CHAPTER 7

SPECIAL FUNCTIONS OF MATRIX ARGUMENT

[This Chapter is based on the lectures of Professor koMbGitheniversity,
Canada (Director of the 4th SERC $chool)

7.0. Introduction

Real scalar functions of matrix argument, when the matiaceseal, will be
dealt with. Itis di cult to develop a theory of functions of matrix argument for
general matrices. LeX = (x;);i=1 ;mandj =1, ;nbeanm nmatrix
where thex;;'s are real elements. It is assumed that the readers haveathe b
knowledge of matrices and determinants. The followingdaad notations will
be used here. A prime denotes the transp&8e; transpose ok; j(:)j denotes
the determinant of (.). The same notation will be used forahsolute value
also. tr(X) denotes the trace of; tr(X) = sum of the eigenvalues &f. A real
symmetric positive de niteX will be denoted byX = X°> 0. Then 0< X =
X< 1) X=X°>0andl X> 0. Further, & will denote the wedge product
or skew symmetric product of the derentials o;;'s.

That is, whenX = (x;), anm nmatrix

dax = Xml N A Xmn N dX21 N dX2n N N den: (701)

If X = X9 that is symmetric, ang p, then

dax = XmlA dX21A dX22A dX31A N prp (702)

awedge productof£ 2+ + p= p(p+ 1)=2di erentials.
A wedge product or skew symmetric product is de ned in Chafite
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290 7. SPECIAL FUNCTIONS OF MATRIX ARGUMENT

7.1. Some Jacobians of Matrix Transformations

Some standard Jacobians, that we will need later, will lustilbted here. For
more on Jacobians see Mathai (1997).

Example 7.1.1. Let XandY bep 1 vectors of real scalar variables, functionally
independent, and let = AX, jAj [0l whereA = (aj) is a matrix of constants (free of
the elements iXX andY). Evaluate the Jacobian of this transformation.

Solution 7.1.1.
11 A2 CI=i=
o B2 By B0
y B
P ap1 ap2 Qp  Xp
Yi = anXy + i @pXpr i = 15
@y _ -
— = &jj =(aij)=A) J=JA;:
@ ) @J = (&)= A) A
Hence,
dvY = jAjdX:

Thatis,YandX, p 1,Aisp p;jA CQJAis a constant matrix, then

Y = AX jA CT0)  dY = jAdX: (7.1.1)

Example 7.1.2. LetXandY bem nandletA;m mandB;n n, be nonsingular
constant matrices. Then show that

Y = AXB) dY = jA"jBMdX: (7.1.2)

Solution 7.1.2. LetZ = AX = (AXD; AX@); .2 AX) whereX®; :::; XM are
the columns oK. Then the Jacobian matrix fot going toY is of the form
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O :: 0
Aog hOEOE
Co Pl L ERAT = 0 (7.1.3)
0 0 - A O O = A
whereO denotes a null matrix and} is the Jacobian for the transformationXf
going toZ or dZ = jA]"dX. Now, consider the transformation

(€3] =
Y=7zB=F !
(mp

wherez®: ::::ZM gre the rows of. The Jacobian matrix is of the form,
]

0 H BB o o0F N
E ! P g b 1B") dY=jBhdZ
0 B o

Y = AXBjA (OjBj LOLY.m n;X;m n;) dY=jA"B"dX: (7.1.4)

Then

Example 7.1.3. Let Xbep p, symmetric positive de nite and I = (tj;) be a
lower triangular matrix. Consider the transformation

X=TT% (7.1.5)

Obtain the conditions for this transformation to be on®#te and then evaluate the
Jacobian.

Solution 7.1.3.
]

]
11 X.12 . X_lp
X=xp=g' i = i

with x; = x; for alli andj, X = X% > 0. WhenX is positive de nite, that is,
X > 0thenx;; > 0; j = 1;::;palso.
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Xin = t2)) ty = px_ll. This can be made unique if we impose the condition
tis > 0. Note thatx;, = tj1tp; and this means thdg, is unique ift;; > 0.

Continuing like this, we see that for the transformationgaibnique it is su cient
thatt;; > 0; j = 1;:::;p. Now, observe that,

— 2 . — 2 2 .. — 2 2
Xll - tll’ X22 - t21+ t22, ...,pr - tpl + ...+ tpp

andxgz = tiatye; 11 X1p = tigtpr, and so on.

@11 @11 @11
— = 2, ——=0;15———=0;
@u @ @
% : t11. ----% : t11.
@ T @ ’
% = 2{22’%:0’ ’%:O’
@ @s1 @1
and so on. Taking thg;'s in the orderx;s; Xi2; » X1p; X22; s Xops 3 Xppand

thet;j's in the ordert;s; toy;t2; 5 tpp We have the Jacobian matrix a triangular
matrix with the diagonal elements as followts; is repeated times,ty, is re-
peatedp 1 times and so on, and nallt,, appearing once. The number 2 is
appearing atotal gb times. Hence the determinant is the product of the diagonal
elements, giving,

Zptfltgzl tpp:

Therefore, forX = X°> 0; T = tj); ij=0i<j; t; >0;j=1; pwehave

X=TT°) dx=2° % thr j%ﬁ (7.1.6)
=1

The transformation in (7.1.5) is a nonlinear transformatdereas in (7.1.4)
it is a general linear transformation involvimgn functionally independent real
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Xj's. If Xisp pand symmetric then there are only 2+ +p = p(p+ 1)=2
functionally independent elementsXrbecause, herg; = x; for alli andj. Let
Y = YO= AXA% X = X%jAj Q1 Then we can obtain the following result:

Y = AXA: X = X%jA) CO)  dY = jAPHdX: (7.1.7)
This result can be proved by using the fact that a nonsingnédrix such a#A
can be written as a product of elementary matrices in the form

A= E1E2 Ek
whereE;; ; Ex are elementary matrices. Then

Y=AXA) EE, EXE E:
Let Yy = ExXE); Y« 1 = Ex 1YkE{ ;; and so on. Evaluate the Jacobians in these
transformations to obtain the result in (7.1.7).
For various types of matrix transformations and the assedidacobians see
Mathai (1997). We will need a few more Jacobians for our dismn. These are
listed below without proofs.

Y=X%jxj ) dY jXj 2" for a generaX

iXj " for X = X© (7.1.8)
Let X be ap n;n  p, matrix of rankp and letX = TU? whereT is
p plower triangular with distinct nonzero diagonal elememntd &9 a unique

n p semiorthonormal matrixJ2U, = 1,, all are of functionally independent
variables. Then

X=TUY) dX= % jt;;j" i%ﬁ du, (7.1.9)

=1

where
L1 o 7
du,; = —EnEl (7.1.10)
P2

(see equation (7.2.3) forp() ). Combining (7.1.9), (7.1.10) and (7.1.5) we
have the following result: LeK be ap n; n  p matrix of full rank p. Let
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S=XX%> 0. Then

n

NE

dX = 3 % ds: (7.1.11)

ﬂJ
P2

Exercises 7.1.

7.1.1 LetX = (x;) bem nwith x;'s functionally independent. Let A be an
m mnonsingular constant matrix. Then show that

Y = AX) dY = jAdX:

7.1.2 LetX be as de ned in Exercise 7.1.1. LBtbe an nnonsingular con-
stant matrix. Then show that

Y = XB) dY = jBj"dX:
7.1.3 LetX°= Xap pskew symmetric matrix of functionally independent
real variables. LeA be a nonsingular constant matrix. Then show that
Y = AXA) dY = jAP tdX: (7.1.12)
7.1.4 LetXbeap pskewsymmetric nonsingular matrix. Then show that
Y=X1) dY=jXj ® Vdx: (7.1.13)

7.1.5 LetX = X°>0bep p. LetT = (tj) be an upper triangular matrix with
positive diagonal elements. Then show that

— 0 — op I Fr-
X=TT") dX=2 %tiiz' (7.1.14)

=1

7.1.6 Letx;; ;X be real scalar variables. Lg{ = x; + + Xpy Yo =
X1Xo+ X1 X3+  Xp 1Xp (Sum of products taken two at atime), ;yx = X1 X
Thenforx; > 0;j=1; ;kshow that
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dy,;~ dy;sg % xjj%q" A dXp: (7.1.15)

i=1 j=i+l

7.1.7. Letxy; ;X bereal scalar variables. Let
X1 = rsin 4
Xj = rcosicos, cos;isingj j=23 ;;p 1
Xp = TICOS ;1COS 2 COS p 1

forr>0; < ; 5j=1, ;p 25 < 1 .Thenshow that

dx, A ’\dxp:r‘”%jcosjjp”%"dlf\ ~dopgr (7.1.16)
=1

718 LetX = % whereX andT arep p lower triangular or upper trian-
gular matrices of functionally independent real variabigh positive diagonal
elements. Then show that

dX = (p 1)Tj PPL=gT: (7.1.17)

7.1.9 For real symmetric positive de nite matricésandY show that

t
im §+ ﬁ% = & "0V = |im % ﬁ% (7.1.18)
t11 t tll t
7.1.10. LetX = (x;j); W = (W) be lower tri lap p matrices of distinctreal
variables withx;; > O;w;; > 0;j=1; ;p, kzle?k =1;j=1, ;p.LetD=
diag(1; ; o) j>0,j=1; ;p, real and distinct where diag(, ; p)

denotes a diagonal matrix with diagonal elements ; ,. Show that

- - j 1,1
X=DW) dX= % Hw %D" dw (7.1.19)
=1
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7.2. Real Matrix-Variate Scalar Functions

When dealing with matrices it is often dcult to de ne uniquely fractional
powers such as square roots even when the matrices are sqesen symmet-
ric. For example

T Yol B oY Y
A= g pRe= g 1R= g AT g

all give A2 = A2 = A2 = A7 = |, wherel, is a 2 identity matrix. Thus, even for
I,, which is a nice, square, symmetric, positive de nite mathere are many
matrices which qualify to be square rootslef Hence the development of the
theory of scalar functions of matrix argument is con ned tsjive de nite ma-
trices, when real, and hermitian positive de nite matriedsen in the complex
domain.

7.2.1. Real matrix-variate gamma

In the real scalar case the integral representation for argafunction is the
following:

-
()= x 'eXdx <()>0 (7.2.1)
0
Let X be ap preal symmetric positive de nite matrix and consider thesgrial
1
o( )= iXj e ™dx (7.2.2)
X=X%0

where, when p1 the equation (7.2.2) reduces to (7.2.1). We will evaluai2.p)
with the help of the Jacobian in (7.1.5). Let= (t;;) be a lower triangular matrix
with positive diagonal elements. Put

X=TT%) dx=2° % £ j%"' iTTj= ;
Il ’ n
=1 i

~
0.
r(X) = tr(TT) =B+ (G + B+  + (B + +):
Then,
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JTTJ T tl‘(TTO) % tp+1 J%"

é Sh |
I>j

'Jdt., 2(tﬁ)
1 =1 O

p( )

Nl—

t2 %
e “dtjj E

sincet;j; > 0 by de nition and t;;;i [dcould vary from1 to1l subjectto the
condition thafT T’ is positive de nite. But
= 2 P— — 2\ 4 = j 1
e idt; = and 2(t5) ‘e udtJJ -
Y ° 1
for<()>L% j=1 ;p)< ()> 2% Notethatin ;, there are
1+2+ +p 1=p(p 1)=2factors and hence the nal resultis the following:

]

De nition 7.2.1.  Real Matrix-variate gamma function.

p(p_1) 1 N 1I:|
= — —_— < >
()= . 2<0)

We will call ,( ) the real matrix-variate gamma. Observe thatder 1, ,( )
reduces to ( ).

p 1
5 (72.3)

7.2.2. Real matrix-variate gamma density

With the help of (7.2.2) we can create the real matrix-varggmma density
as follows, where Xis @ preal symmetric positive de nite matrix:

e r(X)- p1
() = e X=X 0 < () > 5
1 elsewhere .

If another parameter matrix is to be introduced then we aldazamma density
with parameters { B); B = B’ > 0; as follows:

LX) 7e "B, X=X>0;B=B">0;<()> 2}
f1(X) = %H 2 ’ ’ <()>5 (7.2.5)

(7.2.4)

elsewhere
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As in the scalar case, two matrix random variables X and Y ai@ t® be in-
dependently distributed if the joint density of X and Y is geduct of their
marginal densities. We will examine the densities of sonmetions of indepen-
dently distributed matrix random variables. To this end v introduce a few
more functions.

De nition 7.2.2.  Areal matrix-variate beta function, denotedBy(; );is
de ned as

c oy o) (), p 1 P 1
Bo(; )= p(+)’<()> > <()> 5 (7.2.6)
The quantity in (7.2.6), analogous to the scalar casd)pis the real matrix-
variate beta function. Let us try to obtain an integral reprgation for the real
matrix-variate beta function of (7.2.6). Consider

ni O
o, Pl
o() p()= X Te™dX
mrF*>° O
iYj %e Mgy
Y=Y%0

where both X and Y ar@ p matrices.
[

p+1

= iXj TjY] Te"™gxa gy:
PutU = X+ Y fora xed X. Then
Y=U X)jYj=jU Xj=jUjill U XU 3j
where, for convenience)? is the symmetric positive de nite square root 0f

Observe that when two matrices A and B are nonsingular whBramd BA are
de ned, even if they do not commute,

il ABj=jl BA
and ifA= A’> 0 andB = B’ > 0 then
il ABj=jl AIBAj=jl BZABIj
Now,
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CT 1
p( ) ()= Ui ZjXi Zjl U iXU 3 Te"du A dx:
U X

LetZ=U XU % for xed U. Then X = jUj=dU by using (7.1.7). Now,

1 1
o() ()= 2 Zil 7 Zdz jUj * e "Odu:
z u=u%0
Evaluation of theJ-integral by using (7.2.2) yields,( + ): Then we have
1
Bo(; )= 20 ey g 2

o( + ) -
Since the integral has to remain non-negative we awez’ > 01 Z> O
Therefore, one representation of a real matrix-variata fagtction is the follow-
ing, which is also called the type-1 beta integral.

L1

N . oprl 1 1
By(; )= iZi Tz Fdz<()> 25 <()> B
0<z=7%I 2
(7.2.7)
By making the transformatiod = 1 Z note that and can be interchanged

in the integral which also shows thg(; )= By(; )inthe integral represen-
tation also.

Let us make the following transformation in (7.2.7).

wW=( 2)3z01 2)%) w=@zZ?!® D') wi=z?! |
)] W] (p+1)dW= JZ] (p+1)dz) dz = j| + Wj (p+1)dW
Under this transformation the integral in (7.2.7) becorhedollowing: Observe
that

iz = Wil + Wi S Zj= 1+ Wi
L1

Bo(; )= Wi+ W aw (7.2.8)
W=W0%0

1. 1.
for < ()> B < ()> 2k
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The representation in (7.2.8) is known as ttype-2 integralfor a real matrix-
variate beta function. With the transformatigr= W ! the parameters and

in (7.2.8) will be interchanged. With the help of the typeriddype-2 integral
representations one can de ne the type-1 and type-2 betsitéeenin the real
matrix-variate case.

De nition 7.2.3. Real matrix-variate type-1 beta density for thep p
real symmetric positive de nite matrix X such that X=X°>0; 1 X > O:

f(x)_%(lﬁjxj TiloXp T =0<Xx=X<I;<()> B <()> L
? 1 elsewhere.

(7.2.9)

De nition 7.2.4.  Real matrix-variate type-2 beta density for thep p
real symmetric matrix X.

b( +)

S5X Fi X X = X050,

<()>8h <()>82 (7.2.10)

f3(X) = ;
elsewhere.

Example 7.2.1. Let X3;X; bep p matrix random variables, independently dis-
tributed as (7.2.4) with parametera and 2 respectively. LetJ = X; + X3,V =

(X1 + X2) 2X1(X1+ X2) 2 ;W =X, 2X1X : . Evaluate the densities &f, V andW

Solutions 7.2.1.  The joint density ofX; andX;, denoted byf (X;; Xy), is avail-
able as the product of the marginal densities due to indegyered That is,

R L R
p( 1) p( 2)

1
P ; <(2)>

P X1 = X2>0; Xp = X9>0;

f(Xy; Xp) =

p
2

<(1)> (7.2.11)
U=X+X)j Xj=jU Xj=jUjl U XU 3

Then the joint density ofld; U;) = (X;+X5; X,); the Jacobian is unity, is available

as
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f1(U;Uq) = jUqj ¢ %ljuj 2 %l“ U %U1U %j 2 B ().

1

p( 1) p( 2)
PutU, = U 3U U #) dU, = jUj% dU, for xed U. Then the joint density of
U andU, = V is available as the following:

fa(U; V) = jUj e Te Wi T vy %

_
p( 1) o( 2)

Sincef,(U; V) is a product of two functions df andV: U = U°> 0;V = V°> (;
I V>0 we see that) andV are independently distributed. The densities)of
andV, denoted byg;(U); g.(V) are the following:

(V) = cijuj ** 2 Te ;U = U°> 0
and
RMV)= Vit Tjl Vj2 7T, Vv=\V>0,1 V>0

wherec; andc, are the normalizing constants. But from the gamma densiy an
type-1 beta density note that

1 o( 1+ 2)
—— = —— % < >0, < >0
o( 1+ 2) ? p( 1) p( 2) () (2)
HenceU is gamma distributed with the parameter ¢ ) and V is type-1
beta distributed with the parameterg and , and further that U and V are

independently distributed. For obtaining the densit\\of xz%xlxz% start with
(7.2.11). ChangeX;; X;) to (X;; W) for xed X,. Then &X; = ngj%ldW. The
joint density of X, andW, denoted byf,.,(W X;); is the following, observing
that

CL =

X2 (1 + X, 2 XX, ))X2]
tr[Xz%(I + VV)XZ%] = tr[(1 + W)X;]
(1 + W)2Xo(l + W)?]

tr(Xy + Xz)
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by using the fact that tAB) = tr(BA) for any two matrices where AB and BA
are de ned.

Fuoe (W Xg) = W ) 2 Be vrw b,

_r

p( 1) o( 2)
Hence the marginal density of W, denoteddyyW), is available by integrating
out X, from fy., (W Xz). That is,

1
1w X 1+ 2 B tlrwEnew gy
o( 1) ol 2) Xo=x00
PutXs; = (I + W)%XZ(I + VV)% for xed W, then &3 = |l + Wj%ldxz:
Then the integral becomes
1

gw(W) =

PXoj 12 e HIWBRIW gy
Xo=X5>0

= p( 1+ 2l +Wj (T2

%L D W O W= W
_ pl)p(Z) 1 1
W= <> < (2> 2

elsewhere

Hence,

which is a type-2 beta density with the parameteysand ,. Thus, W is real
matrix-variate type-2 beta distributed.

7.3. The Laplace Transform in the Matrix Case

If f(xe; ;X% isascalar function of the real scalar variabtgs ; x then
the Laplace transform dfl_ﬂrilth the parameters; ;ty; is given by
Li(ty;, ;t) = e Wf(x:  ox)dx N N dxe (7.3.1)
0 0

If f(X) is a real scalar function of thp p real symmetric positive de nite
matrix X then the Laplace transform &{X) should be consistent with (7.3.1).
WhenX = X°there are onlyp(p + 1)=2 distinct elements, eithet;%s;i  j or
>qj°s;i j: Hence what is needed is a linear function of all these vaggblhat
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is, in the exponent we should have the linear functigry; + (to1%o1 + toX00) +
+ (taXpr +  + topXpp): Even if we take a symmetric matrik = (t;) = T
then the trace of TX,

1
tr(TX) = tigXxaa +  + tppXpp + 2 tij i
i<j=1
Hence if we take a symmetric matrix of parametgts such that

tin 3t Ttip
tor tx §t2p 1 .
T =5, T =(t)) tjj:tjj;tijzétij; L
1
3t 3lp2 top
then
P P11
tr(T X) = tuxair+  +tppXpp+ G Xij:

i=1 j=Li>]

Hence the Laplace transform in the matrix case, for real sgtnaopositive def-
inite matrix X, is de ned with the parameter matrix .

De nition 7.3.1.  Laplace t%sform in the matrix case.
Li(T )= e "M X f(X)dX; (7.3.2)
X=X0%0
whenever the integral is convergent.

Example 7.3.1.  Evaluate the Laplace transform for the two-parameter gadena
sity in (7.2.5).

Solution 7.3.1. Here,

B ... e 1
F(X) = J(J jiX %o B X = X05 0:B= B°> 0; < ( )> p2 L (7.3.3)
p
Hence the Laplace transform I():WIS, the following:
p( ) x=xo0

Note that sincd ;BandX arep p,
tr(T X)+tr(BX) =tr[(B+ T )X]:
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Thus for the integral to converge the exponent has to remasitipe de nite.

Then the conditiorB+ T > Qissu cient. Let 8+ T )% be the symmetric
positive de nite square rootd+ T . Then

t[(B+ T )X] = tr[(B+ T )2X(B+ T )?];
(B+T )EX(B+T) =Y) dX=jB+T| Zdy

and
iXj Fdx=jB+Tj jYj Zdv
Hence,
W
L(T )= 2 B+Tj j¥j Fe™dy
p( ) v=ye0
=jBjjB+Tj =jl+BTj : (7.3.4)

Thus for knowrB and arbitraryl , (7.3.4) will uniquely determine (7.3.3) through
the uniqueness of the inverse Laplace transform. The aondifor the unique-
ness will not be discussed here. For some results in thisttiresee Mathai
(1993, 1997) and the references therein.

7.3.1. A convolution property for Laplace transforms

Let f1(X) and fy(X) be two real scalar functions of the real symmetric positive
de nite matrix X and letg,(T Elndgz(T ) be their Laplace transforms. Let

fa(X) = C B(X S)f(S)ds: (7.3.5)

0<S=S"<X
Theng,g, is the Laplace transform dg(X).

This result can be establish%{rom the de nition itself.
Le,(T) = e "X f(X)dX

x=x%0
101
= e V(T X) (X S)f(S)dSdX:

x>0 S<X
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Note thatfS < X; X > Ogis also equivalent tbX > S;S > Og Hence we may
interchange the integrals. Then

1 NI O
Li(T ) = f,(S) e "M (X S)dX dS:

S>0 xX>S
PutX S=Y) X=Y+Sandthen

L1 NI L]

e "T 9 f,(S) e "TVf,(v)dY dS
S>0 Y>0

Q2(T )gu(T ):

Lfs(T )

Example 7.3.2. Using the convolution property for the Laplace transfornd an
integral representation for the real matrix-variate batecfion show that

Bp(; )= p( ) p()=p( + )
Solution 7.3.2. Let us start with the integral representation
1
iy PrL. . prl
Bo(; ) = Xp7jb X zdX

O<X<I

p 1 p 1
<()> 50> 5
Consider the integral

L1 L1

N L . prl o, Pt oog. Pl
jUj 7 X Uj Zdu=jX = jujp =
O<U<X O<U<X

Bo(; )Xt 7= Uj #iX Uj Fdu: (7.3.6)
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Take the Laplace transform on both sides to obtain the fatigw
On the left side,

1
i o+ 21 o (+ .
Bo(: )i Te M NdX =By(; )Tj(*) o + )
>
On the Ir_iiﬂpt side we get, O
e i X) Ui 7jXx Uj Tdu dx
X>0 O<U<X

= () ()T j ") (bythe convolution property in (7.3.5).)
Hence
Bo(: )= p() p()=p( + )
Example 7.3.3.  Leth(T ) be the Laplace transform ¢{X); that is,h(T p-=L¢(T ):

Then show that the Laplace transformjXf 2 p(%l)f(X) is equivalent to ot h(U)duU:
Solution: From (7.3.3) observe that for symmetric positive de nitestant ma-
trix B the following is an identity.
1
1=e 1 i B tr(BX) qy-
B = Xj 7e ™PdXi< () >
p( ) X>0
Then we can replag| x3 ID(%1) by an equivalent integral.
[ I B 1

X = b &l jyj%l %le Mgy = e T gy:
Y>0

2 Y>0
g Pl |:I+1I:I . .
Then the Laplace transform pfj = pT f(X) is given by,
1 1

e Ir(m X)f(X)[ e ”(YX)dY]dX
A i

= e MM f(X)dYdX: (PutT +Y=U) U>T)
Iﬁ_@P Y>0 [

h(T +Y)dY = h(U)dU:

Y>0 u>T

p 1
5 (7.3.7)

Example 7.3.4. ForX>B;B=B%>0and > 1 show that the Laplace transform
pt

. C 1
of )X Bj isjTj (**2)e T8 ( + By
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Solution 7.3.3.  Laplace transform g Bj with parameter matriX is given
by,

1 1
jX BJ e tr(T X)dx —e tr(BT ) JYJ e tr(T Y)dY, Y= X B
X>B ] Y>0|:]
—ereT) o PTL ey
2
(bywriting = + 21 Plyfor +21>21) > 1

Exercises 7.3.

7.3.1. By using the process in Example 7.3.3, or otherwise, showttiea
Laplace transform of [p(%l)ij %l]”f(X) can be written as

L1 [ L1

W>T Wo>Wq Wh>W, 1

whereh(T ) is the Laplace transform of f(X).

7.3.2. Show that the Laplace transform p{j" is jT j " =2 o(n + %1) for
n> 1.

7.3.3. Ifthe p preal matrix random variabl¥ has a type-1 beta density with
parameters (;; ») then show that

HU=( X) z2X( X)Z type-2beta(s; »)
iV =Xt 1 type-2beta(y 1)
where “ " indicates “distributed as”, and the parameters are ginehe brack-

ets.

7.3.4. Ifthe p preal symmetric positive de nite matrix random variable X
has a type-2 beta density with parameterand , then show that
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(U=X?1 type-2beta(s; 1)
(HV=01+X 1 type-1lbeta(y; 1)
(i) W= (1 +X) 2X(1 + X) 2 type-1beta (i »):

7.3.5. If the Laplace transform of (X) is g(T ) = Lt (f(X)); whereX is real
symmetric positive de nite angp  p then show that

9T ) =Ly (X"f(X); = ( 1)"%%

wherej-2j means that rst the partial derivatives with respect;ts for all i and
j are taken, then written in the matrix form and then the deteant is taken,
whereT = (t;):

7.4. Hypergeometric Functions with Matrix Argu-
ment

There are essentially three approaches available in #ratitre for de ning
a hypergeometric function of matrix argument. One appraiehto Bochner
(1952) and Herz (1955) is through Laplace and inverse Lagiansforms. Un-
der this approach, a hypergeometric function is de ned &sftimction satis-
fying a pair of integral equations, and explicit forms arai&ble for,Fy and
1Fo. Another approach is available from James (1961) and Cotiséa(1963)
through a series form involving zonal polynomials. Theadly, explicit forms
are available for general parameters or for a gengfglbut due to the di -
culty in computing higher order zonal polynomials, compiotas are feasible
only for small values of p and q. For a detailed discussiorooft polynomials
see Mathai, Provost and Hayakawa (1995). The third apprisatie to Mathai
(1978, 1993) with the help of a generalized matrix transfemM-transform.
Through this de nition a hypergeometric function is de ned a class of func-
tions satisfying a certain integral equation. This de oitiis the one most suited
for studying various properties of hypergeometric funesioThe series form is
least suited for this purpose. All these de nitions areadced for symmetric
functions in the sense that
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f(X) = £(X) = f(QQX) = f(Q@XQ) = £(D); D = diag( 1;::; p):

If Xis p P and real symmetric then there exists an orthonormal matrix Q
thatis,QQ’ = I;Q°Q = | such thaiQ’XQ = diag( 1; ::;; p) where 4;:::; ,are
the eigenvalues of X. Thus, f(X), a scalar function of fife + 1)=2 functionally
independent elements in X, is essentially a function of tharmbles ; :::; ,:

7.4.1. Hypergeometric function through Laplace transform

Let (Fs(ay; ;e by; iiisbs; Z) be the hypergeometric function of the matrix
argument Z to be de nedZ = Z’. Consider the following pair of Laplace and
inverse Laplace transforms.

r+lFs(a1;:::;ar;l%)l;:::;bs; ~ohjng e

1 N R +
= e OV Fy(ay; a by iibs, U)UE FdU (7.4.1)
p(C) u=u%o0

and

-c p+l

Foa(@i i biiibi 6~ )i®
(C) N f—
- (2|)I|)0w P "D Fy(ay; has by by Z Y)jZj dz
(7.4.2)

whereZ = X +iY; i = IO_1; X = X" > 0;andX andY belong to the class of
symmetric matrices with the non-diagonal elements weifjbte. The func-
tion ,Fs satisfying (7.4.1) and (7.4.2) can be shown to be unique noeigain
conditions and that function is de ned as the hypergeorodtmction of matrix
argument®, according to this de nition.

Then by takingFo(;; ~ ) = e '™ and by using the convolution property of
the Laplace transform and equations (7.4.1) and (7.4.2canesystematically
build up. The Bessel functiask; for matrix argument is de ned by Herz (1955).
Thus we can go frorgFq to 1 Fo to oF; to 1F4 to ;F; and so on to a generglF,.

Example 7.4.1. Obtain an explicit form forFo from the above de nition by using
oFo (;; U)=e ")
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Solution 7.4.1. From (7.4.1)

1 L1
Ui e "CUgFo(;; U)dU
) u=u°>oj ] oFol( )
1]
) 1(c) jUE e M+ VIgy = jl + 4 <
p u>0
since
oFo(; U)=e "™
But

L e=ng e e
Then from (7.4.1)
Fo(c; A H=ji+n fe

which is an explicit representation.

7.4.2. Hypergeometric function through zonal polynomials

Zonal polynomials are certain symmetric functions in thgeeavalues of the
p p matrix Z. They are denoted iy« (Z) where K represents the partition of
the positive integer kK = (k;:ikp) with ks + +ky, = k WhenZis1 1
thenCk(2) = Z. Thus,Ck(Z) can be looked upon as a generalizatioz‘dh the
scalar case. For details see Mathai, Provost and Hayak@8&).1In terms of
Ck(Z) we have the representation for a

oFo(;;2) = €@ = (r(2)" = bt ; (7.4.3)

k=0 k! k=0 K k!

The binomial expansion will be the following:

e T oA

1Fo( 5:;2) = T:jl Zj (7.4.4)
k=0 K :

for0< Z < |, where,
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SR

In terms of zonal polynomials a hypergeometric series isxdd as follows:

T (ap)x CK(Z): (7.4.6)

k=0 K (bo)k (bq)K ki

For (7.4.6) to be de ned, none of the denominator factorsgsad to zero,
g porq=p+1andO0< Z < I. For other details see Constantine (1963).
In order to study properties of a hypergeometric functiothvhe help of (7.4.6)
one needs the Laplace and inverse Laplace transforms of pohanomials.
These are the following:

[ —

(k= K= (ke sk ke v + ko =k (7.4.5)

I\) ‘

oFq(aq; :i5ap; by; it by, Z) =

1
x_x%onj %letr(xz)cK(XT)dX:jzj Ck(TZ Y o(; K) (7.4.7)
where
p(p 1)=4 j lD
ol K= Tk == = ()0 (7.4.8)
=1
1 L1
- - I‘(SD' .
CFTE ey & A ()2
1 e . P—
SorS Te®E L (7.4.9)
P\ »

forZ = X+1iY; X = X°> 0; X andY are symmetric and the nondiagonal
elements are weighted k%y If the non-diagonal elements are not weighted then
the left side in (7.4.9) is to be multiplied by® Y. Further,

L]

. P, . prl , K) o()
Xi Zil Xi ZTCo(TX)dX = p(—p
O<X<|J J J J K( X) p( + ; K)

<()>p21'<()>p21: (7.4.10)

Ck(T)
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Example 7.4.2. By using zonal polynomials establish the following results

p(©)
@) o 3

AR A ca B oA xj b (7.4.11)

o<~ <l

2F1(a; b X) =

1. 1
for <(@>5% <(c a> 5.

Solution 7.4.2. Expandingl ~ Xj P in terms of zonal polynomials and then
integrating term by term the right side reduces to the foilhgw

1:':'3: N
jl ~XjP= (b)k K(k'x) forO</AX<|
k=0 K ’
and
1
o P +1 ;K) p(c @
Aja B A oa Bo g = 28K Cr (X
A A U k(" X) R oX
by using (7.4.10). But
p(a; K) p(c a)= p(d) p(C ) (a)k.
p(C; K) p(C) (O
Substituting these back, the right side becomes
b)k Ck (X
CQ%K)K Kk(' ) — 2F1(a; b, C X)
k=0 K ’
This establishes the result.
Example 7.4.3.  Establish the result
SF1(a;b;c 1) = o9 o 23 b) (7.4.12)

p(c @) p(c Db

for<(c a b>21 < a>21<(c b>2L
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Solution 7.4.3. In (7.4.11) put X1, combine the last factor on the right with
the previous factor and integrate out with the help of a ratariate type-1 beta
integral.

Uniqueness of thgF, through zonal polynomials, as given in (7.4.6), is
established by appealing to the uniqueness of the funcamed through the
Laplace and inverse Laplace transform pairin (7.4.1) ard 2y, and by showing
that (7.4.6) satis es (7.4.1) and (7.4.2).

The next de nition, introduced by Mathai in a series of paperthrough a
special case of Weyl's fractional integral.

7.4.3. Hypergeometric functions through M-transforms

Consider the class gb p real symmetric de nite matrices and the null
matrix O. Any member of this class will be either positive dae or negative
de nite or null. Let be a complex parameter such tkaf ) > pTl: Let f(S)
be a scalar symmetric function in the serigAB) = f(BA) for all A andB when
AB andBA are de ned. Then théM-transform off(S), denoted byM (f); is
de ned as

1
M (f) = jUj 7 f(U)du: (7.4.13)
u=U%o0
Some examples of symmetric functions ar&®; jl Sj for nonsingulap p
matricesA andB such that,

e tr(AB) — e tr(BA); JI Aa — JI BN

Is it possible to recovef(U), a function ofp(p + 1)=2 elements ilJ = (u;)
or a function ofp eigenvalues ob, that is a function op variables, fromM (t)
which is a function of one parametef? In a normal course the answer is in
the negative. But due to the properties that are seen, ie@ that there exists
a set of su cient conditions by whictM (f) will uniquely determinef(U). It
IS easy to note that the class of functions de ned through.{B) satisfy the
pair of integral equations (7.4.1) and (7.4.2) de ning tmeque hypergeometric
function.
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A hypergeometric function througti-transform is de ned as a class of func-
tions, F, satisfying the following equation:

1
o 0ij pTrFS (aq; 5@ by by X)dX
- Lo
f 5 bj)of - a,
_ ,_;-J_lp( )9 l_;_;_lp( i )9 ) (7.4.14)

_f =1 p(aj)gf j=1 p(bi )9

where is an arbitrary parameter such that the gammas exist.

Example 7.4.4.  Re-establish the result

o 1 .
LGX Bj)= , +p2 iTj (+%De v(TB) (7.4.15)

by usingM-transforms.

Solution 7.4.4.  We will show that theM-transforms on both sides of (7.4.15)
are one and the same. Taking tlletransform of the left-side, with respect to
the parameter, we have,

1 1 (o1 ]
. prl . . _ . Pl . (T
T ZfLt(X B dT = iT] 2 X Bje dX dT
T>0 1 III:IT>O ﬁB
= Tj Ze'™®  jyje gy dT:
T>0 Y>0

Notingthat = + 22 EZtheY-integral give§Tj = ,( + Z): Then the

T-integral gives
L1 O L]
p+1 p+1
+
2 P 2

M (left-side)=

M-transform of the right side gives,

] o, 0 ]
M (rightside)= T} % , +P2= j7j(+%ev@® 4T
19 2
+ 1Ij H + 1|:I
=, +2 P* > g %

L T 2
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The two sides have the same M-transform.

Starting withoFo(; ; X) = €', we can build up a genergF, by using the
M-transform and the convolution form fd-transforms, which will be stated
next.

7.4.4. A convolution theorem forM-transforms

Let f,(U) and f,(U) be two symmetric scalar functions of the p real
symmetric positive de nite matrixJ, with M-transformsM (f;) = g:( ) and
M (f,) = go( ) respectively. Let

L1

f5(S) = jUB L (U2S U2)f,(U)dU (7.4.16)
U>0

then theM-transform offs is given by,

L] LJ

+1
M ()= m()e =

(7.4.17)

The result can be easily established from the de nitiorfitsginterchanging
the integrals.

Example 7.4.5.  Show that

(0

p(@ p(c @ ocux

p+l

Filac A ) = UR Tj1 Ul a e Ugu:  (7.4.18)

Solution 7.4.5.  We will establish this by showing that both sides have theesam
M-transforms. From the de nition in (7.4.14) thd-transform of the left side
with respect to the parameteis given by the following:
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]
M (left-side)= irj % Fac A )
9= ">0
_ oa ) ( )Dﬁ.
c )P p(@)
. L B n(C)
M (right-side)= Ijoj ] —p(a) @

JUR il Uje e Fe gy dn

O<U<lI
Take,
fi(U) = e " andf,(U) = jUR Zjl U2 =
Then
-
M (f)=au( )= @Pjuj ZTe'Wdu= ()<()> p2
M(f)=g()= Ui ZjUf Zj UP® Fd
U>0
_ @+ B . _ . p 1
= ) ;< (c a) >
p(C+ b=

<@+ )>p<(ct+ )>p
Taking f3 in (7.4.16) as the second integral on the right above we have
P(C) p(a )

@ o( ) ——— = M (left-side)

M (right-side)= )
P

Hence the result.

Almost all properties, analogous to the ones in the scalse &ar hyperge-
ometric functions, can be established by using the M-t@nstechnique very
easily. These can then be shown to be unique , if necessewygthnthe unique-
ness of Laplace and inverse Laplace transform pair. Thedorefunctions of
several matrix arguments, Dirichlet integrals, Dirichtinsities, their exten-
sions, Appell's functions, Lauricella functions, and thlee| are available. Then
all these real cases are also extended to complex caseslas-aretietails see
Mathai (1997). Problems involving scalar functions of maetirgument, real and
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complex cases, are still being worked out and applied in naaegs such as sta-
tistical distribution theory, econometrics, quantum nsetbs and engineering
areas. Since the aim in this brief note is only to introduee ghbject matter,

more details will not be given here.

Exercises 7.4.

7.4.1. Show thatfor* =~°>0andp p,
Fi(@c ~)=e"Fic ach):

7.4.2. Forp preal symmetric positive de nite matricésand_ show that

© 1
. _ p s (B tr()
1F1(a1 C! n ) - AJ 2 e
p(@ p(c a) 0<_<n
p+l. p+l

j_jt N L frmav

7.4.3. Show that for ascalarandap p matrix with p nite

. . . A,
limjl + Aj “=1limjl + =] =e'®:
10 11
7.4.4. Show that , Dl O
Mn 1F1(a; ¢ 5) = |I!ng)1F1 -:c, Z
= oFi(ic 2):

7.4.5. Show that L

p(©)

T e@jzj %l +~Z 1j *dz:
(21)77 <@%X%

Fi(@c ~ )=

7.4.6. Show that
Fi@bieX)=jl X oFi(c abic X1 X))
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7.4.7. For< (9> 2h<(b 9>8%<(c a 9> showthat
1
Xj* XGPS F (s by ¢ X)dX
O<X<lI
p(C) p(s) p(b ) p(c a 9.
p(b) p(c @ p(c 9

7.4.8. De ning the Bessel functior(S) with p  p real symmetric positive
de nite matrix argument S, as

1 p+1
A(S) = ——groFi(r+ == S); (7.4.19)
p(r +5°)
show that
— 0) O 41 B
iSj FA(S)e Vs = — B jnj gF; rePosia 1
S>0 ID(r + T) 2
7.49. If
1
M(; ;A = iXi Zjl+X 7e g
X=X%0
P 0
<()> > ‘A=A >0
then show that
_— 5 1 +1 -
X+ Aj e "™gx = ja M P22 L PE oAbl
X>0 2 2

7.4.10. IfWhIit%llker function W is de ned as

iZi Tjl+zj etz
Z>0

sas 1
=JA 7 o )eztr(A)W%( )10+ “’%”)(A)
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then show that
L1

X+BR ZjX U e tMX)gy
X>U

= jU + Bj "9 TFjMmj ( *DhtlB UM] 5(20)
1 1
W g +q @2)(S);S = (U +B)IM(U + B):
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