
CHAPTER 7

SPECIAL FUNCTIONS OF MATRIX ARGUMENT

[This Chapter is based on the lectures of Professor A.M. Mathai of McGill University,
Canada (Director of the 4th SERC School).]

7.0. Introduction

Real scalar functions of matrix argument, when the matricesare real, will be
dealt with. It is di� cult to develop a theory of functions of matrix argument for
general matrices. LetX = (xi j ); i = 1 � � � ; m and j = 1; � � � ; n be anm� n matrix
where thexi j 's are real elements. It is assumed that the readers have the basic
knowledge of matrices and determinants. The following standard notations will
be used here. A prime denotes the transpose,X0 = transpose ofX; j(:)j denotes
the determinant of (.). The same notation will be used for theabsolute value
also. tr(X) denotes the trace ofX; tr(X) = sum of the eigenvalues ofX. A real
symmetric positive de�niteX will be denoted byX = X0 > 0. Then 0< X =
X0 < I ) X = X0 > 0 andI � X > 0. Further, dX will denote the wedge product
or skew symmetric product of the di� erentials dxi j 's.

That is, whenX = (xi j ), anm� n matrix

dX = dx11 ^ � � � ^ dx1n ^ dx21 ^ � � � dx2n ^ � � � ^ dxmn: (7.0.1)

If X = X0, that is symmetric, andp � p, then

dX = dx11 ^ dx21 ^ dx22 ^ dx31 ^ � � � ^ dxpp (7.0.2)

a wedge product of 1+ 2 + � � � + p = p(p + 1)=2 di� erentials.
A wedge product or skew symmetric product is de�ned in Chapter 1.
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290 7. SPECIAL FUNCTIONS OF MATRIX ARGUMENT

7.1. Some Jacobians of Matrix Transformations

Some standard Jacobians, that we will need later, will be illustrated here. For
more on Jacobians see Mathai (1997).

Example 7.1.1. Let X andY be p � 1 vectors of real scalar variables, functionally
independent, and letY = AX; jAj , 0, whereA = (ai j ) is a matrix of constants (free of
the elements inX andY). Evaluate the Jacobian of this transformation.

Solution 7.1.1.

Y =




y1
:::

yp




= AX =




a11 a12 � � � a1p

a21 a22 � � � a2p
:::

::: � � �
:::

ap1 ap2 � � � app







x1

x2
:::

xp




)

yi = ai1x1 + ::: + aipxp; i = 1; :::;p:

@yi
@xj

= ai j )
( @yi
@xj

)
= (ai j ) = A ) J = jAj:

Hence,

dY = jAjdX:

That is,Y andX, p � 1, A is p � p; jAj , 0; A is a constant matrix, then

Y = AX; jAj , 0 ) dY = jAjdX: (7.1.1)

Example 7.1.2. Let X andY bem� n and letA; m� mandB; n� n, be nonsingular
constant matrices. Then show that

Y = AXB) dY = jAjnjBjmdX: (7.1.2)

Solution 7.1.2. Let Z = AX = (AX(1); AX(2); :::;AX(n)) whereX(1); :::;X(n) are
the columns ofX. Then the Jacobian matrix forX going toY is of the form
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


A O ::: O
O A ::: O
:::

::: :::
:::

O O ::: A




)

∣∣∣∣∣∣∣∣∣

A O ::: O
:::

::: :::
:::

O O ::: A

∣∣∣∣∣∣∣∣∣
= jAjn = J1 (7.1.3)

whereO denotes a null matrix andJ1 is the Jacobian for the transformation ofX
going toZ or dZ = jAjndX. Now, consider the transformation

Y = ZB =




Z(1)B
:::

Z(m)B




whereZ(1); :::;Z(m) are the rows ofZ. The Jacobian matrix is of the form,




B 0 � � � 0
:::

::: � � �
:::

0 0 � � � B




)

∣∣∣∣∣∣
B 0 � � � 0
:::

::: � � � B

∣∣∣∣∣∣ = jBjm ) dY = jBjmdZ:

Then

Y = AXB; jAj , 0; jBj , 0 ; Y; m� n; X; m� n; ) dY = jAjnjBjmdX: (7.1.4)

Example 7.1.3. Let X be p � p, symmetric positive de�nite and letT = (ti j ) be a
lower triangular matrix. Consider the transformation

X = TT0: (7.1.5)

Obtain the conditions for this transformation to be one-to-one and then evaluate the
Jacobian.

Solution 7.1.3.

X = (xi j ) =




x11 x12 ::: x1p
:::

::: :::
:::

xp1 xp2 ::: xpp




with xi j = xji for all i and j, X = X0 > 0. WhenX is positive de�nite, that is,
X > 0 thenxj j > 0; j = 1; :::;p also.
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TT0 =




t11 0 ::: 0
t21 t22 ::: 0
:::

::: :::
:::

tp1 tp2 ::: tpp







t11 t21 ::: tp1

0 t22 ::: tp2
:::

::: :::
:::

0 0 � � � tpp




= X )

x11 = t211 ) t11 = �
p

x11. This can be made unique if we impose the condition
t11 > 0. Note thatx12 = t11t21 and this means thatt21 is unique if t11 > 0.
Continuing like this, we see that for the transformation to be unique it is su� cient
thatt j j > 0; j = 1; :::;p. Now, observe that,

x11 = t211; x22 = t221 + t222; :::;xpp = t2p1 + ::: + t2pp

andx12 = t11t21; :::;x1p = t11tp1, and so on.

@x11

@t11
= 2t11;

@x11

@t21
= 0; :::;

@x11

@tp1
= 0;

@x12

@t21
= t11; :::;

@x1p

@tp1
= t11;

@x22

@t22
= 2t22;

@x22

@t31
= 0; � � � ;

@x22

@tp1
= 0;

and so on. Taking thexi j 's in the orderx11; x12; � � � ; x1p; x22; � � � ; x2p; � � � ; xpp and
theti j 's in the ordert11; t21; t22; � � � ; tpp we have the Jacobian matrix a triangular
matrix with the diagonal elements as follows:t11 is repeatedp times,t22 is re-
peatedp � 1 times and so on, and �nallytpp appearing once. The number 2 is
appearing a total ofp times. Hence the determinant is the product of the diagonal
elements, giving,

2ptp
11t

p� 1
22 � � � tpp:

Therefore, forX = X0 > 0; T = (ti j ); ti j = 0; i < j; t j j > 0; j = 1; � � � p we have

X = TT0 ) dX = 2p




p∏

j=1

tp+1� j
j j


 dT: (7.1.6)

The transformation in (7.1.5) is a nonlinear transformation whereas in (7.1.4)
it is a general linear transformation involvingmn functionally independent real
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xi j 's. If X is p� p and symmetric then there are only 1+ 2+ � � � + p = p(p+ 1)=2
functionally independent elements inX because, herexi j = xji for all i and j. Let
Y = Y0 = AXA0; X = X0; jAj , 0. Then we can obtain the following result:

Y = AXA0; X = X0; jAj , 0; ) dY = jAjp+1dX: (7.1.7)
This result can be proved by using the fact that a nonsingularmatrix such asA
can be written as a product of elementary matrices in the form

A = E1E2 � � � Ek

whereE1; � � � ; Ek are elementary matrices. Then

Y = AXA0 ) E1E2 � � � EkXE0
k � � � E0

1:
Let Yk = EkXE0

k; Yk� 1 = Ek� 1YkE0
k� 1; and so on. Evaluate the Jacobians in these

transformations to obtain the result in (7.1.7).
For various types of matrix transformations and the associated Jacobians see

Mathai (1997). We will need a few more Jacobians for our discussion. These are
listed below without proofs.

Y = X� 1; jXj , 0 ) dY = jXj� 2p for a generalX

= jXj� (p+1) for X = X0: (7.1.8)

Let X be a p � n; n � p, matrix of rankp and letX = TU0
1 whereT is

p � p lower triangular with distinct nonzero diagonal elements and U0
1 a unique

n � p semiorthonormal matrix,U0
1U1 = Ip, all are of functionally independent

variables. Then

X = TU0
1 ) dX =




p∏

j=1

jt j j jn� j


 dT ^ dU1 (7.1.9)

where

∫
dU1 =

2p�
pn
2

� p

(
n
2

) : (7.1.10)

(see equation (7.2.3) for� p(�) ). Combining (7.1.9), (7.1.10) and (7.1.5) we
have the following result: LetX be ap � n; n � p matrix of full rank p. Let
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S = XX0 > 0. Then

dX =
�

np
2

� p

(
n
2

) jSj
n
2 � p+1

2 dS: (7.1.11)

Exercises 7.1.

7.1.1. Let X = (xi j ) bem � n with xi j 's functionally independent. Let A be an
m� mnonsingular constant matrix. Then show that

Y = AX ) dY = jAjndX:

7.1.2. Let X be as de�ned in Exercise 7.1.1. LetB be an � n nonsingular con-
stant matrix. Then show that

Y = XB ) dY = jBjmdX:

7.1.3. Let X0 = � X a p � p skew symmetric matrix of functionally independent
real variables. LetA be a nonsingular constant matrix. Then show that

Y = AXA0 ) dY = jAjp� 1dX: (7.1.12)

7.1.4. Let X be ap � p skew symmetric nonsingular matrix. Then show that

Y = X� 1 ) dY = jXj� (p� 1)dX: (7.1.13)

7.1.5 Let X = X0 > 0 bep � p. Let T = (ti j ) be an upper triangular matrix with
positive diagonal elements. Then show that

X = TT0 ) dX = 2p




p∏

j=1

t j
j j


 dT: (7.1.14)

7.1.6. Let x1; � � � ; xp be real scalar variables. Lety1 = x1 + � � � + xp; y2 =
x1x2 + x1x3 + � � � xp� 1xp (sum of products taken two at a time),� � � ; yk = x1 � � � xk.
Then forxj > 0; j = 1; � � � ; k show that
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dy1 ^ � � � ^ dyk =




p� 1∏

i=1

p∏

j=i+1

jxi � xj j


 dx1 ^ � � � ^ dxp: (7.1.15)

7.1.7. Let x1; � � � ; xp be real scalar variables. Let

x1 = r sin� 1

xj = r cos� 1 cos� 2 � � � cos� j� 1 sin� j; j = 2; 3; � � � ; p � 1

xp = r cos� 1 cos� 2 � � � cos� p� 1

for r > 0; � �
2 < � j � �

2; j = 1; � � � ; p � 2; � � < � p� 1 � � . Then show that

dx1 ^ � � � ^ dxp = r p� 1




p� 1∏

j=1

j cos� j jp� j� 1


 dr ^ d� 1 ^ � � � ^ d� p� 1: (7.1.16)

7.1.8. Let X = T
jTj whereX andT are p � p lower triangular or upper trian-

gular matrices of functionally independent real variableswith positive diagonal
elements. Then show that

dX = (p � 1)jTj� p(p+1)=2dT: (7.1.17)

7.1.9. For real symmetric positive de�nite matricesX andY show that

lim
t!1

∣∣∣∣∣I +
XY
t

∣∣∣∣∣
� t

= e� tr(XY) = lim
t!1

∣∣∣∣∣I �
XY
t

∣∣∣∣∣
t

: (7.1.18)

7.1.10. Let X = (xi j ); W = (wi j ) be lower triangularp� p matrices of distinct real
variables withxj j > 0; wj j > 0; j = 1; � � � ; p,

∑ j
k=1 w2

jk = 1; j = 1; � � � ; p. Let D =
diag(� 1; � � � ; � p); � j > 0; j = 1; � � � ; p, real and distinct where diag(� 1; � � � ; � p)
denotes a diagonal matrix with diagonal elements� 1; � � � ; � p. Show that

X = DW ) dX =




p∏

j=1

� j� 1
j w� 1

j j


 dD ^ dW: (7.1.19)
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7.2. Real Matrix-Variate Scalar Functions

When dealing with matrices it is often di� cult to de�ne uniquely fractional
powers such as square roots even when the matrices are squareor even symmet-
ric. For example

A1 =
[
1 0
0 1

]
; A2 =

[
� 1 0
0 1

]
; A3 =

[
1 0
0 � 1

]
; A4 =

[
� 1 0
0 � 1

]

all give A2
1 = A2

2 = A2
3 = A2

4 = I2 whereI2 is a 2 identity matrix. Thus, even for
I2, which is a nice, square, symmetric, positive de�nite matrix there are many
matrices which qualify to be square roots ofI2. Hence the development of the
theory of scalar functions of matrix argument is con�ned to positive de�nite ma-
trices, when real, and hermitian positive de�nite matriceswhen in the complex
domain.

7.2.1. Real matrix-variate gamma

In the real scalar case the integral representation for a gamma function is the
following:

� (� ) =
∫ 1

0
x� � 1e� xdx; < (� ) > 0: (7.2.1)

Let X be ap� p real symmetric positive de�nite matrix and consider the integral

� p(� ) =
∫

X=X0>0
jXj� � p+1

2 e� tr(X)dX (7.2.2)

where, when p=1 the equation (7.2.2) reduces to (7.2.1). We will evaluate (7.2.2)
with the help of the Jacobian in (7.1.5). LetT = (ti j ) be a lower triangular matrix
with positive diagonal elements. Put

X = TT0 ) dX = 2p




p∏

j=1

tp+1� j
j j


 dT; jTT

0
j =

p∏

j=1

t2j j ;

tr(X) = tr(TT
0
) = t211 + (t221 + t222) + � � � + (t2p1 + � � � + t2pp):

Then,
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� p(� ) =
∫

T
jTT

0
j� � p+1

2 e� tr(TT0)


2p

p∏

j=1

tp+1� j
j j


 dT

=




∏

i> j

∫ 1

�1
e� t2i j dti j







p∏

j=1

∫ 1

0
2(t2i j )

� � j
2 e� t2j j dt j j


 ;

sincet j j > 0 by de�nition and ti j ; i , j could vary from�1 to 1 subject to the
condition thatTT

0
is positive de�nite. But

∫ 1

�1
e� t2i j dti j =

p
� and

∫ 1

0
2(t2j j )

� � j
2 e� t2j j dt j j = �

(
� �

j � 1
2

)

for < (� ) > j� 1
2 ; j = 1; � � � ; p ) < (� ) > p� 1

2 : Note that in
∏

i> j there are
1+ 2+ � � � + p� 1 = p(p� 1)=2 factors and hence the �nal result is the following:

De�nition 7.2.1. Real Matrix-variate gamma function.

� p(� ) = �
p(p� 1)

4 � (� )�
(
� �

1
2

)
� � � �

(
� �

p � 1
2

)
; < (� ) >

p � 1
2

: (7.2.3)

We will call � p(� ) the real matrix-variate gamma. Observe that forp = 1; � p(� )
reduces to� (� ).

7.2.2. Real matrix-variate gamma density

With the help of (7.2.2) we can create the real matrix-variate gamma density
as follows, where X is ap � p real symmetric positive de�nite matrix:

f (X) =




1� 1� � p+1
2

� p(� ) e� tr(X); X = X
0
> 0; < (� ) > p� 1

2

0; elsewhere .
(7.2.4)

If another parameter matrix is to be introduced then we obtain a gamma density
with parameters (�; B); B = B

0
> 0; as follows:

f1(X) =




jBj�

� p(� ) jXj� � p+1
2 e� tr(BX); X = X0 > 0; B = B0 > 0; < (� ) > p� 1

2

0; elsewhere:
(7.2.5)
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As in the scalar case, two matrix random variables X and Y are said to be in-
dependently distributed if the joint density of X and Y is theproduct of their
marginal densities. We will examine the densities of some functions of indepen-
dently distributed matrix random variables. To this end we will introduce a few
more functions.

De�nition 7.2.2. A real matrix-variate beta function, denoted byBp(�; � ); is
de�ned as

Bp(�; � ) =
� p(� )� p(� )
� p(� + � )

; < (� ) >
p � 1

2
; < (� ) >

p � 1
2

: (7.2.6)

The quantity in (7.2.6), analogous to the scalar case (p=1), is the real matrix-
variate beta function. Let us try to obtain an integral representation for the real
matrix-variate beta function of (7.2.6). Consider

� p(� )� p(� ) =
[∫

X=X0>0
jXj� � p+1

2 e� tr(X)dX
]

�
[∫

Y=Y0>0
jYj� � p+1

2 e� tr(Y)dY
]

where both X and Y arep � p matrices.

=
∫ ∫

jXj� � p+1
2 jYj� � p+1

2 e� tr(X+Y)dX ^ dY:

PutU = X + Y for a �xed X. Then

Y = U � X ) j Yj = jU � Xj = jUjjI � U � 1
2 XU� 1

2 j

where, for convenience,U
1
2 is the symmetric positive de�nite square root ofU.

Observe that when two matrices A and B are nonsingular where AB and BA are
de�ned, even if they do not commute,

jI � ABj = jI � BAj

and if A = A
0
> 0 andB = B

0
> 0 then

jI � ABj = jI � A
1
2 BA

1
2 j = jI � B

1
2 AB

1
2 j:

Now,
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� p(� )� p(� ) =
∫

U

∫

X
jUj� � p+1

2 jXj� � p+1
2 jI � U � 1

2 XU� 1
2 j� � p+1

2 e� tr(U)dU ^ dX:

Let Z = U � 1
2 XU� 1

2 for �xed U. Then dX = jUj
p+1
2 dU by using (7.1.7). Now,

� p(� )� p(� ) =
∫

Z
jZj� � p+1

2 jI � Zj� � p+1
2 dZ

∫

U=U0>0
jUj� +� � p+1

2 e� tr(U)dU:

Evaluation of theU-integral by using (7.2.2) yields� p(� + � ): Then we have

Bp(�; � ) =
� p(� )� p(� )
� p(� + � )

=
∫

Z
jZj� � p+1

2 jI � Zj� � p+1
2 dZ:

Since the integral has to remain non-negative we haveZ = Z
0

> 0; I � Z > 0:
Therefore, one representation of a real matrix-variate beta function is the follow-
ing, which is also called the type-1 beta integral.

Bp(�; � ) =
∫

0<Z=Z0<I
jZj� � p+1

2 jI � Zj� � p+1
2 dZ; < (� ) >

p � 1
2

; < (� ) >
p � 1

2
(7.2.7)

By making the transformationV = I � Z note that� and� can be interchanged
in the integral which also shows thatBp(�; � ) = Bp(�; � ) in the integral represen-
tation also.

Let us make the following transformation in (7.2.7).

W = (I � Z)� 1
2 Z(I � Z)� 1

2 ) W = (Z� 1 � I )
� 1

) W� 1 = Z� 1 � I

) j Wj� (p+1)dW = jZj� (p+1)dZ ) dZ = jI + Wj� (p+1)dW:
Under this transformation the integral in (7.2.7) becomes the following: Observe
that

jZj = jWjjI + Wj� 1; jI � Zj = jI + Wj� 1:

Bp(�; � ) =
∫

W=W0>0
jWj� � p+1

2 jI + Wj� (� +� )dW; (7.2.8)

for < (� ) > p� 1
2 ; < (� ) > p� 1

2 :
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The representation in (7.2.8) is known as thetype-2 integralfor a real matrix-
variate beta function. With the transformationV = W� 1 the parameters� and�
in (7.2.8) will be interchanged. With the help of the type-1 and type-2 integral
representations one can de�ne the type-1 and type-2 beta densities in the real
matrix-variate case.

De�nition 7.2.3. Real matrix-variate type-1 beta density for the p � p
real symmetric positive de�nite matrix X such that X = X0 > 0; I � X > 0:

f2(X) =




1
Bp(�;� ) jXj� � p+1

2 jI � Xj� � p+1
2 = 0 < X = X

0
< I; < (� ) > p� 1

2 ; < (� ) > p� 1
2 ;

0; elsewhere.
(7.2.9)

De�nition 7.2.4. Real matrix-variate type-2 beta density for thep � p
real symmetric matrix X.

f3(X) =




� p(� +� )
� p(� )� p(� ) jXj� � p+1

2 jI + Xj� (� +� ); X = X
0
> 0;

< (� ) > p� 1
2 ; < (� ) > p� 1

2

0; elsewhere.

(7.2.10)

Example 7.2.1. Let X1; X2 be p � p matrix random variables, independently dis-
tributed as (7.2.4) with parameters� 1 and � 2 respectively. LetU = X1 + X2; V =

(X1 + X2)� 1
2 X1(X1 + X2)� 1

2 ; W = X
� 1

2
2 X1X

� 1
2

2 . Evaluate the densities ofU; V andW:

Solutions 7.2.1. The joint density ofX1 andX2, denoted byf (X1; X2), is avail-
able as the product of the marginal densities due to independence. That is,

f (X1; X2) =
jX1j� 1� p+1

2 jX2j� 2� p+1
2 e� tr(X1+X2)

� p(� 1)� p(� 2)
; X1 = X0

1 > 0; X2 = X0
2 > 0;

< (� 1) >
p � 1

2
; < (� 2) >

p � 1
2

: (7.2.11)

U = X1 + X2 ) j X2j = jU � X1j = jUjjI � U � 1
2 X1U � 1

2 j:
Then the joint density of (U; U1) = (X1+X2; X1); the Jacobian is unity, is available
as
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f1(U; U1) =
1

� p(� 1)� p(� 2)
jU1j� 1� p+1

2 jUj� 2� p+1
2 jI � U � 1

2 U1U � 1
2 j� 2� p+1

2 e� tr(U):

PutU2 = U � 1
2 U1U � 1

2 ) dU1 = jUj
p+1
2 dU2 for �xed U. Then the joint density of

U andU2 = V is available as the following:

f2(U; V) =
1

� p(� 1)� p(� 2)
jUj� 1+� 2� p+1

2 e� tr(U)jVj� 1� p+1
2 jI � Vj� 2� p+1

2 :

Sincef2(U; V) is a product of two functions ofU andV; U = U0 > 0; V = V0 > 0;
I � V > 0 we see thatU andV are independently distributed. The densities ofU
andV, denoted byg1(U); g2(V) are the following:

g1(U) = c1jUj� 1+� 2� p+1
2 e� tr(U); U = U0 > 0

and

g2(V) = c2jVj� 1� p+1
2 jI � Vj� 2� p+1

2 ; V = V0 > 0; I � V > 0;

wherec1 andc2 are the normalizing constants. But from the gamma density and
type-1 beta density note that

c1 =
1

� p(� 1 + � 2)
; c2 =

� p(� 1 + � 2)
� p(� 1)� p(� 2)

; < (� 1) > 0; < (� 2) > 0:

HenceU is gamma distributed with the parameter (� 1 + � 2) and V is type-1
beta distributed with the parameters� 1 and � 2 and further that U and V are

independently distributed. For obtaining the density ofW = X
� 1

2
2 X1X

� 1
2

2 start with
(7.2.11). Change (X1; X2) to (X1; W) for �xed X2. Then dX1 = jX2j

p+1
2 dW. The

joint density ofX2 andW, denoted byfw;x2(W; X2); is the following, observing
that

tr(X1 + X2) = tr[X
1
2
2 (I + X

� 1
2

2 X1X
� 1

2
2 )X

1
2
2 ]

= tr[X
1
2
2 (I + W)X

1
2
2 ] = tr[(I + W)X2]

= tr[(I + W)
1
2 X2(I + W)

1
2 ]
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by using the fact that tr(AB) = tr(BA) for any two matrices where AB and BA
are de�ned.

fw;x2(W; X2) =
1

� p(� 1)� p(� 2)
jWj� 1� p+1

2 jX2j� 1+� 2� p+1
2 e� tr[(I+W)

1
2 X2(I+W)

1
2 ]:

Hence the marginal density of W, denoted bygw(W), is available by integrating
out X2 from fw;x2(W; X2). That is,

gw(W) =
1

� p(� 1)� p(� 2)
jWj� 1� p+1

2

∫

X2=X0
2>0

jX2j� 1+� 2� p+1
2 e� tr[(I+W)

1
2 X2(I+W)

1
2 ]dX2:

PutX3 = (I + W)
1
2 X2(I + W)

1
2 for �xed W, then dX3 = jI + Wj

p+1
2 dX2:

Then the integral becomes
∫

X2=X0
2>0

jX2j� 1+� 2� p+1
2 e� tr[(I+W)

1
2 X2(I+W)

1
2 ]dX2

= � p(� 1 + � 2)jI + Wj� (� 1+� 2):
Hence,

gw(W) =




� p(� 1+� 2)
� p(� 1)� p(� 2) jWj� 1� p+1

2 jI + Wj� (� 1+� 2); W = W
0
> 0;

< (� 1) > p� 1
2 ; < (� 2) > p� 1

2
0; elsewhere;

which is a type-2 beta density with the parameters� 1 and� 2. Thus, W is real
matrix-variate type-2 beta distributed.

7.3. The Laplace Transform in the Matrix Case

If f (x1; � � � ; xk) is a scalar function of the real scalar variablesx1; � � � ; xk then
the Laplace transform off , with the parameterst1; � � � ; tk; is given by

L f (t1; � � � ; tk) =
∫ 1

0
� � �

∫ 1

0
e� t1x1����� tkxk f (x1; � � � ; xk)dx1 ^ � � � ^ dxk: (7.3.1)

If f (X) is a real scalar function of thep � p real symmetric positive de�nite
matrix X then the Laplace transform off (X) should be consistent with (7.3.1).
WhenX = X0 there are onlyp(p + 1)=2 distinct elements, eitherxi j

0s; i � j or
xi j

0s; i � j: Hence what is needed is a linear function of all these variables. That
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is, in the exponent we should have the linear functiont11x11 + (t21x21 + t22x22) +
� � � + (tp1xp1 + � � � + tppxpp): Even if we take a symmetric matrixT = (ti j ) = T

0

then the trace of TX,

tr(TX) = t11x11 + � � � + tppxpp + 2
p∑

i< j=1

ti j xi j :

Hence if we take a symmetric matrix of parametersti j 's such that

T � =




t11
1
2t12 � � � 1

2t1p
1
2t21 t22 � � � 1

2t2p
:::

1
2tp1

1
2tp2 � � � tpp



; T � = (t�i j ) ) t�j j = t j j ; t�i j =

1
2

ti j ; i , j

then

tr(T � X) = t11x11 + � � � + tppxpp +
p∑

i=1

p∑

j=1;i> j

ti j xi j :

Hence the Laplace transform in the matrix case, for real symmetric positive def-
inite matrixX, is de�ned with the parameter matrixT � .

De�nition 7.3.1. Laplace transform in the matrix case.

L f (T � ) =
∫

X=X0>0
e� tr(T � X) f (X)dX; (7.3.2)

whenever the integral is convergent.

Example 7.3.1. Evaluate the Laplace transform for the two-parameter gammaden-
sity in (7.2.5).

Solution 7.3.1. Here,

f (X) =
jBj�

� p(� )
jXj� � p+1

2 e� tr(BX); X = X0 > 0; B = B0 > 0; < (� ) >
p � 1

2
: (7.3.3)

Hence the Laplace transform off is the following:

L f (T � ) =
jBj�

� p(� )

∫

X=X0>0
jXj� � p+1

2 e� tr(T � X)e� tr(BX)dX:

Note that sinceT � ; B andX arep � p,

tr(T � X) + tr(BX) = tr[(B + T � )X]:
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Thus for the integral to converge the exponent has to remain positive de�nite.
Then the conditionB + T � > 0 is su� cient. Let (B + T � )

1
2 be the symmetric

positive de�nite square root ofB + T � . Then

tr[(B + T � )X] = tr[(B + T � )
1
2 X(B + T � )

1
2 ];

(B + T � )
1
2 X(B + T � )

1
2 = Y ) dX = jB + T � j�

p+1
2 dY

and

jXj� � p+1
2 dX = jB + T � j� � jYj� � p+1

2 dY:

Hence,

L f (T � ) =
jBj�

� p(� )

∫

Y=Y0>0
jB + T � j� � jYj� � p+1

2 e� tr(Y)dY

= jBj� jB + T � j� � = jI + B� 1T � j� � : (7.3.4)

Thus for knownBand arbitraryT � , (7.3.4) will uniquely determine (7.3.3) through
the uniqueness of the inverse Laplace transform. The conditions for the unique-
ness will not be discussed here. For some results in this direction see Mathai
(1993, 1997) and the references therein.

7.3.1. A convolution property for Laplace transforms

Let f1(X) and f2(X) be two real scalar functions of the real symmetric positive
de�nite matrix X and letg1(T � ) andg2(T � ) be their Laplace transforms. Let

f3(X) =
∫

0<S=S0<X
f1(X � S) f2(S)dS: (7.3.5)

Theng1g2 is the Laplace transform off3(X).
This result can be established from the de�nition itself.

L f3(T
� ) =

∫

X=X0>0
e� tr(T � X) f3(X)dX

=
∫

x>0

∫

S<X
e� tr(T � X) f1(X � S) f2(S)dSdX:
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Note thatfS < X; X > 0gis also equivalent tofX > S; S > 0g. Hence we may
interchange the integrals. Then

L f3(T
� ) =

∫

S>0
f2(S)

[∫

X>S
e� tr(T � X) f1(X � S)dX

]
dS:

PutX � S = Y ) X = Y + S and then

L f3(T
� ) =

∫

S>0
e� tr(T � S) f2(S)

[∫

Y>0
e� tr(T � Y) f1(Y)dY

]
dS

= g2(T � )g1(T � ):

Example 7.3.2. Using the convolution property for the Laplace transform and an
integral representation for the real matrix-variate beta function show that

Bp(�; � ) = � p(� )� p(� )=� p(� + � ):

Solution 7.3.2. Let us start with the integral representation

Bp(�; � ) =
∫

0<X<I
jXj� � p+1

2 jI � Xj� � p+1
2 dX;

< (� ) >
p � 1

2
; < (� ) >

p � 1
2

:

Consider the integral

∫

0<U<X
jUj� � p+1

2 jX � Uj� � p+1
2 dU = jXj� � p+1

2

∫

0<U<X
jUj� � p+1

2

� j I � X� 1
2 UX� 1

2 j� � p+1
2 dU

= jXj� +� � p+1
2

∫

0<Y<I
jYj� � p+1

2 jI � Yj� � p+1
2 dY; Y = X� 1

2 UX� 1
2 :

Then

Bp(�; � )jXj� +� � p+1
2 =

∫

0<U<X
jUj� � p+1

2 jX � Uj� � p+1
2 dU: (7.3.6)
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Take the Laplace transform on both sides to obtain the following:
On the left side,

Bp(�; � )
∫

X>0
jXj� +� � p+1

2 e� tr(T � X)dX = Bp(�; � )jT � j� (� +� )� p(� + � ):

On the right side we get,
∫

X>0
e� tr(T � X)

[∫

0<U<X
jUj� � p+1

2 jX � Uj� � p+1
2 dU

]
dX

= � p(� )� p(� )jT � j� (� +� ) (by the convolution property in (7.3.5).)

Hence

Bp(�; � ) = � p(� )� p(� )=� p(� + � ):

Example 7.3.3. Let h(T � ) be the Laplace transform off (X); that is,h(T � ) = L f (T � ):

Then show that the Laplace transform ofjXj�
p+1
2 � p( p+1

2 ) f (X) is equivalent to
∫

U>T �
h(U)dU:

Solution: From (7.3.3) observe that for symmetric positive de�nite constant ma-
trix B the following is an identity.

jBj� � =
1

� p(� )

∫

X>0
jXj� � p+1

2 e� tr(BX)dX; < (� ) >
p � 1

2
: (7.3.7)

Then we can replacejXj�
p+1
2 � p(

p+1
2 ) by an equivalent integral.

jXj�
p+1
2 � p

(
p + 1

2

)
�

∫

Y>0
jYj

p+1
2 � p+1

2 e� tr(XY)dY =
∫

Y>0
e� tr(XY)dY:

Then the Laplace transform ofjXj�
p+1
2 � p

(
p+1
2

)
f (X) is given by,

∫

X>0
e� tr(T � X) f (X)[

∫

Y>0
e� tr(YX)dY]dX

=
∫

X>0

∫

Y>0
e� tr[(T � +Y)X] f (X)dYdX: (Put T � + Y = U ) U > T � )

=
∫

Y>0
h(T � + Y)dY =

∫

U>T �
h(U)dU:

Example 7.3.4. For X > B; B = B0 > 0 and� > � 1 show that the Laplace transform
of jX � Bj� is jTj� (� + p+1

2 )e� tr(T � B)� p(� + p+1
2 ):
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Solution 7.3.3. Laplace transform ofjX� Bj� with parameter matrixT � is given
by,

∫

X>B
jX � Bj� e� tr(T � X)dX = e� tr(BT� )

∫

Y>0
jYj� e� tr(T � Y)dY; Y = X � B

= e� tr(BT� ) � p

(
� +

p + 1
2

)
jT � j� (� + p+1

2 )

(by writing � = � + p+1
2 � p+1

2 ) for � + p+1
2 > p� 1

2 ) � > � 1:

Exercises 7.3.

7.3.1. By using the process in Example 7.3.3, or otherwise, show that the
Laplace transform of [� p(

p+1
2 )jXj�

p+1
2 ]n f (X) can be written as

∫

W1>T �

∫

W2>W1

:::
∫

Wn>Wn� 1

h(Wn)dW1 ^ � � � ^ dWn

whereh(T � ) is the Laplace transform of f(X).

7.3.2. Show that the Laplace transform ofjXjn is jT � j� n� p+1
2 � p(n + p+1

2 ) for
n > � 1.

7.3.3. If the p � p real matrix random variableX has a type-1 beta density with
parameters (� 1; � 2) then show that

(i) U = (I � X)� 1
2 X(I � X)� 1

2 � type-2 beta (� 1; � 2)

(ii) V = X� 1 � I � type-2 beta (� 2; � 1)

where “� ” indicates “distributed as”, and the parameters are given in the brack-
ets.

7.3.4. If the p � p real symmetric positive de�nite matrix random variable X
has a type-2 beta density with parameters� 1 and� 2 then show that
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(i) U = X� 1 � type-2 beta (� 2; � 1)

(ii) V = (I + X)� 1 � type-1 beta (� 2; � 1)

(iii) W = (I + X)� 1
2 X(I + X)� 1

2 � type-1 beta (� 1; � 2):

7.3.5. If the Laplace transform off (X) is g(T � ) = LT � ( f (X)); whereX is real
symmetric positive de�nite andp � p then show that

� ng(T � ) = LT � (jXjn f (X)); � = (� 1)p
∣∣∣∣∣

@
@T �

∣∣∣∣∣

wherej @
@T � j means that �rst the partial derivatives with respect toti j 's for all i and

j are taken, then written in the matrix form and then the determinant is taken,
whereT � = (t�i j ):

7.4. Hypergeometric Functions with Matrix Argu-
ment

There are essentially three approaches available in the literature for de�ning
a hypergeometric function of matrix argument. One approachdue to Bochner
(1952) and Herz (1955) is through Laplace and inverse Laplace transforms. Un-
der this approach, a hypergeometric function is de�ned as the function satis-
fying a pair of integral equations, and explicit forms are available for0F0 and
1F0. Another approach is available from James (1961) and Constantine (1963)
through a series form involving zonal polynomials. Theoretically, explicit forms
are available for general parameters or for a generalpFq but due to the di� -
culty in computing higher order zonal polynomials, computations are feasible
only for small values of p and q. For a detailed discussion of zonal polynomials
see Mathai, Provost and Hayakawa (1995). The third approachis due to Mathai
(1978, 1993) with the help of a generalized matrix transformor M-transform.
Through this de�nition a hypergeometric function is de�nedas a class of func-
tions satisfying a certain integral equation. This de�nition is the one most suited
for studying various properties of hypergeometric functions. The series form is
least suited for this purpose. All these de�nitions are introduced for symmetric
functions in the sense that
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f (X) = f (X
0
) = f (QQ

0
X) = f (Q

0
XQ) = f (D); D = diag(� 1; :::; � p):

If X is p � p and real symmetric then there exists an orthonormal matrix Q,
that is,QQ

0
= I; Q

0
Q = I such thatQ

0
XQ = diag(� 1; :::; � p) where� 1; :::; � p are

the eigenvalues of X. Thus, f(X), a scalar function of thep(p+ 1)=2 functionally
independent elements in X, is essentially a function of the pvariables� 1; :::; � p:

7.4.1. Hypergeometric function through Laplace transform

Let rFs(a1; :::;ar; b1; :::;bs; Z) be the hypergeometric function of the matrix
argument Z to be de�ned,Z = Z

0
. Consider the following pair of Laplace and

inverse Laplace transforms.

r+1Fs(a1; :::;ar; c; b1; :::;bs; �^ � 1)j ^ j � c

=
1

� p(c)

∫

U=U0>0
e� tr(^ U)

r Fs(a1; :::;ar ; b1; :::;bs; � U)jUjc� p+1
2 dU (7.4.1)

and

rFs+1(a1; :::;ar; b1; :::;br; c; �^ )j ^ j c� p+1
2

=
� p(c)

(2� i)p(p+1)=2

∫

< (Z)=X>X0

etr(^ Z)
rFs(a1; :::;ar; b1; :::;bs; � Z� 1)jZj� cdZ

(7.4.2)

whereZ = X + iY; i =
p

� 1; X = X
0

> 0; andX andY belong to the class of
symmetric matrices with the non-diagonal elements weighted by 1

2. The func-
tion r Fs satisfying (7.4.1) and (7.4.2) can be shown to be unique under certain
conditions and that function is de�ned as the hypergeometric function of matrix
argument̂ , according to this de�nition.

Then by taking0F0(; ; �^ ) = e� tr(^ ) and by using the convolution property of
the Laplace transform and equations (7.4.1) and (7.4.2) onecan systematically
build up. The Bessel function0F1 for matrix argument is de�ned by Herz (1955).
Thus we can go from0F0 to 1F0 to 0F1 to 1F1 to 2F1 and so on to a generalpFq.

Example 7.4.1. Obtain an explicit form for1F0 from the above de�nition by using
0F0 (; ; � U) = e� tr(U):
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Solution 7.4.1. From (7.4.1)

1
� p(c)

∫

U=U0>0
jUjc� p+1

2 e� tr(^ U)
0F0(; ; � U)dU

=
1

� p(c)

∫

U>0
jUjc� p+1

2 e� tr[(I+^ )U]dU = jI + ^j � c;

since

0F0(; ; � U) = e� tr(U):

But

jI + ^j � c = j ^ j � cjI + ^ � 1j� c:

Then from (7.4.1)

1F0(c; ; �^ � 1) = jI + ^ � 1j� c

which is an explicit representation.

7.4.2. Hypergeometric function through zonal polynomials

Zonal polynomials are certain symmetric functions in the eigenvalues of the
p � p matrix Z. They are denoted byCK(Z) where K represents the partition of
the positive integer k,K = (k1; :::;kp) with k1 + � � � + kp = k. When Z is 1� 1
thenCK(z) = zk. Thus,CK(Z) can be looked upon as a generalization ofzk in the
scalar case. For details see Mathai, Provost and Hayakawa (1995). In terms of
CK(Z) we have the representation for a

0F0(; ; Z) = etr(Z) =
1∑

k=0

(tr(Z))k

k!
=

1∑

k=0

∑

K

CK(Z)
k!

: (7.4.3)

The binomial expansion will be the following:

1F0(� ; ; Z) =
1∑

k=0

∑

K

(� )KCK(Z)
k!

= jI � Zj� � ; (7.4.4)

for 0 < Z < I, where,
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(� )K =
p∏

j=1

(
� �

j � 1
2

)

kj

; K = (k1; :::;kp); k1 + � � � + kp = k: (7.4.5)

In terms of zonal polynomials a hypergeometric series is de�ned as follows:

pFq(a1; :::;ap; b1; :::;bq; Z) =
1∑

k=0

∑

K

(a1)K � � � (ap)K

(b1)K � � � (bq)K

CK(Z)
k!

: (7.4.6)

For (7.4.6) to be de�ned, none of the denominator factors is equal to zero,
q � p, or q = p + 1 and 0< Z < I. For other details see Constantine (1963).
In order to study properties of a hypergeometric function with the help of (7.4.6)
one needs the Laplace and inverse Laplace transforms of zonal polynomials.
These are the following:

∫

X=X0>0
jXj� � p+1

2 e� tr(XZ)CK(XT)dX = jZj� � CK(TZ� 1)� p(�; K) (7.4.7)

where

� p(�; K) = � p(p� 1)=4
p∏

j=1

�
[
� + kj �

j � 1
2

]
= � p(� )(� )K: (7.4.8)

1
(2� i)p(p+1)=2

∫

< (Z)=X>X0

etr(S Z)jZj� � CK(Z)dZ

=
1

� p(�; K)
jSj� � p+1

2 CK(S); i =
p

� 1 (7.4.9)

for Z = X + iY; X = X0 > 0; X and Y are symmetric and the nondiagonal
elements are weighted by12. If the non-diagonal elements are not weighted then
the left side in (7.4.9) is to be multiplied by 2p(p� 1)=2. Further,

∫

0<X<I
jXj� � p+1

2 jI � Xj� � p+1
2 CK(TX)dX =

� p(�; K)� p(� )
� p(� + �; K)

CK(T)

< (� ) >
p � 1

2
; < (� ) >

p � 1
2

: (7.4.10)
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Example 7.4.2. By using zonal polynomials establish the following results:

2F1(a; b; c; X) =
� p(c)

� p(a)� p(c � a)

�
∫

0<^ <I
j ^ j a� p+1

2 jI � ^j c� a� p+1
2 jI � ^ Xj� bd^ (7.4.11)

for < (a) > p� 1
2 ; < (c � a) > p� 1

2 .

Solution 7.4.2. ExpandingjI � ^ Xj� b in terms of zonal polynomials and then
integrating term by term the right side reduces to the following:

jI � ^ Xj� b =
1∑

k=0

∑

K

(b)K
CK(^ X)

k!
for 0 < ^ X < I

and
∫

0<^ <I
j ^ j a� p+1

2 jI � ^j c� a� p+1
2 CK(^ X)d^ =

� p(a; K)� p(c � a)
� p(c; K)

CK(X)

by using (7.4.10). But

� p(a; K)� p(c � a)
� p(c; K)

=
� p(a)� p(c � a)

� p(c)
(a)K

(c)K
:

Substituting these back, the right side becomes

1∑

k=0

∑

K

(a)K(b)K

(c)K

CK(X)
k!

= 2F1(a; b; c; X):

This establishes the result.

Example 7.4.3. Establish the result

2F1(a; b; c; I ) =
� p(c)� p(c � a � b)
� p(c � a)� p(c � b)

(7.4.12)

for < (c � a � b) > p� 1
2 ; < (c � a) > p� 1

2 ; < (c � b) > p� 1
2 :
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Solution 7.4.3. In (7.4.11) put X=I, combine the last factor on the right with
the previous factor and integrate out with the help of a matrix-variate type-1 beta
integral.

Uniqueness of thepFq through zonal polynomials, as given in (7.4.6), is
established by appealing to the uniqueness of the function de�ned through the
Laplace and inverse Laplace transform pair in (7.4.1) and (7.4.2), and by showing
that (7.4.6) satis�es (7.4.1) and (7.4.2).

The next de�nition, introduced by Mathai in a series of papers is through a
special case of Weyl's fractional integral.

7.4.3. Hypergeometric functions through M-transforms

Consider the class ofp � p real symmetric de�nite matrices and the null
matrix O. Any member of this class will be either positive de�nite or negative
de�nite or null. Let � be a complex parameter such that< (� ) > p� 1

2 : Let f (S)
be a scalar symmetric function in the sensef (AB) = f (BA) for all A andB when
AB and BA are de�ned. Then theM-transform of f (S), denoted byM� ( f ); is
de�ned as

M� ( f ) =
∫

U=U0>0
jUj� � p+1

2 f (U)dU: (7.4.13)

Some examples of symmetric functions are e� tr(S); jI � Sj� for nonsingularp � p
matricesA andB such that,

e� tr(AB) = e� tr(BA); jI � ABj� = jI � BAj� :

Is it possible to recoverf (U), a function ofp(p + 1)=2 elements inU = (ui j )
or a function ofp eigenvalues ofU, that is a function ofp variables, fromM� (t)
which is a function of one parameter� ? In a normal course the answer is in
the negative. But due to the properties that are seen, it is clear that there exists
a set of su� cient conditions by whichM� ( f ) will uniquely determinef (U). It
is easy to note that the class of functions de�ned through (7.4.13) satisfy the
pair of integral equations (7.4.1) and (7.4.2) de�ning the unique hypergeometric
function.
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A hypergeometric function throughM-transform is de�ned as a class of func-
tions rF �

s satisfying the following equation:
∫

X=X0>0
jXj� � p+1

2 r Fs
� (a1; :::;ap; b1; :::;bq; � X)dX

=
f
∏s

j=1 � p(b j)g

f
∏r

j=1 � p(a j)g

f
∏r

j=1 � p(a j � � )g

f
∏s

j=1 � p(b j � � )g
� p(� ) (7.4.14)

where� is an arbitrary parameter such that the gammas exist.

Example 7.4.4. Re-establish the result

LT(jX � Bj� ) = � p

(
� +

p + 1
2

)
jTj� (� + p+1

2 )e� tr(T B) (7.4.15)

by usingM-transforms.

Solution 7.4.4. We will show that theM-transforms on both sides of (7.4.15)
are one and the same. Taking theM-transform of the left-side, with respect to
the parameter� , we have,

∫

T>0
jTj� � p+1

2 fLT(jX � Bj� gdT =
∫

T>0
jTj� � p+1

2

[∫

X>B
jX � Bj� e� tr(T X)dX

]
dT

=
∫

T>0
jTj� � p+1

2 e� tr(T B)

[∫

Y>0
jYj� e� tr(TY)dY

]
dT:

Noting that� = � + p+1
2 � p+1

2 theY-integral givesjTj� � � p+1
2 � p(� + p+1

2 ): Then the
T-integral gives

M� (left-side)= � p

(
� +

p + 1
2

)
� p

(
� � � �

p + 1
2

)
jBj� � +� + p+1

2 :

M-transform of the right side gives,

M� (right-side)=
∫

T>0
jTj� � p+1

2

{
� p

(
� +

p + 1
2

)
jTj� (� + p+1

2 )e� tr(T B)

}
dT

= � p

(
� +

p + 1
2

)
� p

(
� � � �

p + 1
2

)
jBj� � +� + p+1

2 :
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The two sides have the same M-transform.

Starting with0F0(; ; X) = etr(X), we can build up a generalpFq by using the
M-transform and the convolution form forM-transforms, which will be stated
next.

7.4.4. A convolution theorem forM-transforms

Let f1(U) and f2(U) be two symmetric scalar functions of thep � p real
symmetric positive de�nite matrixU, with M-transformsM� ( f1) = g1(� ) and
M� ( f2) = g2(� ) respectively. Let

f3(S) =
∫

U>0
jUjB f1(U

1
2 S U

1
2 ) f2(U)dU (7.4.16)

then theM-transform off3 is given by,

M� ( f3) = g1(� )g2

(
� � � +

p + 1
2

)
: (7.4.17)

The result can be easily established from the de�nition itself by interchanging
the integrals.

Example 7.4.5. Show that

1F1(a; c; �^ ) =
� p(c)

� p(a)� p(c � a)

∫

0<U<I
jUja� p+1

2 jI � Ujc� a� p+1
2 e� tr(^ U)dU: (7.4.18)

Solution 7.4.5. We will establish this by showing that both sides have the same
M-transforms. From the de�nition in (7.4.14) theM-transform of the left side
with respect to the parameter� is given by the following:
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M� (left-side)=
∫

^ =^ 0>0
j ^ j � � p+1

2 1F1(a; c; �^ )d^

=
[
� p(a � � )
� p(c � � )

� p(� )
]

� p(c)
� p(a)

:

M� (right-side)=
∫

^ >0
j ^ j � � p+1

2

{ � p(c)
� p(a)� p(c � a)

�
∫

0<U<I
jUja� p+1

2 jI � Ujc� a� p+1
2 e� tr(^ U)dU

}
d ^ :

Take,

f1(U) = e� tr(U) and f2(U) = jUja� p+1
2 jI � Ujc� a� p+1

2 :

Then

M� ( f1) = g1(� ) =
∫

U>0
jUj� � p+1

2 e� tr(U)dU = � p(� ); < (� ) >
p � 1

2
:

M� ( f2) = g2(� ) =
∫

U>0
jUj� � p+1

2 jUja� p+1
2 jI � Ujc� a� p+1

2 dU

=
� p(a + � � p+1

2 )� p(c � a)

� p(c + � � p+1
2 )

; < (c � a) >
p � 1

2
;

< (a + � ) > p; < (c + � ) > p:

Taking f3 in (7.4.16) as the second integral on the right above we have

M� (right-side)=
{

� p(c)
� p(a)

}
� p(� )

� p(a � � )
� p(c � � )

= M� (left-side):

Hence the result.
Almost all properties, analogous to the ones in the scalar case for hyperge-

ometric functions, can be established by using the M-transform technique very
easily. These can then be shown to be unique , if necessary, through the unique-
ness of Laplace and inverse Laplace transform pair. Theories for functions of
several matrix arguments, Dirichlet integrals, Dirichletdensities, their exten-
sions, Appell's functions, Lauricella functions, and the like, are available. Then
all these real cases are also extended to complex cases as well. For details see
Mathai (1997). Problems involving scalar functions of matrix argument, real and
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complex cases, are still being worked out and applied in manyareas such as sta-
tistical distribution theory, econometrics, quantum mechanics and engineering
areas. Since the aim in this brief note is only to introduce the subject matter,
more details will not be given here.

Exercises 7.4.

7.4.1. Show that for̂ = ^
0
> 0 andp � p,

1F1(a; c; �^ ) = e� tr(^ )
1F1(c � a; c; ^ ):

7.4.2. For p � p real symmetric positive de�nite matriceŝand_ show that

1F1(a; c; �^ ) =
� p(c)

� p(a)� p(c � a)
j ^ j � (c� p+1

2 )
∫

0<_<^
e� tr(_)

�j _ j a� p+1
2 j ^ � _ j c� a� p+1

2 dV:

7.4.3. Show that for� a scalar andA a p � p matrix with p �nite

lim
� ! 0

jI + � Aj�
1
� = lim

� !1
jI +

A
�

j� � = e� tr(A):

7.4.4. Show that

lim
a!1

1F1(a; c; �
Z
a

) = lim
� ! 0

1F1

(
1
�

; c; � � Z
)

= 0F1(; c; � Z):

7.4.5. Show that

1F1(a; c; �^ ) =
� p(c)

(2� i)
p(p+1)

2

∫

< (Z)=X>X0

etr(Z)jZj� cjI + ^ Z� 1j� adZ:

7.4.6. Show that

2F1(a; b; c; X) = jI � Xj� �
2F1(c � a; b; c; � X(I � X)� 1):



318 7. SPECIAL FUNCTIONS OF MATRIX ARGUMENT

7.4.7. For< (s) > p� 1
2 ; < (b � s) > p� 1

2 ; < (c � a � s) > p� 1
2 ; show that

∫

0<X<I
jXjs�

p+1
2 jI � Xjb� s� p+1

2 2F1(a; b; c; X)dX

=
� p(c)� p(s)� p(b � s)� p(c � a � s)

� p(b)� p(c � a)� p(c � s)
:

7.4.8. De�ning the Bessel functionAr(S) with p � p real symmetric positive
de�nite matrix argument S, as

Ar(S) =
1

� p(r + p+1
2 )

0F1(; r +
p + 1

2
; � S); (7.4.19)

show that
∫

S>0
jSj� � p+1

2 Ar(S)e� tr(^ S)dS =
� p(� )

� p(r + p+1
2 )

j ^ j � �
1F1

(
� ; r +

p + 1
2

; �^ � 1

)
:

7.4.9. If

M(�; � ; A) =
∫

X=X0>0
jXj� � p+1

2 jI + Xj� � p+1
2 e� tr(AX)dX;

< (� ) >
p � 1

2
; A = A

0
> 0

then show that
∫

X>0
jX + Aj� e� tr(T X)dX = jAj� + p+1

2 M
(
p + 1

2
; � +

p + 1
2

; A
1
2 TA

1
2

)
:

7.4.10. If Whittaker function W is de�ned as
∫

Z>0
jZj� � p+1

2 jI + Zj� � p+1
2 e� tr(AZ)dZ

= jAj�
� +�

2 � p(� )e
1
2 tr(A)W1

2 (� � � ); 1
2 (� +� � (p+1)

2 )(A)
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then show that
∫

X>U
jX + Bj2� � p+1

2 jX � Uj2q� p+1
2 e� tr(MX)dX

= jU + Bj� +q� p+1
2 jMj� (� +q)e

1
2 tr[(B� U)M]� p(2q)

� W(� � q);(� +q� (p+1)
4 )(S); S = (U + B)

1
2 M(U + B)

1
2 :
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