∈ A(W) ande(N(h),U′) ∈ A(V) are idempotents.
If A is ann × m-matrix, it represents a linear transformation ofV = kn to

W = kM and the matrixG of a ginverseg of A constructed as above also satisfies
AGA= A. Consequently if the matrixmg = A− of g is known, the matrix of any
sinverseg′ of the matrixm f = A of f can be computed by multiplyingA− by
suitable idempotent matrices.

6.3.1. Ginverses of matrices

In the following discussion we shall be concerned withn × n-matrices (ma-
trices inMn). As observed above in Remark??, all this can be extended to the
more general case ofn×m-matrices.

Recall that eachA ∈ Mn the unique linear operator onEn that send each
ei ∈ En to ri, i = 1, 2, . . . , n has matrixA in the natural basis ofEn (see Example
6.1.4). Since no confusion is likely we shall use the same notation for both the
linear transformation and its matrix in the natural basis ofEn. We proceed to
compute the matrix of some sinverseB of A. Suppose that

r
A
i = ri = (ai1, ai2, . . . , ain), 1 ≤ i ≤ n



278 6. GENERALIZED INVERSE OF MATRICES AND SEMIGROUPS

be the set of rows ofA and

c
A
j = c j = (a1 j, a2 j, . . . , an j), 1 ≤ j ≤ n

be the set of columns. Then

A =





























r1
r2
. . .

rn





























=
(

c1 c2 . . . cn

)

The linear span Rr(A) = L〈r1, . . . , rn〉

of row-vectors ofA is called the row-space. ClearlyRr( f ) is the range (image)
of the linear transformationA. Similarly the spaceRc(A) = L〈c1, . . . , cn〉

is called the column space ofA. Now x ∈ N(A) if and only if

xA=
(

〈x, c1〉, 〈x, c2〉, . . . , 〈x, cn〉
)

= 0

which is true if and only ifx is a solution of the system of homogeneous linear
equations

n
∑

j=1

xja ji = 〈x, ci〉 = 0 for all i = 1, 2, . . . , n. (6.3.7)

It follows that the spaceRc(A) is the orthogonal toN(A). AlsoRc(A) is the row-
space ofA′, the transpose ofA and it is well-known that RankA = RankA′.
Hence dimRr(A) = dimRc(A) = RankA = t. SinceRc(A) ∩ N(A) = {0}, it
follows thatRc(A) is the orthogonal complement ofN(A). HenceA induces a
linear isomorphism ofRc(A) ontoRr(A). Therefore there exists an ordered set of
rows ofA

Ar =
{

ri1, ri2, . . . , rit

}

with i1 < i2 < · · · < i t (6.3.8)

that forms a basis ofRr( f ). Similarly there is an ordered set of columns ofA

Ac =
{

c j1, c j2, . . . , c jt

}

with j1 < j2 < · · · < j t (6.3.9)

that forms a basis ofRc(A).
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We say that a matrixD ∈ A dominates a matrixA with respect to a row-base
Ar if

r
D
k = r

A
k if and only if k = i l , for some 1≤ l ≤ t. (6.3.10)

If D is non-singular, then the set of rows ofD not in Ar spans a complement ofRr(A). Conversely, given a row-baseAr and a basisBU of a complementU ofRr(A), there is a unique matrixD = m(Ar ,BU) such thatD dominatesA and the
set of rows ofD not in Ar isBU.

As above letD = (mi j ) = (Ar ,BU) be a non-singular matrix dominatingA.
By definition of the linear transformationA,

A|W; W→ Rr(A) where W = L〈ei1, ei2, . . . , ein〉.

is a linear isomorphism ofW ontoRr(A). HenceW is a complement ofN(A).
Again by the definition ofD = m(Ar ,BU), D|W = A|W. If M = (m∗i j ) = D−1, we
have

M|Rr(A) = (D|W)−1 = (A|W)−1.

By Theorem?? M is an invertible ginverse ofA.

Proposition 6.3.1. Let A ∈ An and letD = m(Ar ,BU) be a non-singular matrix
dominatingA whereBU is a basis of the complementU of Rr(A). ThenD−1 is a
non-singular ginverse ofA.

GivenA ∈ A and a complementU of Rr(A), the result above shows that it is
possible to calculate one ginverseM of A provided we can computeAr andBU.
Standard linear algebraic methods are available for these computations. Clearly
M depends on the choice ofU. If we setU = Rr(A)⊥, the orthogonal complement
of Rr(A), we may chooseBU as the set of all linearly independent solutions of
the system of equations

〈x, rik〉 = 0 for all k = 1, 2, . . . , t.

A complete system of linearly independent solutions may be explicitly computed
in terms ofA using Cramer’s (see Nambooripad, 2000, page 109). Consequently
it is always possible to compute one (invertible) ginverse.Then Theorem??
shows that any sinverse can be constructed by pre- and post-multiplying by suit-
able idempotents and by Theorem??, any ginverse can be computed by a suitable
perturbation of an sinverse.
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Again by Theorem?? any sinverseg ∈ V(A) is uniquely determined by a
complementU of Rr(A) and a complementW of N(A) so thatN(g) = U and Rr(g) =W.

We proceed to compute the matrix ofg in the natural basis ofEn. LetBU andBW

be bases ofU andW respectively. Also letD = m(Ar ,BU) be a nonsingular ma-
trix dominatingA. If M = (m∗i j ) = D−1 thenMD = In. Sinceei = (δi1, δi2, . . . , δin)
is thei th row vector ofIn, we have

ei =
∑

rk∈Ar

mikrk +
∑

uj∈BU

m∗i j u j

for all i = 1, 2, . . . , n. Sinceui ∈ N(g), application ofg to either side of the above
equation gives

(ei)g =
∑

rk∈Ar

m∗ik(rk)g.

Sinceg|Rr(A) is an isomorphism, by Equation (??), for eachk = 1, 2, . . . , t there
exists a uniquewk ∈W such that

(rik)g = wk =

n
∑

j=1

wk jej

and{wk : 1 ≤ k ≤ t} is a basis ofW. Therefore

(ei)g =
t
∑

k=1

m∗iikwk

=

t
∑

k=1

m∗iik

















n
∑

j=1

wk jej

















=

n
∑

j=1















∑

k

m∗iikwk j















ej

for all 1 ≤ i ≤ n.
Thus we have proved the first part of the following. The converse part is an

immediate consequence of Theorem??and the first part.
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Theorem 6.3.4. Let A ∈ Mn and g ∈ V(A). Suppose thatN(g) = U andRr(g) =W. Further, let
Ar = {ri1, . . . , rit}

be a row-base of A. Ifm−1 = (m∗i j ) be the inverse of the non-singular matrix
m = m(Ar ,BU) that dominates A, then

m(g) = (hik) where hi j =
∑

j

m∗i j
w jk. (6.3.11)

is the matrix of the sinverseg of A.
Conversely, letBU = {u j} andBW = {wi} be bases of complements U and W

of Rr(A) andN(A) respectively. Ifm−1 = (m∗i j ) is the inverse ofm(Ar ,BU), the
matrix formed as in Equation(??) is the matrix of an sinverse of A.

The theorem above gives a construction of an arbitrary sinverse of a matrix
A ∈ Mn. The construction uses the following data:

(a) A row-baseAr of A.

(b) A basisBU of a complementU of the subspaceRr(A).

(c) A basisBW of a complementW of the subspaceN(A).

Obtaining these items of data in the appropriate format may need some com-
putations. Known computational methods are available for this purpose. The
remaining computation consist mainly of inversion of a non-singular matrix for
which also classical methods are available. Finally, as shown by Equation (??),
we need to compute certain inner products which are quite straightforward.

Various special types of ginverses can be computed by choosing the comple-
mentsU of Rr(A) andW of N(A) suitably and using the procedure described in
Theorem??. An important particular case is obtained by choosingU = Rr(A)⊥

and lettingW as an arbitrary complement ofN(A) (and or choosingW = N(A)⊥

andU as arbitrary). IfU = Rr(A)⊥, thenBU = {u1, . . . , un−t} may be chosen as
the maximal set of linearly independent solutions

n
∑

i=1

aikxk = 〈x, ri〉 = 0 for all i ∈ {1, 2, . . . , n}. (6.3.12)

It is possible to compute these explicitly in terms ofAusing the standard Cramer’s
rule (see Nambooripad, 2000, page 109).W = N(A)⊥ we may similarly choose
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BW = {w1, . . . , wt} as the maximal set of linearly independent solution of the sys-
tem of homogeneous linear equations (??) We will indicate the significance of
these choices in the next section. In particular, the choices

W = N(A)⊥ and U = Rr(A)⊥

give a unique sinverseA† which is called the Moore-Penrose inverse ofA.

6.4. Systems of Linear Equations

Here we consider applications of ginverses in solving systems of linear equa-
tions. Again we shall confine ourselves to square matrices since extension to the
more general case is routine.

Let A ∈ Mn andx = (x1, . . . , xn). Then for ally ∈ En, the the matrix equation

xA= y (6.4.1)

can be equivalently written as the system of simultaneous linear equations

〈x, ci〉 =
n
∑

j=1

a ji xj = yi for all i = 1, 2, . . . , n. (6.4.2)

The equation above is called the system of linear equations determined by the
matrix A. It has a solutionv ∈ En if and only if vA = y so thaty is the image
of v under the linear transformationA; that is,y ∈ Rr(A). If this is the case, we
say that the given system of equation is consistent. Notice that, for any solution
v of the given system,v + u is also a solution providedu is the solution of the
homogeneous systemuA = 0. Hence for any solutionv of the system (6.4.1),
v + N(A) represents a complete set of solutions of (6.4.1). Since any basis

BN(A) = {ν1, ν2, . . . , νn−t}

of N(A) represents a complete linearly independent set of solutions of the homo-
geneous systemxA= 0, it is easy to see that

BA = {v, v + ν1, . . . , v + νn−t}

represents a complete set of (affine) independent solutions of (6.4.1).
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Theorem 6.4.1. Let A ∈ Mn and let Ã be a ginverse of A. If the linear
equation (6.4.1) determined by A is consistent thenx̂ = yÃ is a solution and
yÃ+ N(A) represents the set of all solutions of (6.4.1).

Proof 6.4.1. If (6.4.1) is consistent then for anỹA ∈ gV(A), there isv ∈ En such
thatvA = y and we have

yÃA= (vA)ÃA= (v)(AÃA) = (v)A = y.

Therefore ˆx = yÃ is a solution of (6.4.1)
Clearly for anyÃ ∈ V(A) yÃ + u is a solution of (6.4.1) for allu ∈ N(A).

Conversely ifx1 = x̂ is any solution, then (x1)A = y and so,u = x1 − x0 ∈ N(A)
wherex0 = yÃ. Hencex1 = x0 + u ∈ x0 + N(A). Thereforex0 + N(A) represents
the set of all solutions of (6.4.1).

The theorem above applies for all systems of linear equations both homoge-
neous and inhomogeneous. Next we will deal with inhomogeneous systems.

Theorem 6.4.2. Let (6.4.1) be a system of consistent linear equations and
y , 0. If x̂ is any solution of (6.4.1), then̂x , 0 and there is aÃ ∈ V(A) such that
x̂ = yÃ. Consequently

x̂+ N(A) = {yÃ : Ã ∈ V(A)} (6.4.3)

is the set of all solutions of the equation (6.4.1).

Proof 6.4.2. Let x0 be a solution of (6.4.1). Then (x0)A = y , 0 and so,x0 , 0.
In particularx0 < N(A). It follows that there is a complementW of N(A) such
that x0 ∈ W. By Theorem?? we can findÃ ∈ V(A) such thatRr(Ã) = W. Since
(x0)A = y, by Theorem??, yÃ = x0. The last statement is now obvious.

ForA ∈ Mn, letW be a complement ofN(A). If x0 ∈W thenx0 is a solution of
the equationxA= y determined byA wherey = (x0)A. SinceA|W : W→ Rr(A)
is a linear isomorphism, it is clear thatx0 is the solution of exactly one such
equation determined byA. Moreover, by Theorem??, every consistent equation
determined byA has a unique solution inW.

Proposition 6.4.1. Let A ∈ Mn and letW be a complement ofRr(A). Then
everyx0 ∈ W is a solution of a unique linear equation (6.4.1). Moreover,every
consistent linear equation (6.4.1) has a unique solution inW.
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We now consider some special type of sinverses that afford solutions of linear
equations with various properties.

6.4.1. Ginverse for minimum norm solutions

We say that a ginversẽA ∈ V(A) gives “minimum norm” solution of the
equationxA= y (equation (6.4.1))if the solutionyÃ has minimum norm; that is,
Ã satisfies the condition

‖yÃ‖ = inf
x∈yÃ+N(A)

‖x‖. (6.4.4)

Theorem 6.4.3. Let A ∈ Mn. Then for A+ ∈ V(A), yA+ gives the minimum
norm solution of equation (6.4.1) if and only ifRr(A+) = N(A)⊥. (6.4.5)

When A+ satisfies (6.4.5) above,yA+ is the unique solution of (6.4.1) with mini-
mum norm. Moreover, if A+ gives minimum norm of (6.4.1) for somey ∈ Rr(A)
then it gives minimum norm for ally ∈ Rr(A).

Proof 6.4.3. Fix y ∈ Rr(A) and letv be a solution of (6.4.1). SinceN(A)⊕W = En

whereW = N(A)⊥ there exists uniquev0 ∈ N(A) andv1 ∈ W with v = v0 + v1.
Then

vA = (v0)A+ (v‘1)A = (v1)A = y
so thatv1 is a solution of (6.4.1) inW. Since〈v0, v1〉 = 0 we have

‖v‖2 = ‖v0‖
2 + ‖v1‖

2 ≥ ‖v1‖
2

Sincev1 ∈ W, it follows by the definition ofA+ thatv1 = yA+. To see thatv1 is
unique, we observe thatv0 = 0 if v where a solution with minimum norm so that
v ∈W. It follows from Proposition?? thatv = v1.

Since the condition (6.4.5) does not involvey, the last statement is obvious.

6.4.2. Ginverse for least square solutions

Another question often comes up when dealing with optimization problems
is the following: If the equationxA= y is not consistent, can we find an optimal
solution ? That is, we wish to find a vectorz such that

‖zA− y‖ = inf
x∈En

‖xA− y‖. (6.4.6)
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where‖z‖ denote the euclidean norm ofz. A vectorz with this property is called
a least square solution (abbreviated as ‘lss’) of the inconsistent equation (6.4.1).

We say that a ginversẽA ∈ V(A) gives a least square solution of (6.4.1) if
z= yÃ is a least square solution of (6.4.1).

Theorem 6.4.4. Let A∈ Mn. Then z∈ En is a least square solution of (6.4.1)
if and only if there is A+ ∈ V(A) satisfying the conditionN(A+) = Rr(A)⊥ (6.4.7)

such that z= yA+. If z, s ∈ En are least square solutions of (6.4.1) if and only if
s= z+ u for some u∈ N(A).

Furthermore if A+ gives least square solution of (6.4.1) for somey ∈ Rr(A)
then it gives least square solution for ally ∈ Rr(A).

Proof 6.4.4. Suppose thatA+ ∈ V(A) satisfies (6.4.7). Ifz= yA+ then we have

(zA− y) A+ = 0

and so,zA− y ∈ N(A+). Furthermore for anyx ∈ En

‖xA− y‖ = ‖zA− y + wA‖.

wherew = x− z. SinceN(A+) = Rr(A)⊥, we have〈zA− y, wA〉 = 0 and so,

‖xA− y‖2 = ‖zA− y‖2 + ‖wA‖2

≥ ‖zA− y‖2.

Thereforezsatisfies Equation (??) and hence it is a least square solution of equa-
tion (6.4.1). Ifz = yA+ is an lss of (6.4.1), and ifu ∈ N(A) then s = z+ u is
clearly an lss of (6.4.1).

As above letz= yA+ whereA+ satisfies (is clearly an lss of (6.4.7) ). Suppose
that s is a lss of equation (is clearly an lss of (6.4.1) ) other thanz. If u = s− z,
as above〈zA− y, uA〉 = 0 and so,

‖sA− y‖2 = ‖zA− y + uA‖2

= ‖zA− y‖2 + ‖uA‖2

= ‖zA− y‖2.

ThereforeuA = 0 and sou ∈ N(A). Consequentlyz, s ∈ En are least square
solutions of (is clearly an lss of (6.4.1)) if and only ifs= z+u for someu ∈ N(A).
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Since equation (is clearly an lss of (6.4.1) ) is inconsistent z < N(A) and so,
s= z+ u < N(A). Therefore there is a complementWs of N(A) containings and
such thatze(N(A),Ws) = s. By Theorem??

A++ = A+e(N(A),Ws)

is an sinverse ofA satisfying (is clearly an lss of (6.4.7) ) and such thats= yA++.
Since the condition (is clearly an lss of (6.4.7) ) does not involvey, it is clear

that if yA+ is an lss for somey thenyA+ is an lss for everyy ∈ En.

Corollary 6.4.1. The Moore-Penrose inverseA† gives the least square solution
of equation (is clearly an lss of (6.4.1). ) with minimum norm.

Proof 6.4.5. By definition the Moore-Penrose inverse satisfies the conditions
(6.4.5) and (is clearly an lss of (6.4.7)) and soz = yA† is both a minimum norm
solution as well as a least square solution of (is clearly an lss of (6.4.1) ) by (
Theorem??, Theorem??.)

For an extensive treatment of ginverses of metrices we referthe reader to(Rao
and Mitra, 1971 ). Here we shall go through some of the resultsfrom their work;
but the treatment will be more geometric.

Example 6.4.1. Let kn[x] be the set of all polynomials of degree less thann ∈ N.
Prove thatkn[x] is a subspace of the vector spacek[x] of Example 6.1.5 and thatB =
{1, x, . . . , xn−1} is a basis ofkn[x] over k. Consequentlykn[x] is a finite dimensional
vector space with dimkn[x] = n. Letkn denote the vector space of Example 6.1.6. Prove
that the mappingf : kn[x] → kn, defined by

f (p(x)) = (a0, a1, . . . , an−1) where p(x) = a0 + a1x+ · · · + an−1xn−1 ∈ kn[x]

is an isomorphism ofkn[x] ontokn.

Example 6.4.2. Let B be a basis ofV over k and letkB be the vector space of
Example 6.1.4. Then the mapσ : v 7→ ev is a bijection ofB onto the basisEB of kB (see
Example 6.1.4). Then by Theorem?? fσ : V → kB is an isomorphism of vector spaces,
called the coefficient isomorphism determined by the basisB. If v =

∑

B auu ∈ V, by
(??), we have

fσ(v) =
∑

B

auσ(u) =
∑

B

aueu

and so fσ(v)(u) = au for all u ∈ B.
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Thus for eachv ∈ V, fσ(v) is the function onB which mapsu ∈ B to the coefficient of
u in the linear combination forv with respect toB; we denote this isomorphism bycB.
In particular, if B is finite containingn elements, as noted in Example 6.1.4, functions
on B = {u1, . . . , un} to k may be identified asn-tuples. Hence, in this case,cB(v) =
(a1, . . . , an) if v =

∑n
i=1 aiui .

Example 6.4.3. Let k[x] denote the vector space of all polynomials overk (see
Example 6.1.5). Forp(x) =

∑r
i=0 ai xi ∈ k[x], let (p(x))Dt denote thet-th derivative of

p(x). Then the map

Dn : p(x) 7→ (p(x))Dn

is a linear transformationDn : k[x] → k[x]. Show thatDn is surjective and thatN(Dn) =
k[x]n. Deduce thatDn is not injective.

Example 6.4.4. If n, r ∈ N prove thatDr : k[x]n → k[x]n is a linear transformation
which is non-zero ifr < n. Find the matrix ofDr in the basis{1, x, x2, . . . , xn−1}.

Example 6.4.5. Call a functionf : [a, b] → C smooth if f has continuous derivatives
of all orders. Prove that the setC∞[a, b] of all smooth complex-valued functions on the
interval [a, b] ⊆ R is a vector space under point-wise addition and scalar multiplication:
For f , g ∈ C∞[a, b] andα ∈ C,

( f + g)(x) = f (x) + g(x) and (α f )(x) = α( f (x))

for all x ∈ [a, b]. If Dt denote thet-th derivative (see Example 6.4.3), show that
T(D) =

∑n
i=0 biDi is a linear transformation inA(C∞[a, b]). Show further that the sub-

spaceN(T(D)) is finite dimensional. Find dimN(T(D)). Determine also the subspaceRr(T(D)).
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