CHAPTER 2

AN INTRODUCTION TO WAVELET ANAL YSIS

[Thischaptes basednthelecturesf ProéssdD.V. Pai, Departmeiaf Mathematics
Indianinstituteof Technolg@ombayowai Mumbai 400076 Jndia]

2.0. Introduction

During the last 20 years or so, the subject of “Wavelet analysis” has
attracted a lot of attention from both mathematicians and engineers alike.
Vaguely speaking the term “Wavelet” means a little wave, and it includes
functions that are reasonably localized in the time domainas well asin the
frequencydomain The idea seemsto evolve from the limitation imposed
by the uncertainty principle of Physics which puts a limit on simultaneous
localization in both the time and the frequency domains.

From a historical perspective, although the idea of wavelet seemsto orig-
inate with the work by Gabor and by Neumann in the late 1940s,this term
seemsto have beencoined for the rst time in the morerecentseminal paper
of Grossman and Morlet (1984). Nonethless, the techniques based on the
use of translations and dilations are much older. This can be at least traced
back to Calder6én (1964)in his study of singular integral operators. Starting
with the pioneering works reported in the early monographs contributed
by Meyer (1992),Mallat (1989),Chui (1992),Daubechies (1992)and others,
an ever increasing number of books, monographs and proceedingsof inter-
national conferenceswhich have appeared more recently in this eld only
point to its growing importance.

The main aim of these lectures is to attempt to present a quick intro-
duction of this eld to a beginner. We will mainly emphasize here the
construction of orthonormal (o0.n.) wavelets using the so-called two-scale
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54 2. AN INTRODUCTION TO WAVELET ANAL YSIS

relation. This will lead us to a natural classi cation of wavelets aswell asto
the classical multir esolution analysis. In particular, we will also attempt to
highlight the spline wavelets of Chui and Wang (1993).

2.1. Fourier Analysis to Wavelet Analysis

Let L?(0;2 ) := the space of all (equivalence classea)of 2 -periodic,

Lebesgue measurable functions f : R ! € such that 02 jfjPdt < 1.
L2(0;2 )is aHilbert spacefurnished with the inner product
142
(f;1) = > f(t)1t)dt; f;12L%0;2 )
0
and the corresponding norm
( Z 2 )122
1 N2
kfk, .= — jf(t)jedt
2
Any fin L?(0;2 ) hasa Fourierseriegepesentation
X .
f(t) = aet: (2.1.1)
k=1
wher e the constants ¢, called the Fouriercoe cientsof f, arede ned by
1 Z 5 . .
G = (f:wy) = > f)atdt;  wy(t) := €< (2.1.2)
0

This is a consequenceof the important fact that fwy(t) : k 2 Zgis an
orthonormabasiof L2(0;2 ). Also recallthat the Fourier seriesrepresentation
satis es the so-called Parsevaldentity:

X
kfks = jad?;, f2L%0;2 ):
k=1
Let us empahsize two interesting features in the Fourier seriesrepre-

sentation (2.1.1). Firstly, note that f is decomposedinto an in nite sum of
mutually orthogonal components cwy. The secondinteresting feature to be



2.1. FOURIER ANAL YSISTO WAVELET ANAL YSIS 55

noted of (2.1.1)is that the o.n. basisfwy : k 2 ZZgis generated by “dilates” of
a single function

w(t) = wy(t) = €';
that is, w(t) = w(kt); k 2 Z;is, in fact, an integral dilate of w(t). Let us
reemphasizethe following remarkable fact:

Every2 -periodicsquae-integrabldunctionis generatedby asuperpositiorof
integral dilatesof the singlebasicfunction w(t) = €.

The basic function w(t) = cost + isint is a sinusoidal wave. For any
integer k with jkj large, the wave wy(t) = w(kt) has high frequencyand for k
in Z with jkj small, the wave wy has low frequency. Thus everyfunction in
L2(0; 2 ) is composedfwaveswith variousfrequencies.

Let L?(R) := the spaceof all (equivalence classes)of complex measurable
functions, de ned on R for thich

if()jPdt< 1 :
R
Note that the spacelL?(R) is aZHiIbert spacewith the inner product

hf; 1i = f(t)1(t)dt f;12 L3(R)
R

(z ) 1=2
Kik,=  jf(Ofdt f 2 L2(R):
R

and the norm

Waveletanalysisalso beginswith aquestfor asingle function in L2(R)to
generate L?(R): Sinceany such function must decayto zeroat 1 , we must
give up, asbeing too restrictive, the idea of using only linear combinations
of dilates of  to recover L?(R). Instead, it is natural to consider both the
dilates and the translates The most convenient family of functions for this
purpose is thus given by

w) =22 @2t k; jk2zZ: (2.1.3)
This involves abinarydilation (dilation by 2/) and adyadictranslation(of k=2).

Lemma 2.1.1. Let; bein L?(R). Then,fori;j;k;" in Z, wehave:
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) hje pi=hig il

(i) K ko= K ke

Proof 2.1.1.
(i) We have Z
h o i= 2% (2t k22 (2t “)dt
R
Putt= 2" ixto get
Z
R.H.S. = 272 (2% K27 (2x O)dx
R
= h g il
Note that
z
k wd = 2 j (@t Kt
7 R
= j (0jPdx=k K:(Weput x =2t k)
R

Remark 2.1.1. Fori;j 2 Z, we have:
the setf i : k2 Zgis orthonormal
, thesetf j:k2 Zgis orthonormal.

De nition 2.1.1. A function 2 L%(R) is called an orthonormal wavelet
(or ano.n. wavelet) if the family f ;g asde ned in (2.1.3),is anorthonormal
basisof L?(R); that is,

h o il = jiw: ki, 2Z (2.1.4)
and every f in L2(R) has arepresentation
X
f(t) = Cix jk(t); (2.1.5)

jik=1
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wher e the convergenceof the seriesin (2.1.5)is in L?(R):

X1 X2
lim f Cik jk = 0:
M1:N1:MoiN
1|i 272 j: Mlk: M2 2

The seriesrepresentation (2.1.5)of f is called a wavelet series and the coef-
cients cjx given by

Cik = hf; j;ki (216)
are called the wavelet coe cients.

Example 2.1.1. Let us recall the de nition of the Haar function  "(t) given
below:

L, ifo t<i

L if 3 ot<1
0; otherwise:

") =

A el

At this stage, the readeris urged as an exerciseto verify that the family f :.“_'k :

j;k 2 Zgis orthonormal in the spaceL?(R). Wewill comeback again to this example
in the next section. It will be shown therethat  is, in fact, an 0.n. wavelet.

Next, let us recall that the Fourier transform of a function f in LY(R) is
the function f de ned by
z
fw):=  f()e™dt; w2R:
R

De nition 2.1.2. If afunction 2 L%(R) satis es the admissibilty con-
dition:
e .2
= ) .(W.)J dw<1
R W

then is called a“basic wavelet” .

The de nition is due to Grossman and Morlet (1984). It is related to
the invertibility of the continuous wavelet transform as given by the next
de nition.
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De nition 2.1.3. Relative to every basicwavelet , consider the family
of wavelets de ned by
!

o) = ja 2 %’ ab2R: a, O 2.1.7)

The continuous wavelet transform (CWT) corresponding to isde ned by

Z —_
ja 2 f() %’ dt; f2L%R) (2.1.8)
R

(W f)(ab)

hf;  api:

Let us note that the wavelet coe cientsin (2.1.7)and (2.1.8)become

|
1 k

Gk= W ) 55

(2.1.9)

Thus wavelet seriesand the continuous wavelet transform are intimately
related.

Let us alsostatethe following inversiontheoemfor the continuous wavelet
transform. The proof usesthe Fourier transform of ,; the Parsevalidentity
and the fact that the Gaussianfunctions

1
1(t):=5p:e3_2; >0

isanapproximate identity in L?(R). Thus, for f 2 LY(R),lim | o(f 1 )(t) = f(t)
at every point t where f is continuous. The details of the proof are left to the
reader asan exercise.

Theorem 2.1.1. Let in L%*(R) beabasicwaveletwhichde nesacontinuous
waveletransformw . Thenfolranyf in L?(R)andt 2 R atwhich f iscontinuous,
z 1 z 1

2z W H@b) w222,

s . — (2.1.10)

f(t) =

where ., isde nedby (2.1.7).
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2.2. Construction of Orthonormal Wavelets

One of the rst examplesof an o.n. wavelet is due to Haar (1910).Let us
recall (Example 2.1.1)that it isgalled the Haarfunctionde ned by

1, if 0 t<3
H(t)::§ 1 if 2 t<1
0; otherwise:

Most of the recenttheories on wavelets are no doubt inspir ed by this exam-
ple. However, asit turns out, its discontinuous natureis a serious drawback
in many applications. Thus, in theselectures,one of our questsis to explore
more examples. Let us begin with afunction in L?(R). As a rst step let
us assumethat

(S): thefamily f o«(t) = (t K):k2 Zgis orthonormal.

Then it follows from Lemma 2.1.1, that the family f . (t) : k 2 Zgis or-
thonormal, for eachj 2 Z: Let us de ne

Vi=spanf jx:k2Zg (j22Z),

the closure being taken in the topology of L2(R). It results from the next
lemma that 8 9
X E

Vi=z & j:c=fag2 ' ¥Z)3: (2.2.1)
" kez '

Lemma 2.2.1. Letfuy : k2 Zgbeanorthonormabi-in nite sequenci aHilbert
spaceX. Then
8 9
X 3
spanfuy : k2 Zg= 3 Uk : ¢ = fag2 "4(Z2)3:
k=1 '

Proof 2.2.1. LetV denote the L.H.S. sgtand U be the R.H.S.set. Note that
for a sequencefcg?2 “2(Z), the series |, Guy converges, becauseits partial
sums form a Cauchy sequencein X:

X X 2w $+1)
G U = jag® + jag®! OasM;N! 1:
k= M k= N k=N+1 k= M
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Clearly,U V. Also, U is a closed subspacebeing isometrically isomorphic

to “%(Z). Sinceug 2 U, we have spanfu,g U ) Spanfu,g U = U. Hence
vV C

Let us assume,in addition that 2 V,. Then for a suitable c 2 *?(Z), we
will have

P
(S1) )= wza @ K
This is called atwo-scale relation or adilation equation .
Lemma 2.2.2. Leg( in L2(R) satisfy(Sy) and(S,). Thenforalli;jin Z,
h i

G &G x+ ( D)Moy G wk =2 i (2.2.2)
K

Herethecoe cientsc;'sareasde nedin (S,).
Proof 2.2.2.

Casel:i+ jis odd.

Then L.H.S. of (2.2.)22becomes

Ci G 2« C1 j+2kC1 i+
k k
. i+i 1 . .
Putk= rinthe rst sumandk=r+ '”T in the secondsum to obtain
X X
Cj+2rGi+2r G+2rCj+or = 0:

CaseZ2:i+ jiseven.

P P
Then L.H.S. of (2.2.2)becomes ¢ aG x+ G j+2C1 i+2k- PULK=r11in

the rst sumandk=r+ ”7’ in the second sum to obtain
X X X X
Cj+2rGivor T+ G+2r+1Cj+2or+1 = Cj+kGi+k = CC4i j:
r r k N

(Weput j+k=".)
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Sincethe setf y : k2 ZZgis orthonromal,
X X X

cc+ij=h © 1  Cuj pi:
Using (S,;), we have
X X
c ()= 22 (2t ) =2¥2 (1):
Likewise,
X X
Cuij () = C.i 2% (2t “)(put T +i j=m)
. «
= 2% (2t+i j m)
m
e o
= 2 tm (2(t T) m)
m
_ ol [N .
= 2 (t > )=2 0L
Thus,
X — —
C\C\+ij - ml—Z 00; 21-2 O%I
= 2 j;; using (Sy):

Lemma 2.2.3. Let in L?(R) satisfy(S) and(S,). Let in L?(R) bede nedby

p
(W) = ( Dfcrk (2t K
k=1
Thenfork 2 ZZ,
X h k i
1k = 2 = G om om T ( 1) CL kt2m om - (2-2-3)
m

Herethecoe cientsc;'s areasde nedin thetwo-scalgelation(S,).

Proof 2.2.3. By (S,); t) = P‘ ¢ (2t i)

)t m=ig @t m) =222 @& 2m i)
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Likewise, X
om = ( 1)i2 1:2C1 i 12mie
i
The (R.H.S.)of (2.2.3)cannow be written as
2 3
X X X
2 = &x 2m 2 1:20i Lom+i T ( 1)kC1 k+2m 2 1_2( 1)|Cl i 1;2m+i§:
m i i

Changing the index i to r by the equation r = 2m + i; one obtains:
X X h i X

1 k+ — 1 .
2 G 2mG om t ( 1) rC1 k+2mC1 r+2m 1r — 2 2 kr Lr-
r m r

The last expressionequals

Lemma 2.2.4. LetU andV beclosedsubspacesf a Hilbert spaceX suchthat

U ? V. ThenU + V isclosed.

Proof 2.2.4. Letw, =u,+ Vs u,2U;v, 2V, besuchthatw,! w. Since
kwn Wkl = kuy  upl + kv, vl

and fw,gis Cauchy, both the sequencedu,g fu,gare Cauchy. If u = lim up;v =
lim v,; then

w=u+v2U+V:

Theorem 2.2.1. Let in L?(R) satisfypropertie{S,) and(S,). Let in L3(R)
bede neg by (W). Thenthefamily f ;i : j;k 2 Zgis orthonormal. Moreovey

?
Vi=Vy,  Wg, where
W, = Spanf ox: k2 Zg

Let us recall the property (W) :

X
M= (Do @ K
k=1
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Proof 2.2.5. Assertion 1: Forall n;min Z,

o:n
Y4
h ons O;mi = t n) (t m)dt
Z X ‘
= & (2t 2n k) (D - (26 2m )
X X
= (= 1)Ck01‘ x 2n K (x 2m )
kKo R
Put 2t = x
XAH
= E ( 1) GC1 ° 2n+k2m+
. -
X
1
= 5 16 «

k

N

X

Ml

q

N

We have just established that Vo ? Wj:

NI - RN W

dt

dx

63

Zmér k Putp=2m 2n+ 1)

5 |
§< ( Dag « ( 1)%G qz o:
k

2n+k=2m+") "~ =2n
X .
= ( Dokt ( 1ag iz (Putp i=q)
k

3

( Doac c+ (1P %0 qz

Assertion 2:f o, :n 2 Zgis orthonormal. We have

X

on(®)= (t n)

X
(Dc- (2t 2n

on(®= (£ n)

V=2 (Do

X

o (2 2n KW=2%¥ o peeon

ko X

1

‘4ol
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Hence
X X _
h on: oml = 2 ' Ck 1k+2n; C 1 +oml
x* x ‘ X
= 2! GC zni+2n =2 °  GGezn 2m!
k N k
A similar calculation gives
X
hoon omi = 21 (1M 1) 2™cy 1 oneam &
XK

= 21 GG+2m 2n = mn:

Assertion 3:

\Y3
Vi=Vy Wo:

From (S;) and (W) we have 2V;; 2 V;. The sameis true for their integer
shifts. Hence Vo + Wy, V3. By Lemma 2.2.4,Vq, + Wy is closed. Also,
by Lemma 2.2.3, 1x 2 Vo + Wo. TEIS implies V; = spanf 14 Vo + W,.
SinceV, ? Wy, we conclude that Vo~ Wy = V;: To complete the proof, let
W; :=spanf j:k2Zg On similar lines asbefore, one obtains

M? -
Vj:Vj]_ le; jZZ

Assertion 4: h jiks i;‘i = ik

FOI’] = i; this follows from Lemma 2.1.1. Assumej , iI. Letj<i. Then

Remark 2.2.1. Assume 2 L?(R) satis es properties (S) and (S;). Then for
2 Z,
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X
o) = (t = « @ 22 K
X K X
=28 22 @2 2 K=2¥ o 1
k k
ju®) = 27 (2% K
= 27 ¢ (@t 2 )
X
= 2% ¢ jioke -
Thus X

j 1;k(t) =2 1= G 2k jr- (2.2.4)

r

On the samelines, one seesthat

j k= 212 ( 1)rC2k+1 rojre (2.2.5)

r

Theorem 2.2.2. Let in L?(R) satisfypropertieS) and(S;). Let in L3(R)

bede nedby
X

(W) M= (D@ K
(with coe cientsc;'sasin (Sl))k.: '

In addition,assumehat

\ |
Vj=fogand V;=L*R):
joz joz

Thenf jx: j;k 2 Zgis ano.n. waveletfor L*(R):

Proof 2.2.6. In view of the previous theorem, we need only prove that the
orthonormal setf i : j;k2 ZZgis complete To this end, we need only show
that

f2L°R), f? wik2zZ) f=0
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Assuming these hypotheses, we have f ? Wj; for every j 2 ZZ: For each
j22Z;letP;: L%(R) ! V;denote the orthogonal projector onto V;, and let
v; = Pjf: Thusv;2V;and f v;? V,-:Msmce
Vi=Vj1 Wy
we have
f Vj?Vj 1andf Vj?le) VjZW}')l:
Sincef ? W; 1, we havev; 2 V; 1: Also,
vi2Vjiand f v;? Vj1) vj=v; 1
Thus fv;gis a constant sequence. But the density of V; and the nested

property Vj V. for all j 2 Z of Vy's eptail 1; ! f: Hence 1; = f for all
] 2 Z; from which one concludesthat f 2 i Vi Thus f = O:

Example 2.2.1. Perhaps, one simplest pair of functions illustrating the previous
theorem is
= H(theHaarwavelet) = 1y

It is easyto verify that obeysthe simple two-scale relation
H= (2)+ (2 1)

Thus here,cg = ¢; = 1and ¢, = Ofor every k2 Z nf0;1g and is given by
= @ (@ 1)

which is none other than the Haar wavelet.

It remains to checkin the above example, the two properties

\ [

V;=fogand V;=L*R):

j
Here (
_ 1 k t<k+1

0k~ 0; otherwise.

Thus n 0
Vo:= f2L%R): f constanton [k k+ 1);8k2 Z

and ( )

Vj:= f2L3R): f constanton [%; %);8k2 z
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Clearly,
f2Vo ) fconstanton [k k+ 1);8k2 Z

k k+1
)  f constanton [5; T);Skz Z
) f 2V

Thus Vo, Vi Likgwise, V| Vj:1,8) 2 Z: Clearly, the spaceS of step
functionsis densein ;V;: It is well known that S is also dense in L2(R).
Hence

V= L4R):

Mor eover, \

1 :

f2 Vj) f=constanton [0; 5);8] 2Z.
j
Letting j! 1 ;we getf =constanton[0;1 ). Sincef 2 L?(R), this constant
must be zero. It follows by a similar argument that f is identically O on
(1 ;0g Thus, \
Vj = ng

j
Remark 2.2.2. We note that hereit is easyto checkdirectly that satis es
(So): the setf ok : k2 Zgis orthonormal.

2.3. Classi cation of Wavelets and Multiresolution
Analysis

Let usrecallthat if X is aseparableHilbert space,then a(Schauder)basis
fx,gof X is said to be a Riesz basis of X if it is equivalentto an orthonormal
basisfu,gof X, in the sensethat, there exists a bounded invertible operator
T:X ! Xsuchthat T(X,) = uy;8n 2 N: From this de nition, it is easyto
prove the next proposition.

Proposition 2.3.1. LetX beaseparablélilbert space.Thenthe following state-
mentsare equivalent.

(a) fxngis aRieszbasisfor X.
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W - - W 2 W . .

P
Remark 2.3.1. Let fx,gbe a Riesz basisin X. Then the series ilzqui is
convergent in X if and only if c = fgg2 "2 As aresult, eachx 2 X has a
unique representation

X
X=  GX; c=fgg2 %
i=1
The preceding discussion enables one to de ne a Rieszbasisof X as
follows.

De nition 2.3.1. A sequencefx,gin aHilbert spaceX is said to constitute
a Riesz basis of X if spanfx,g.ny = X and there exists constants A; B with
O0<A B< 1 suchthat

A Cj CiX; B Cj

i=1 j=1 =1

for every sequencec = f¢;g2 "2
We are now ready for the following de nition.

De nition 2.3.2. A function in L*R) is called an R-function if f j :
j;k 2 Zgasde ned in (2.1.3)is aRieszbasisof L?(R) in the sensethat

spanf jx: j;k2 Zg= L*R);
and X

Akaj;kngz k Cj;k j;ka kaCj;kngz

(z) (z)
jkez

holds for all doubly bi-in nite sequencesfcixg 2 “*(Z) and for suitable
constantsA;Bsuchthat 0< A B<1:
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Next supposethat is an R-function. By Hahn-Banachtheorem, onecan
show that there exists a unique Rieszbasisf "gof L?(R) which is dual to
the Rieszbasisf jg:

hje "™ = jwm jikim22Z: (2.3.1)

Consequently, every function f in L?(R) admits the following(unique) series

representation:
X

f(t) = hf; i (2.3.2)
k=1
Note that, although the coe cientsin this expansion are the values of CWT
of f relative to , the series(2.3.2)is, in general, not awaveletseries In order
that this be a wavelet series,there must exist somefunction ~ in L%(R) such
that
k=" k22,

where “jis asde ned in (2.1.3)from the function ~

Clearly, if f jxgis an o.n. basisof L%(R), then (2.3.1)holds with ™=
or = .In general, however,sucha doexotexit.

If is chosensuch that ~ exists, then the pair (; ) gives rise to the
following convenient (dual) representation:

X ~

f(t) = hf; ikl gk
k=1
X

= hf; ikl ik
k=1

for any element f of L?(R).

De nition 2.3.3. A function in L?(R) is called an R-wavelet (or simply
awavelet) if it is an R-function and there exists a function ~ in L2(R), such
that f jxgand f ~,-;kg asde ned in (2.1.3),are dual basesof L2(R). If is an
R-wavelet, then "~ is called a dual wavelet corresponding to :

Remark 2.3.2. A dual wavelet " is unique and is itself an R-wavelet. More-
over, isthe dual wavelet of .
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Remark 2.3.3. Every wavelet , orthonormal or not, generatesa “wavelet
series” expansion of any f in L?(R):

X
f(t) = Cix jk(t); (2.3.3)
jik=1

where each ¢y is the CWT of f relative to the dual " of evaluated at
(ab) = (3;%).

We are now ready to look at an important decomposition of the space
L?(R). Let beany wavelet and consider the Rieszbasisf jxgthat it gener-
ates.Foreachj 2 Z, let

W; ;= spanf jx:k2Zg

(2.3.3)suggeststhat L?(R) can be decomposed as a directsum of the spaces
Wj's:

M

L%(R) = W; (2.3.4)

2z

in the sensethat every f in L?(R) has a unique decomposition
f)=:::+1,+1+1;+:::

where 1; 2 W;;8j 2 Z:

Moreover, if is an o.n. wavelet, then in the above decomposition, the
directsum is, in fact, an orthogonaldirectsunt

VP VP VP VP
L%R) = Wp=:0 W, Wy Wi (2.3.5)
2z
Note that here,for 8j;12 Z;j, |,
Wj\ W|:f0g Wj? Wi

De nition 2.3.4. A wavelet in L*R) is called a semi-orthogonal
wavelet (or s.o. wavelet) if the Rieszbasisf jcgthat it generatessatis es

hojp mi =0 j, | jklim2Z (2.3.6)
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Clearly, a semi-orthogonal wavelet also gives rise to an orthogonaldecom-
position(2.3.5)of L2(R).

We now come to the important concept of multir esolutionanalysis rst
introduced by Meyer(1986) and Mallat(1989). We saw that any wavelet

(semiorthogonal or not) generatesa direct sum decomposition (2.3.4)of
L2(R):

Foreachj2 Z, let us considel\r/lthe closlad subspaces
Vj = Wj 2 Wj 1
of L?(R): Thesesubspacessatisfy the following properties:
(MR1)::: V1 Vo Vi i3
(MR2) [ j2zV; = L%(R), the closure being taken in the topology of L3(R);
(MR3)\ jozV; = {Og

(MR4) V1=V, W j2Z;and
(MR5) f(t) 2V, f(2t)2 V)1, j22Z:

If the initial subspaceV, is generated by a single function  in L?(R) in
the sensethat
Vo =Spanf ox:k2 Zg (2.3.7)
then using (MR5) all the subspacesV; are also generated by the same :

V; = 5pant k2 Zgwhere () =2 (2t k) (2.3.8)

De nition 2.3.5. A function in L?(R) is said to generate a multireso-
lution analysis (MRA) if it generatesa ladder of closed subspacesV; that
satisfy (MR1),(MR2),(MR3) and (MR5) in the senseof (2.3.8),and such that
the following property holds.

(MRO) f ok : k2 Zgforms a Rieszbasisof V.

This means, there must exist constantsA; B, with 0< A B< 1 suchthat
X 2
A kfckglgz(z) & ox B kfckglgz(z) (2.3.9)
kezz 2
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for all bi-in nite  sequencesc = fc,g2 “%(Z):

In this case, is called a scaling function .

Using the Poisson'slemma (cf.,e.g.,[2], Lemma 2,24)and the Parseval's
identity for Fourier transforms one shows that for any in L2(R), the fol-
lowing hold:

(A) Thesetf (x t):k2 Zgis orthonormal.
The Fourier transform ~ of satis es the identity
X

i +2 KPE=1 (2.3.10)
1

for almostall ! 2 R:

(B) The family of functions f (x t): k 2 Zgsatis es the Riesz condition
(2.3.9)with Rieszbounds A and B.

The Fourier transform ~ of satis es
A

A i +2 KP? Bae. (2.3.11)
1

Remark 2.3.4. The condition (MR5) implies
f(ty2Vo, ft)2V;:
Remark 2.3.5. ThespacesV;possesghe following shift invariance property:
k
f)2v;, f+ 5) 2V;;8k2 Z:

The above remark follows from:
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I
2! t+% D)
@t ¢ K):

Next, we give afew examples of MRA of L?(R).

k
i (t+ 5

]
N
Nl—-

N
Nl —-

K.kl

For j;k 2 Z; let us denote by ;i the interval [3;; 5]

Example 2.3.1. Foreachj 2 Z, let Vj denote the spaceof piecewise constants:

Vj=ff2L%R): fj,, constant,8k2 Zg
Here Vg is the closed linear span of the integer shifts of the characteristic func-
tion (.1, Which is the scaling function . Here, it is easily veried that the set
f ox : k2 Zgis orthonormal, and we have already checkedthat fV; : j 2 Zgis a
multir esolution. In this case,the wavelet is the Haar wavelet which is, in fact, an
0.n. wavelet.

Example 2.3.2. Foreachj 2 Z; let V; be the L?(R)-closure of the setS;:
Sj = ff 2L%R)\ C(R): fjy,is linear;8k 2 Zg

It is easyto check all the conditions of MRA except (MRO) similar to the previous
example. Checking of (MRO) involves computation of Rieszbounds, which in this
caseareA = ;B = l:Herethe scalingfunction canbetaken to bethe hat function:
8
§ t; ifO t 1
(t)=§2 t; ifl t 2
- 0; otherwise:
Note that here

8
t k k t k+1

k)= (t W=gk+2 t; k+1l t k+2
. 0; otherwise:
It is easyto seethat the setf o : k 2 Zgis not orthonormal. Here using the two-
scalerelation and a variant of Theorem 2.2.2,we can show that the corresponding
wavelet is given by

M= @ 5@ 1) 5 @+1
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whose support is [ 3; 3]:

2.4. Spline Wavelets

For each positive integer m, we denote by S.,(2 1Z2) =: Sﬂn the space of
cardinal splines of order m and with the knot sequence2 'Z; for a xed
|2 Z

Sm(2 1Z) = ff 2C™ *(R) : fji, 2 Pm;8k 2 Zg
(Here P, denotesthe classof polynomials of orderm,i.e.of degree m 1.)
For eachm 2 N; the the m" order cardinal B-spline N, is de ned by

Nm= 1 ::: (o1 (mtimes convolved):
Put di erently, N, is de ned recursively by:
Z 1
Nm(t) = Nm 1(t  S)Ny(s)ds
1
z 1

Ny 1(t 9)dswith Ny = [0
0

The scaling functions in the two examplesin the previous sectionarerespec-
tively the rst order and the secondorder cardinal B-spline. It is well known

that any f 2 S, canbe written as
X

f)=  aNm(t K (2.4.1)
k

Taking N, asthe scaling function, let us de ne

V{ = Spans, = Sp(Z) (2.4.2)
Hence,afunction fisin V'if and only if it hasaB-spline seriesrepresentation
(2.4.1)with the coe cient sequencec = fog?2 “?(Z). The other spacesVJTn
arede ned by

f)2vm, f(2)2 V;ﬂl; j2 Z:
In other words,
V" = Spansy;:
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Clearly the subspaces‘V}“ . ] 2 Zgsatisfy (MR1). Theveri cation of (MR2)is
immediate: The classof polynomials P isdensein L?(R) and P V;“;8j 2Z:
This implies

v = L%(R):
2z
The veri cation of (MR3) is exactly asin Example 2.3.1. The veri cation of
(MRO) is carried out asin Example 2.3.2with  replaced by N,. Here the

smallest value of Bis 1, and the largestvalue of A can be expressedin terms
of the roots of the Euler-Frobeniugpolynomial

M1
Eon 1(2) = (2m 1)1z™1 Nm(m + k)Z*: (2.4.3)

k= m+1

From the nested sequenceof spline spacesVJf“, we have the orthogonal
complementary subspacesWJ!“; given by
M
Wi, = Vi Wi j22z:
Justasthe B-spline N, is the minimally supported generator of fV}“g we are

interestedin nding the minimally supported ., 2 W, that generatesthe
mutually orthogonal subspacesW;. Such compactly supported functions
m are called the B-wavelets of order m. It turns out that

support N, = [0;m]; support , =[0;2m 1];8m 2N
We mention without working out further details that

2
m) = &Nm(2t K); (2.4.4)
k=0

with |

AR
G=q" = (2m—)1 , Nam(k 1+ 1) (2.4.5)

=0

For the relevant details, we refer the readerto Chui([2],Chapter6).
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2.5. A Variant of Construction of Orthonormal
Wavelets

Let us go back once again to Theorems 2.2.1and 2.2.2. Suppose In
L?(R) is suchthat doesnot satisfy (), i.e.,f o« : k 2 Zgis not orthonormal

In this case|it seemsnatural to de ne by requiring its Fourier transform
to be using (2.3.10)and the Plencherel's thorem,

e
T 2 WiRg?

| 2R: (2.5.1)

Theorem 2.5.1. Let in L?(R) besuchthatit satis es
(MRO): f ok : k2 Zgis aRieszbasisof V.

Dene 2 L%R)by(2.5.1). Thenf o : k 2 Zgis an orthonormalbasisfor the
spaceV.

Theorem 2.5.2. Let in L?(R) besuchthatf g : k 2 Zgis a Rieszbasisfor
Vo andsuppose 2 V;. Then asde nedin (2.5.1)satis esatwo-scaleelation

X
= ac (2t K: (a=fag2 %))
k=1
Let bede nedby

X

M= ( Dax 2 K: (2.5.2)
k

Thenthesetf i : j;k2 ZZgis orthonormal.

Furthermoe, if Vj's satisfy (MR2) and (MR3), then is an orthonormal
wavelet.

The proofs of the abovetheoremsfollow from Theorems2.2.1and 2.2.2by
applying (2.3.10)and (2.3.11).The details are left to the reader as exercises.
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2.6. Exercises

2.6.1 Let " bethe Haar wavelet. Show that for integersn < m,

Z

H(t)dt = O:

n
2.6.2 Let f;1 2 L*R), and suppose that f, ? 14;8i;j 2 Z. Show that
frj 2 1ni;8N;ij 2 Z:
263 Let 2L%R);n2Z;i2Z.Dene = ,:Show that
spanf 1 K;j 2 Zg= spanf ; :K;j2 Zg

2.6.4 Let fu,gbe an orthonormal sequencein a Hilbert space.Let ; bein

“2suchthat ? : Dene
X X

W= kUg, V= kUk-
k k

Show that w ? v: Is the conversetrue?

2.6.5 Verify directly the orthonormality of the family of functions f :.jk; k2
Zg

2.6.6 Give aproof of Theorem 2.5.1.

2.6.7 Give aproof of Theorem 2.5.2.
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