CHAPTER 3

FRACTIONAL CALCULUS

[ Thischaptes basednthelecturesf Dr. R.K.SaxenaftheJaiNarainvyasJniversity,
JodhpyRajasthaimdia,atthe5thSERCSchodl

3.0. Intr oduction

A generalizatiorof Saigooperatorsof generalizedractional calculusassoci-
atedwith Appell function of thethird kind, asthe kernel,is presentedhere. These
operatorsaregeneralin natureandprovide extensionof the well-known operators
of fractionalcalculuswhichincludes,amongothers the Riemann-Liouville, Weyl,
Erdélyi-Koberand Saigooperators.Certainpropertiesof thesenew operatorsas-
sociatedwith the H-functionsare established Further we derive the solutionof a
generalintegro-di erentialequationof Volterra-typeanddiscussits specialcases.
It is expectedthatthis studywill motivatethereadergo pursueresearchn the eld
of generalizedractional calculusand emeging and potentialareasof fractional
di erentialequations.

3.1. Appell Functions

De nitions andpropertiesof the Appell functionsare availablefrom the book
(Erdelyi etal, 1953).

3.1.1. Appell function F3
Notation 3.1.1. F3: Appell functionof the®rstkind

De nition 3.1.1. ThefunctionF3 is de nedin theform
79
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Fa(a;a’b; b’ ¢ xy) = 3.1.1
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- (C)m 2F1 o'me Y (m)| ( )

where maxijxj; jyjg< 1
It reducedo Gausshypegeometridunctionas

oF1(a;b; c; 2) = Fa(a;a% by b% ¢; 2 0) (3.1.3)
= F3(&;0;b;b% ¢; Zy) (3.1.4)
= Fa(a;a%b;0;c;zy) (3.1.5)

Note 3.1.1. We seethata andb or a° andb® canbe interchangedvith eachother
in Fs(a; a%b; b% c; x; y):

3.1.2. Mellin transform of F3
Notation 3.1.2. Mff(x); sg F(s), Mellin transformof f(x)

De nition 3.1.2.
YA 1
Mff(X); sg= F(s) = x® 1 (x)dx; (s 2 C) (3.1.6)

0

Theinversionformulafor this transformis givenby

f(x) = — F(s)x °ds; (3.1.7)
21 i1
whereline of integrationrunsparallelto theimaginaryaxisalongtheline < (s) =
from 1l tol.

Lemma 3.1.1. If,<(c) > 0;< (s)> ma{< ( a%;<( b%);< (a+b ¢)];thenfrom
[Prudnikov etal, 1990,eq.(8.4.51.2)]wehave
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( )
M (1 X°IFy@a’b;b’c1l x1 )}();s
" #
_ ¢ s+a’ s+b% s+c a b . 3.1.8
- s+a’+b% s+c a s+c b (3.1.8)
where [32? ] representtheratio of the productof severalgammafunctions:
" #
@ ®(@© _ a b g
(d) (e (f) d ¢ f

3.1.3. Asymptotic expansionof the Appell function F3

Thefollowing lemmagivesthe asymptoticestimate®f the Appell functionF .

Lemma 3.1.2. For a;a%b;b%c 2 C; andz 2 C, there holdsthe following asymp-
totic expansionfor Fz nearz=0;1;1 .

Near z= 0: Fa(a;a% b:b%c; z z—zl) = O(Z""O1< @y as(z! 0): (3.1.9)

Near z= 1: Fa(a;a%b:b%c; z Z—Zl) =O((1 2"n@i<®)<ably a5(z1 1);
(3.1.10)

Near z= 1 : Fs(a;a%b:b%c: z Z—Zl) = Ok @< ®)<(c ably gg(z1 1):
(3.1.11)

Note 3.1.2. Theasymptoticestimateq3.1.9),(3.1.10and(3.1.11)of the Appell
functionF3 canbeobtainedrom theresult( Prudnilov etal, 1990,p.452,7.2.4.74)).

Exercises3.1.

3.1.1.EstablishtheLemma3.1.2.

3.1.2. With thehelpof Lemma3.1.20r otherwisederive the asymptoticestimates
for the hypegeometridunction,F,(a; b; c; 2), nearz=0;1;1 .
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3.1.3. For a;b;c 2 C with < (c) > 0andz 2 C, prove the following asymptotic
relationsnearz=1:

) JFi(xb;c;2=0(1)(@Z! 1) for<(c a b)>0
(i) Fi(abc2)=0(1L 2°2°(z! 1) for<(c a b)<O

(i) 2Fi(&b;c;2 = O(log(l 2)(z! 1) for<(c a b)=0; ab,
0, 1, 2, andjamgzg<

3.1.4.Provethat
Fa(a;a% b; b c; 0;y) = F3(0;@% b; b, ¢; x;y) = Fa(a; &% 0; 0% ¢; ;)
= 2Fa(ab;cy):

3.2. GeneralizedFractional Calculus Operators

3.2.1. Saigo-Maedaand Saigooperators

Notation 3.2.1. (I, ' * f)(x); Saigo-Maed£1996)
Notation 3.2.2. (I' *' ” f)(x): Saigo-Maed41996)
Notation 3.2.3. (D, %% £)(x); Saigo-Maed41996)
Notation 3.2.4. (D' "' * f)(x); Saigo-Maed41996)
Notation 3.2.5. (I;, f)(X); Saigo(1978)

Notation 3.2.6. (I’ f)(X); Saigo(1978)

Notation 3.2.7. (D.:

or P(X); Saigo(1978)

Notation 3.2.8. (D'’ f)(x); Saigo(1978).
De nition 3.2.1. (Saigo-Maeda,1996)
Z
X

(5. " " N9 = = OX(X 0 RG0S S L Gl DI 32
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(<()>0)

'

. 0. 0 d - 0 4 O 4
(g 7 OK= o (g ™ N (32.2)
(<() Ok=[< ()]+1);

De nition 3.2.2. (Saigo-Maeda,1996)

0.0 X 041 X ¢
(FTN0=T5 9 RG % %51 1 Df(ds 32.3)
(<()>0)

a'’*
(7 7000= g (00 (32.4)

(<() Ok=[< ()+1)

De nition 3.2.3. (Saigo-Maeda,1996)

(Dc;)+ e f)(X) = (|o+(:; o f)(x) (3.2.5)
d "k 0. . Oy - 4
= 5 (o TN (3.2.6)

(<()>0k=[<()]+1)

De nition 3.2.4. (Saigo-Maeda,1996)

© " He=0 "0 N (3.27)
d'k 0 . 0 4 4
= o (oD (3.2.8)

(<()>0k=[<()]+1)
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De nition 3.2.5. (Saigo,1978)
X Z x t
gy HY=—= (x 1) HF( +; ; ;1 ;()f(t)dt;(<( )>0)
0

()
(3.2.9)
|

k
(I H = dix (I © DM () Ok=[<( N+1); (3210

De nition 3.2.6. (Saigo,1978)

1 Za
(7 HD0=—5 @ N o+ 5l DTt (< () > 0);
" (3.2.11)
N
(17 DM = o (D) ok=[<( )] +1); (3.2.12)
De nition 3.2.7. (Saigo,1978)
N o d!" .
(D5 D=0 " HE)= o (5. 7 N (3.2.13)
(<()>0k=[<( )+1)
De nition 3.2.8. (Saigo,1978)
gk
D7 HEY=1 " " THK= — (1 KT )X (3.2.14)

dx
(<()>0k=[<()]+1)

Theorem 3.2.1. TheSaigo-Maedapemtors reduceto that of Saigooperators
by virtue of thefollowing identities:
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165" DM =0 * HK ( 2C); (3.2.15)
% H=(0" ¢ )X ( 20); (3.2.16)
(D%, " =D ° H (<()>0) (3.2.17)
O H =g " HKX (<()>0) (3.2.18)

Theorem 3.2.2. TheSaigo-Maedaperators obey theformulaof fractionalin-
tegration by parts:

Z Z
. 0. O . 0. 0
(1, 7 H(X)g(X)dx = (g f(x)dx: (3.2.19)
0 0
Example 3.2.1. Derive the Saigo-Maedaperatorof power functions:
#
. 0.0 : + o + 0 0
(3.2.20)
where
<()>0<()>max[0<( + %+ i< (% O
and
. 0. O
0 x He )
1+ + O : 1+ + O : 1 4
L 1e 4 00 o4} "1 (3.221)

where< ()>0;<()<l+min[<( )<( + © Y<( + °
Theseresultscanbederivedfrom theintegral (3.1.8).

Remark 3.2.1. Theinverseof theoperatorgle nedby (3.1.1)and(3.1.3)aregiven
by (Saigoetal , 1996)as

[0

)= ) (3.2.22)
and

(|; 0.0 ) 1_ (I o . 0 ): (3.2.23)
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Exercises3.2.
3.2.1. Prove Theoren3.2.2.

3.2.2. Completetheproofof Example3.2.1.
3.2.3. DerivetheSaigooperatord;, andl ' of the powerfunctions.

3.2.4. Findthevalueof
(157" x LF(a b;c; ex)(x)
andgive the conditionof its validity.

3.2.5. Findthevalueof
(1 5% x LF.(a;b;c; S))(x)

andgive the conditionsof its validity.

3.3. GeneralizedFractional Calculusof the H-function

(A1), (ap:Ap)

: mn/_y. ymn - (0g:Bg) . ymn
Notation 3.3.1. Hpg(@iHpg Z(, ") ‘Hpa Z(ps,) (bo By)

(apiAp) '

De nition 3.3.1. TheH-functionis de ned by meansof a Mellin-Barnestype
integralin thefollowing manner(MathaiandSaxna,1978):

iy — amn o (@A)

Hoa @ = Hoa Z e, .

(a;A1);  (ap;Ap)

— ; — 1 i — 1=2
B Hg](? Z(bl;Bl); (bgBy) 2 L (z d:(=(17) (3.3.1)
where
j Kj k
szl (bj + Bj ) Qr-':l 1 a A)
()= ios ’ !%jQp k: (3.3.2)
j=m+1 (1 b Bj) j=n+1 (@ +A)

andan empty productis alwaysinterpretedasunity; m;n;p;gq 2 No; 0 m
g 1 m p A;Bj2Rja;b2RorC(i=1 ;p; j=1 ;0 suchthat
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A(b; + k), Bj(a Dk 2No;(i=1, n;j=1;, ;m). ThecontourL is
eitherL, ;L.; orlL; .. Thesecontoursarede ned explicitly in the monography
Prudnilov etal (1990)andMathai(1993). A detailedandcomprehensie account
of the H-functionis availablefrom the monographsvritten by Mathaiand Saxena
(1978),Prudnilov et al (1990)andKilbas andSaigo(2004). In whatfollows L =
Li 1 is acontourstartingatthe points il andterminatingat the point +il
with 2 <. TheH-functionmakessenseif

X X X X 1
m = A Aj+ B Bj>0jagg< 3 ;z, 0: (333)
j=1 j=n+1 ji=1 j=me1

(i) =0, +<()< 1, amz=0;z, O;

where

(3.3.4)
=1 =1 =1 j=1

Thefollowing propertieof theH-functionwill berequiredn theproofof theresults

thatfollows: For ; a2C; 2<.;wehave

M

-~ 1 gmn (ap:Ap)
dx X Hp;q ax (bg;Bq)
— k 1pymn+l @5 NEpAn .
= X Hoiiger @X (B K ) (3.3.5)
— ky k lpym+ln (@A) 5 ) .
= (D KHPLL ax PR (3.3.6)

3.3.1. Left-sided generalizedfractional integration of the H-function

In whatfollows,
" # " #

1 <(a < (bj
K:maxJ and K = min (’):
1jn i 1jm Bj

(3.3.7)

Theorem 3.3.1. Let; %: & 2 C;<() > 0O: Further let the constants
a;bj2<4;(1=1, ;pj=1 ;q; 2C 2<,jaga< =2begivenand
satisfythecondition maX{ ;K] << ()+min[0;<(° 9;<( O1:



88 3. FRACTIONAL CALCULUS

Thenthe generlizedfractionalintegral 1, " % of the H-function exists and the
following relationholds:

I: o Q,t ng?;(;l at (apiAp) (X)

o (bg;Bq)
— v 0 1y ymn+3 @ @+ 0 0 )k + % ; )i(apiAp)
=X Hp+3;q+3 ax (bg;Bg);(1 o )+ + O D)1 o D) (3.3.8)

Proof 3.3.1. To prove( 3.3.8),expresgheH-functionin termsof its Mellin-Barnes
contour interchangehe orderof integrationandapply the power functionformula
(3.2.20).

Corollary 3.3.1. Let; ; 2 C;<( ) > 0. Further let the constantsa;; b; 2
CA;Bj2<,(=1 ;pj=1 0; 2C 2<,;jama< =2begiven
and satisfythe condition max ;K ] < < ( )+ min[0;< ( )]. Thenthe Saigo
opemtor I;, of theH-functionexistsandthere holdsthe formula:

g, t 1Hg};§‘ at @ (X)

(bg:Bq)
— 1 ymn+2 @ na+ »)i@piAp)
=X Hpizgeo X (bg:Bgi(1+ ; )(L D) (3.3.9)

Hint: Usetheidentity(3.2.15).

3.3.2. Right-sided generalizedfractional integration of
the H-function

Theorem 3.3.2. Let ; %: & 2 C;<() > 0. Further let the constants
asbj2<.(i=1 ;;p;mj=1 ;q; 2C 2<,jamga < =2 begiven
andsatisfythecondition min[ ;K] + 1> < ( )+ maX< ( 9;<(

0): < ( 9]. Thenthe generlizedfractionalintegral 1° * * of the H-function
existsandthefollowing relationholds:

0.

1%t 1Hg}g‘ at @ (X)

(bg;Bq)
=x" 01
m+3;n (@p:Ap)i(L ; )i(1+ DN o+ %0 oy
Hogars & 0y s 0 yars0 )i(baiBa) - (3.3.10)
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Proof 3.3.2. It is similarto the proofof Theorem3.3.1.

Corollary 3.3.2. Let; ; 2 C;<( ) > 0. Furtherlet the constantsa;;b; 2 C;
A;Bi2Ry(1=1 ;pj=1, ;0); 2C 2R;;jama< =2begivenand
satisfythe condition min[ ;K] +1 > < () min[< ( );<()]. Thenthe Saigo

opemator | ' of theH-functionexistsandthere holdsthe formula:
;: 1pgmn (ap:Ap) — 1pym+2n @p:Aph(L 5 )+ + + )
I THpg at (bg;Bq) (9 = x Hp+2;q+2 X @ e ):(bg;Bq)

(3.3.11)

3.3.3. Left-sided generalizedfractional di erentiation of
the H-function

In this sectionleft-sidedgeneralizedractional derivative D, "* *  of the H-
functionis investigated Following a similar procedurewe establishithe following
result:

Theorem 3.3.3. Let; %; ¢ 2 C;<() > 0. Further let the constants
a;bj2<4(i=1, ;pj=1 ;q); 2C 2<,;jama< =2begivenand

satisfythe condition may ;K ] < < (') + min[0; < ( < ( %+ O+ )].

ThenthegenealizedfractionalderivativeD;, ** * of theH-functionexistsandthe
following relationholds:

; %0 1pymn (apiAp)
D, t "Hpy at (b Be) (X)
=yt 0 1
mn+3 @ xa + 5ona % % yEpA)
Hp+3;q+3 ax (bq;Bq);(l+ : );(1 04 : );(1 04 : ) y (3312)
Corollary 3.33. Let; ; ; 2C;<( )> 0. Furtherlettheconstants;b; 2 C;

A;Bj2<.(i=1 ;pj=1 ;0); 2C 2<,jama< =2begivenand
satisfythecondition ma{ ;K] << ( )+ min[0;<( + + )]. ThentheSaigo
opemtor D;, of the H-functionexistsandthere holdsthe formula
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i 1pymn (ap;Ap)
Dgi t "Hpg at (by;Bo) O
— 1pgmn+2 @ x 7 i@pAp) .
=X Hp+2;q+2 ax (bg;Bghi(1 5 @ ;) ) (3.3.13)

3.3.4. Right-sided generalizedfractional di erentiation of
the H-function

Theorem 3.3.4. Let ; %: & 2 C;<() > 0. Further let the constants
asbj2<.(i=1 ,;pj=1 ;q); 2C 2<,;jamag< =2begivenand
satisfythecondition max ;K]+1>< () min[0;< ( 0 K< ( 0
):< ( 9]. Thenthe genealizedfractional derivativeD’ ' * of the H-function
existsandthefollowing relationholds:

D% ; (@piAp)
DI %%t tHmn g @My
Pa (bg;Bq)
— < +1, + + 0 1
= ()< Okiy
m=3;n (apAp 5 x@ %0 ya 0 0 iy
Hp+3;q+3 ax @=+° ;@ ° + ;)@ 0 - )i(bgiBg) (3314)

Proof 3.3.3. It is similarto theproofof Theorem3.3.1.

Corollary 3.34. Let; ; 2 C;<( ) > 0. Furtherlet the constantsa;;b; 2 C;
ABj2<.(=21 ;pj=1 ;0; 2C 2<,;jamga < =2begiven
andsatisfythecondition min[ ;K]+1> < ( )+max[< ( )+[< ( )]+1; < ( +)].
Thenthe Saigooperator D' of the H-functionexistsandthere holdsthe formula

D;; t ngkr"] at (apiAp) (X)

(bg;Bq)
= [<()+ly + 1pym+2n @A) ;) + i)
- X Horzgea 8% @ on@+ + o )ilbgBy: (3.3.15)

3.3.5. Mellin transform of Saigo-Maedaoperators

Let Ly(< +) betheusualLebesgueclasson< , with1l p < 1. Wedene
M,(< +) the classof all functionsof f 2 Ly(< +) with p > 2 which areinverse
Mellin transformsof functionsin Lq(< +), whereq= p<p 1).
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Theorem 3.3.5. Letl p 2andtheconstants; % ; ¢ 2C,with<()>
O satisfy< () < 1+ min[0;< ( ©  9;<( 0 );thenfor f 2 Lp(< ) (or
f 2 Mp(< +) with p > 2) thefollowing formulaholds:

. 0. 0O o
oo 7 (9 (9)
1 s 1 %+ 0% g 1 o+ s#
= 150 ¢ 1 0p < 1 ©0 4+ g MIFXI(S:
(3.3.16)

Proof 3.3.4. Interchangdhe orderof integrationandapply the formula (3.2.21),
theresultfollows.

Corollary 3.35. If <( ) > 0and< (s) < 1+ min[0; ]; thenthere holdsthe
following relationfor f(x) 2 L,(0;1) withl p 2or f(X) 2 Mp(0;1 ) with
p>2:

1 9 ( +1 9
(1 S (+ +1 9
Following a similar methodwe establish

n .. o
Mxl;, f(X)= Mff(X)g (3.3.17)

Theorem 3.3.6. Letl p 2andtheconstants; % ; ¢ 2C;with<()>
0 satisfy< () > max< ( O+ )< ( O+ );< ()]; thenfor f 2 Ly(< )
(or f 2 My(< +) with p > 2) thefollowing relationholds:

n 0

C 0.0 0
Mx*" 1 f (%) (9

s+ + 0
s+ + 04 0

#

st + % 1 s M[F(](): (3.3.18)

; S S+

Corollary 3.3.6. If<( )>0and< (s) > min[< ( );< ()];thenthere holdsthe
following formulafor f(x) 2 Ly(0;1) withl p 2 or f(X) 2 Mp(0;1 ) with

p>2: N o
M X1 f =9 (*9

(s (+ + +9

Mff(X)g (3.3.19)
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Exercises3.3.
3.3.1. EstablishTheoren3.3.3.

3.3.2. EstablishTheoren3.3.4.
3.3.3. EstablishTheoren.3.5.
3.3.4. EstablishTheorem3.3.6.
3.3.5. EstablishCorollary3.3.5.withoutusingTheoren3.3.5.
3.3.6. EstablishCorollary 3.3.6.withoutusingTheorem3.3.6.

3.3.7. EstablishTheorem3.3.1for < () 0 andhencederwe the corresponding
theorenfor the Saigooperator ;,

3.3.8. EstablishTheorem3.3.2for < () 0 andhencederie the corresponding
theorenfor the Saigooperaton '

3.3.9. Evaluatetheintegral

Z

X

: (ap;Ap) Ll
ot Yx t) H™ at(x t) (ES;B:) dt;(; > 0) (3.3.20)

andgive the conditionsof its validity. Also nd thevalueof

: (ap:Ap) )
loe t THO at (x 1) (b:;qu) (X):

3.3.6. A generalclassof multivariable polynomials

Notation 3.3.2. SEl; Ns(x1; 2 xg), multivariablepolynomials(Srivastaa etal,1987).

Notation 3.3.3. S"(x) ageneraklassof polynomials(Srivastaa, 1972).
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De nition 3.3.2.

h1k1+x+hsks L Xkl st
Stl; ;hs(xl; ;XS) = ( L)h1$1+ +hsksA(L; klu 1kS) L _S'
(hj2N;j=1 ;9 (3.3.21)
J
wherehy;  ;hgarearbitrarypositive integersandthecoe cientsA(L; ky;  ;Kks);
(L;kj 2 No; j =1, ;) arearbitraryconstantsyealor complex.
De nition 3.3.3.
R e
Sh(x) = A 2No=f0:1;2, g (3.3.22)
o (T

whereh is an arbitrary positive integer, andthe coe cientsA.y;(; k 2 Ny) are
arbitraryconstantstealor comple.

Note 3.3.1. We notethatfor s = 1; (3.3.21)reducedo (3.3.22). By giving suit-

ablevaluesto thecoe cientsA ., thepolynomialsS"(x) yieldsa numberof known

polynomialsasspecialcasesThesenclude,amongothers certainorthogonaknd

non-orthogonapolynomialssuchas,the Laguerrepolynomials the Hermite poly-

nomials,the Jacobipolynomials,the Besselpolynomials,the Gould-Hopperpoly-

nomials,the Brafmanpolynomialsand several others. For the relationsof theses
polynomialswith S"(x), see( Srivastaaetal,1983).

Exercises3.3.
3.3.10. Show that(Saxenaetal, 2002a)

. 0.
Iy ’

; O;t 1Hg);n( t )SEl; ;hs[ylt 1 yet 9] (%)

O+ q
hiki+Xthsks L ykl yks
0
=xreasd ( Dinse AL ks k)7 X e
o CAIRCA]
mn+3 (+a+a®b ¢ )(; )( +a° % )apAp) )
Hp+3;q+3 (bg;Bg)i( +at+al ¢ )i( +a%b ¢ )( b% ) (3323)

where =1 Pizl ikijjag j<(=2) ; >0;<(c)>0; >0;! maf ;K]<
< ()+min[0;< (b°® a%;<( a b b)) and isde nedin(3.3.3)andK in(3.3.7).

3.3.11. Shaw that(Savenaetal, 2002a)



94 3. FRACTIONAL CALCULUS

. 0. 0O . .o
0t HERC S Myat syt (9

q
hiky+X+hsks L ykl yks
0
=x*reaat ( I—)h151+ +hskSA(L; ky; 19 - | > | Xt e s
ki; 1ks=0 (kl)- (ks)-
m+3;n (@p:Ap)i( +a+a™b? ¢ )i(; )(+a b ) |
Hp+3;q+3 (+a+al c; );( +a+b0 c; );( b; )i(bgiBg) (3-3-24)

where< (€) > 0; may ;K]+1><()+maxk(c a a%<(c a bY;<(b);
andK isde nedin (3.3.7).

3.3.12. Show that

: (ap;:Ap)
lo t THTN tY(x t)W(Zq";B:) SMigt (1 t) SMfgt (L t) g

o DRI N (N
0
() o oo KD(KY
L W (@ K %KO%u)a K %KO%w)(apiAp) .
p+3,q+1 (bg;Bg);(1 K K KO OKOu+w) ’
whereu;w; ; ; ¢ 9> 0;<( ) > 0andgive the conditionsof its validity. Here
SM(x) arethegeneraklassof polynomialsde ned by (3.3.22).

AN;KANO;KogKg(KOX(

+ )K+( % 9KO

(3.3.25)

3.4. Fractional Di erential Equations

This sectiondealswith theinvestigatiorof the solutionof afractionaldi erinte-
gral equationof Volterra-typeassociatedvith a con uent hypegeometridunction
of two variables.

3.4.1. Cauchy-type probleminvolving ageneralfractional integro-
di erential equation of Volterra type

Notation 3.4.1. E (2); Mittag-Le er(1903,1905)function
Notation 3.4.2. E. (2;generalizedittag-Le erfunction

Notation 3.4.3. E. (2); generalizeMittag-Le er (Prabhakarl971)
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Notation 3.4.4.  3(; ;XxY); conuenthypegeometridunctionof two variables
Notation 3.4.5. (; ;2);conuenthypegeometricfunctionof onevariable
Notation 3.4.6. I,; Riemann-Liouvilleoperatorf fractionalintegrationof order

Notation 3.4.7. D,;Riemann-Liouvilleoperatoiof fractionaldi erentiatiorof order .

De nition 3.4.1.

_x z . .
E (Z) - Y m,( 2 C,< ( ) > 0) (341)
De nition 3.4.2.
_~ z . . . .
E: (Z)_ mi(! 2C!<( )>O’<()>O)' (342)

n=0
De nition 3.4.3.

X

R e )

De nition 3.4.4.
X () X Y

(i ixy)= RN < liyi<i: (3.4.4)
De nition 3.4.5.
XV
(; :x=  —Oxmixi<1: (3.4.5)
m=0 ( )m
De nition 3.4.6. Z
1909 = % ) 'g()d;<()>0: (3.4.6)

De nition 3.4.7.
D, [9(¥)] = I, [9(¥)] = D"Ig [g(¥)];n><( );n2N": (3.4.7)
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whereD} denotegheusualn-fold di erentiationsuchthat +n> 0.

In this section,it is proposedo continueour study of fractionaldi erential
equationsn continuationof earlierresultsderivedfor thefractionalrelaxationand
fractionaldi usionproblems.We begin this sectionby proving a generaltheorem
for thefractionaldi erintegral equationwhich depend®nthefollowing lemma:

Lemma 3.4.1. If < () > 0;<(9) > max[G< (X);< (y)]; thenthefollowing result
holds:

X
Lit 1 s( ixtyDisg= ()s (1 ) expy=y) (3.4.8)
Proof 3.4.1. Wehave

Z 1 Z 1 )4 m:
tmyntn
t les o cxtybdt=  t le® OmX™TY "
) a( yt) . oo Omen(M)!I(N)!

R Omyn T

— o \NJmr )y e stt +m+n 1dt
m;n=0( Jmen(MI(N)!

)% OmE"* (y=9)",
S ., M m’

whichis equvalentto ( 3.4.8).

Remark 3.4.1. Wheny! 0,thenby virtue of theidentity

lim s( xty) = (G X (3.4.9)
we arrive ataknown result(Erdélyi etal 1953,p. 270,eq. (6.10.6)):
Lt oG ixis= (s (@ 3) (3.4.10)
where< () > 0;< (s) > max[(Q < (x)] and
Z 1
Lff(t); sy= F(s) = e S'f(t)dt; < (s) > O: (3.4.11)
0
Theorem 3.4.1. Let; ;; 2C;;! 2R<()>0,<()>0,andf(t)is

assumedo be continuouson every nite interval [0;T];0 < T < 1, and of the
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exponentialordere when ! 1. Thenfor the Caudy-typeproblemfor the
fractionalintegro-di erential equationof Volterra type
Z
D h( ):ﬂ t1os(; ;tloHh( tdt+ f();(0 1) (3.4.12)
0

togetherwith theinitial conditions

D "h()j=o=b;r=21 ;n= [< ();(n 1< n;n2N; (3.4.13)

wheeb;; ;b 2 <, there existsa uniquecontinuoussolutiongivenby
0 Z
h()= by()+ (  Hfdt (3.4.14)
r=1 0
whee

R my+(+)mr a(m +( + )m+1 r; x! mx)

yr(X)=rrF0 [ +( + )m+1 1] r=1 ;n)
(3.4.15)
and
X my,( + )m . . .
(X) = X 1M X 3([, +(+(+ +)m;m, X! mY (3.4.16)

Proof 3.4.2. Projectingbothsidesof theintegro-di erentialequation( 3.4.12) to
Laplacetransformandusingthe known formulas

X
LD, f(t); sy= s F(9 S D, "f()jeo;(r 1< rr272) (3.4.17)
r=1

and(3.4.8),we nd that

X0
sH(9= $!D "h()jo= s (1 g) exp(!= 9H(s) + F(s); (3.4.18)

r=1
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Solvingfor H(s), we obtain

X ' |
H(S): brSr 1[S S (1 g) e’g] 14 F(S)[S S (1 g) e'E] 1
=1
| (3.4.19)
Xn
= by mg [ +( + )m+l r](l _) ™ exp(mi= s)
S
r=1 m=0
X
+ F(9 mg [ +(+)m(q g) Mexp[mi= o: (3.4.20)
m=0

wherewe have tacitly assumedhat
js @ ) epl=9<l

Taking inverseLaplacetransformof both sidesof (3.4.20)with the help of
(3.4.8),theresult(3.4.14)readily follows. In orderto establishthe uniqguenessf
thesolution,weset = tandapplytheoperatol thenaftersomecalculations,
thegivenequation(3.4.12)transformanto theform

X :
0= T
FOROE )T R G+ C Rt N+ (D0

° (3.4.21)

where 1
s 5 ! =7730; S}

Since(3.4.21)is a Volterra integral equationwith continuouskernel, it does
admita uniquecontinuoussolution,seeKrasnor etal (1976).

Note 3.4.1. The solution of the Cauchy-typeproblem(3.4.12)and (3.4.13)can
alsobedevelopedby the methodof successie approximationsseefor details, see
( Kilbasetal, 2002)andRall (1969).

Corollary 3.4.1. Under the variousrelevant hypothese®f Theoem 3.4.1, there
holdsa uniquecontinuoussolutionof the Caudy-typeproblemassociatedvith the
\olterra-typeintegro-di erential equation
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Z
D h()=ﬂ t Y (5 ph( Hdt+ f();(0 1); (3.4.22)
0
togetherwith theinitial conditions(3.4.13),givenby
X0 Z
h()= by ()+ ( Of(dy (3.4.23)
r=1 0
wheee
_)4 mX(+)m+r(m; +(+)m+1 r X)_ 3.4.24
= BT , (3.4.24)
and
)Q' m + )m . .
(%) =x * Xm (m +( +)m %), (3.4.25)

L [ +( +)m
Corollary 3.4.2. (Saxeneaetal, 2003,p.91). Underthe variousrelevant hypothe-
sesof Theoem3.4.1,there holdsa uniguecontinuoussolutionof the Caudy-type
problemassociatedvith the \olterra-typeintegro-di erential equation

Z 1
Dh()=—— t1(;;Oh tdt+ —— (:; )  (34.26)
() o ()
0 1 togetherwith theinitial conditions(3.4.13),givenby
Xo h m  (m+El+mr+ 1 [ m+ ;( + )m+ + ]

h()= b ()+

r=1 m=0

[ +( + )m+ ]
(3.4.27)
whee

Roomoom (mp 4+ )M+l X,
[ +( + )m+1 1]

r(X) =

m=0

(3.4.28)
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Proof 3.4.3. If wesetf(X =X(—; (; ; x),and! ! 0,thenbyusingthesumma-
tion formulafor thecon uent hypegeometridunction(Erdelyi, etal, 1953,p.271,
eq.(5))

Z t,c1l (t u)co 1 c+c? 1

hall SN 0. 0. —
O (a;c;u) @ (@;cht u)du C+ O

where< (c) > 0;< (c%) > 0; we obtainCorollary3.4.2.

(a+a%c+c%t) (3.4.29)

Remark 3.4.2. If wetake = 1in Corollary3.4.2,it reducedo aresultgivenby
Al-Shammeryetal (1999,p.503).

3.4.2. A Cauchy-type probleminvolving a Caputo derivative

Notation 3.4.8. D, f(t);° D, f(t); (?Tf(t), Caputodervative of f(t) of order > 0.

De nition 3.4.8. Accordingto Caputo(1969),thefractionalderivative of order
> 0 of acasuafunction f(t), thatis f(t) = Ofor t < O; is de ned as

z
. . _d | f™(u)
0th(t)—(th)(t)—&f(t)— m ) o @ u ™

(m 1< <mm2N);

where f(M(t) denoteshe usualderivative of f(t) of orderm 2 Nj.
By virtue of (3.4.11)and(3.4.30),we obtainthe Laplacetransformof Caputo
derivativein theform

du; (3.4.30)

(4 ) 1
L Rf(t);s =s F(s s "0O0)ym 1< mm2N; (3.4.31)
r=0
whichis moresuitedfor initial-valueproblemsthan(3.4.17),andwhereF(s) is the
Laplacetransformof f(t).

Theorem 3.4.2. Let; ;; 2C;;! 2R<()>0,<()> 0 andf(t)is
assumedo be continuouson every nite interval [0;T];0 < T < 1, and of the
exponentialordere , when ! 1. Thenfor the Caudy-typeproblemfor the

fractionalintegro-di erential equationof \olterra type
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Z
dd—h( )= ﬂ t 15 tlh( tdt+ f(); (3.4.32)
0
whee 0 1, togetherwith theinitial conditions
I
%h( =0=2a;r=0; ;n 1;(n 1< n;n2N (3.4.33)
a; a1 2R, therexistsa uniquecontinuoussolution,givenby
X1 Z
h()=ay()+ ( Hfdt; (3.4.34)
r=0 0
whee
X my(+ )mer . C v
yi(¥) = X s((m( + )m+r+1; x! mx (3.4.35)

. [+ )m+r+1]

and (x)isde nedin (3.4.16).

Exercises3.4.

3.4.1. Underthevarioushypothesesf Theorem3.4.1,the Cauchy-typegroblem
for thefractionalintegro-di erentialequationof Volterratype

z
D h()= 0 t lexp(t)h( tdt+ f();(0 1); (3.4.36)
0
togethemwith theinitial conditions( 3.4.12), hasauniquecontinuoussolutiongiven
by
N z
h()= b=()+ @ tf()dt; (3.4.37)
r=1 0
where
Rooml+m ot gy +( + )m+l T X)
= (x) = . T ( T )mrL 1 (r=1, ;n) (3.4.38)
and

Romam 1o (m ()M X)
[ +( + )m]

@x) = (3.4.39)

m=0
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Henceor otherwisededucdhespeciakcaseof theabove problemfor f( ) = exp( ),
givenby Al-Shammeryetal (2000,p.82),whichitself is ageneralizatiorof aresult
givenby Boyadijiev etal (1997,p.4).

3.4.2. Underthevarioushypothesesf Theorem3.4.2,the Cauchy-typegroblem
for thefractionalintegro-di erentialequationof Volterratype

Z

9 hy=—  t1(o:ph( B+ F):(0 1) (3.4.40)
d () o

togethemwith theinitial conditions

%h( =0=2a;r=0; ;n 1;(n 1< n;n2N (3.4.41)
wherea ; ;a, 1 2 R hasauniquecontinuoussolutiongivenby
X1 Z
h()= . ay ()+ . (  Of)dt; (3.4.42)
where
y,(X) = XM (¢ gmEr+L N.r=0 :n 1) (3.4.43)

. [( + )m+r+1]

and (x)isde nedin (3.4.25).

3.5. Fractional Kinetic and Fractional Di usionEqua-
tions

Fractionalkinetic equationhave beenstudiedto describecertainphysicalphe-
nomenasuchasdi usionin porousmediawith fractal geometry kinematicsin
viscoelastianedia,relaxationprocesses viscoelastionaterials glassymaterials,
syntheticpolymersetc. We now proceedo prove a generattheoremon fractional
kinetic equation.

Notation 3.5.1. R. (ac;t) LorenzoandHartley function
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De nition 3.5.1.
hs an(t C)(n+l) $ 1

R;(a;c;t)=n:0 CE

Theorem 3.5.1. Let< () > 0;c > 0 andlet f(X) 2 R., thenthe fractional
kineticequation(Hille and Tamarkin,1930)

N(t) Nof(t)= coD; N(b); (3.5.2)
is solvable andthere existsa solutiongivenby theformula
q Z
N(t) = Noa . f(WE[ c(t u)]dy (3.5.2)

Proof 3.5.1. Applying Laplacetransformto bothsidesof (3.5.1),we obtain

N () Nof (9= cs N (s); (3.5.3)
wheref (s) denoteghe Laplacetransformof f(t).

Solving for N (s) andtaking its inverseLaplacetransform,we arrive at the
desiredresult(3.5.2).

Remark 3.5.1. Theresult(3.5.2) hasbeenobtainedby Saxenaet al (2004)in a
di erentform involving the H-function,seeExercise3.5.2.

Theorem 3.5.2. Ifc>0;b 0;<(s)>0; > + 1,thenfor thesolutionof

N({t) NoR. ( c;bjt)= c oD, N(t); (3.5.4)
there holdstheformula (Saxenaetal , 2004a)

N(t) = &(t by YE. i c(t b +@+ )E. (c( b)): (355)
Hint: TheLaplacetransformof R. (&; c;t) is givenby (Lorenzoand Hartley, 1999)

LfR. (a;0;t); sy= 2 Cssa; < ( )>0;<(9)>0: (3.5.6)
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Exercises3.5.

3.5.1. Shaw thatthe solutionof the following initial value problemfor the frac-
tionaldi usionequationin onedimension(SchneideandWyss,1989)

N(x;t) ="' (X)+ %D, —@I\Cg()z(; H

with initial conditions

;(t>0;1 <x<1) (3.5.7)

Jim N(t) = ;NG 0) =" (%);
is givenby Z,

N(x;t)=  G(x ) ()d; (3.5.8)
1

where 1 Z
G(x;t) = = E.o( 2k%t)coskx)dk: (3.5.9)
0

3.5.2. Let< () > 0;c> 0andlet f(x) 2 R., thenthefractionalkinetic equation
associateavith Riemann-Liouvillefractionalintegral

N(t) Nof(t)= coD; N(); (3.5.10)
is solvable,andthereexistsa solutiongivenby theformula(Saxena,et al,2004b)
£ 1'1h (1=:1) I .
N(t) = No i Hz ¢t )i =@, f()d: (3.5.11)

Derive the solutionsin thefollowing cases(i) f(t) =1, (i) f(t)=t 1.
3.5.3. Solve Theorem3.5.1completely

3.5.4. ProvethatthesolutiontotheCauchy-typgroblemassociate@ith Riemann-
Liouville fractionalderiative

(Do )X ! £(X) = g(x); (D, 1 F)(0+) = b (3.5.12)
with0< < 1and!; b2 Risgivenby
Z X
fx)=bx E. ' x]+ (x t) E.[!(x t)]g(t)dt: (3.5.13)
0

Also derive the solution,wheng(x) = O:
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3.5.5. Provethatthesolutionto the Cauchy-typeroblemassociatevith Riemann-
Liouville fractionalderiative

(Do ) ! F(X) = 9(¥); (D, 1F)(O+) = b; Dy, 2F)(O0+) = ¢, (3.5.14)
with 1< < 2and!; b;c2 Risgivenby
Z X
f)=bx E. ( x)+cx %E. (I x)+ (x t) E. [!(x t)]g(t)at:
° (3.5.15)
Also derive the solution,wheng(x) = O:

3.5.6. Provethatthesolutionto the Cauchy-typeroblemassociateavith Caputo
fractionalderivative

(*Do. H)(9) ! £(x) = 9(x); (0) = b; (3.5.16)
with0< < 1and!; b2 Risgivenby
Z X
fX)=bE[! x]+ (x t) E. [! (x t)]g(t)dt: (3.5.17)
0

Also derive the solutionwheng(x) = 0.

3.5.7. Provethatthesolutionto the Cauchy-typeroblemassociateavith Caputo
fractionalderwvative

(°Do, 1)) ! f(x) = g(¥); £(0) = b; £Y0) = ¢; (3.5.18)
with1< < 2and!; b;c2 Risgivenby
Z X
f(X)=bE (! x)+cxE.o(! x)+ (x t) 'E. [' (x t) ]git)dt: (3.5.19)
0

Also derive the solution,wheng(x) = O:
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