
CHAPTER 3

FRACTION AL CALCULUS

[Thischapterisbasedonthelecturesof Dr. R.K.Saxenaof theJaiNarainVyasUniversity,
Jodhpur, Rajasthan,India,at the5thSERCSchool.]

3.0. Intr oduction

A generalizationof Saigooperatorsof generalizedfractionalcalculusassoci-
atedwith Appell functionof thethird kind, asthekernel,is presentedhere.These
operatorsaregeneralin natureandprovide extensionof thewell-known operators
of fractionalcalculuswhich includes,amongothers,theRiemann-Liouville, Weyl,
Erdélyi-KoberandSaigooperators.Certainpropertiesof thesenew operatorsas-
sociatedwith theH-functionsareestablished.Further, we derive thesolutionof a
generalintegro-di� erentialequationof Volterra-typeanddiscussits specialcases.
It is expectedthatthisstudywill motivatethereadersto pursueresearchin the�eld
of generalizedfractional calculusand emerging and potentialareasof fractional
di� erentialequations.

3.1. Appell Functions

De�nitions andpropertiesof theAppell functionsareavailablefrom thebook
(Erdélyi et al, 1953).

3.1.1. Appell function F3

Notation 3.1.1. F3: Appell functionof the®rst kind

De�nition 3.1.1. ThefunctionF3 is de�ned in theform
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80 3. FRACTIONAL CALCULUS

F3(a; a0; b; b0; c; x; y) =
1X

m;n=0

(a)m(a0)n(b)n(b0)n

(c)m+n

xmyn

(m)!(n)!
(3.1.1)

=
1X

m=0

(a)m(b)m

(c)m
2F1

h
a0;b0

c+m; y
i xm

(m)!
(3.1.2)

where maxfjxj; jyjg< 1:
It reducesto Gausshypergeometricfunctionas

2F1(a; b; c; z) = F3(a; a0; b; b0; c; z; 0) (3.1.3)

= F3(a; 0; b; b0; c; z; y) (3.1.4)

= F3(a; a0; b; 0;c; z; y) (3.1.5)

Note 3.1.1. We seethata andb or a0 andb0 canbe interchangedwith eachother
in F3(a; a0; b; b0; c; x; y):

3.1.2. Mellin transform of F3

Notation 3.1.2. Mf f (x); sg; F(s), Mellin transformof f (x)

De�nition 3.1.2.

Mf f (x); sg= F(s) =
Z 1

0
xs� 1 f (x)dx; (s 2 C) (3.1.6)

Theinversionformulafor this transformis givenby

f (x) =
1

2� i

Z � +i1

� � i1
F(s)x� sds; (3.1.7)

whereline of integrationrunsparallelto theimaginaryaxisalongtheline < (s) = �
from �1 to 1 .

Lemma 3.1.1. If, < (c) > 0; < (s) > max[< (� a0); < (� b0); < (a+ b� c)]; thenfrom
[Prudnikov etal, 1990,eq.(8.4.51.2)],wehave
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M
(

(1 � x)c� 1F3(a; a0; b; b0; c; 1 � x; 1 �
1
x
); s

)

= �
"
c; s+ a0; s+ b0; s+ c � a � b

s+ a0 + b0; s+ c � a; s+ c � b

#
; (3.1.8)

where� [a;b;c;���
d;e; f;���] representstheratio of theproductof severalgammafunctions:

� (a)� (b)� (c) � � �
� (d)� (e)� ( f ) � � �

= �
"
a; b; c; � � �
d; e; f ; � � �

#
:

3.1.3. Asymptotic expansionof the Appell function F3

Thefollowing lemmagivestheasymptoticestimatesof theAppell functionF3.

Lemma 3.1.2. For a; a0; b; b0; c 2 C; andz 2 C, there holdsthe following asymp-
totic expansionfor F3 nearz = 0; 1; 1 .

Near z = 0 : F3(a; a0; b; b0; c; z;
z

z � 1
) = O(zmin[0;1�< (c)]) as(z ! 0); (3.1.9)

Near z = 1 : F3(a; a0; b; b0; c; z;
z

z � 1
) = O((1 � z)min[< (a0);< (b0);< (c� a� b)]) as(z ! 1);

(3.1.10)

Near z = 1 : F3(a; a0; b; b0; c; z;
z

z � 1
) = O(zmax[< (a0);< (b0);< (c� a� b)]) as(z ! 1 ):

(3.1.11)

Note 3.1.2. The asymptoticestimates(3.1.9),(3.1.10)and(3.1.11)of the Appell
functionF3 canbeobtainedfromtheresult( Prudnikov etal,1990,p.452,(7.2.4.74)).

Exercises3.1.

3.1.1.EstablishtheLemma3.1.2.

3.1.2. With thehelpof Lemma3.1.2or otherwisederive theasymptoticestimates
for thehypergeometricfunction2F1(a; b; c; z), nearz = 0; 1; 1 .
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3.1.3. For a; b; c 2 C with < (c) > 0 andz 2 C, prove the following asymptotic
relationsnearz = 1 :

(i) 2F1(a; b; c; z) = O(1)(z ! 1� ) for < (c � a � b) > 0

(ii) 2F1(a; b; c; z) = O((1 � z)c� a� b)(z ! 1� ) for < (c � a � b) < 0

(iii) 2F1(a; b; c; z) = O(log(1 � z))(z ! 1� ) for < (c � a � b) = 0; a; b ,
0; � 1; � 2; � � � and jargzj < � .

3.1.4.Prove that

F3(a; a0; b; b0; c; 0; y) = F3(0; a0; b; b0; c; x; y) = F3(a; a0; 0; b0; c; x; y)

= 2F1(a; b; c; y):

3.2. GeneralizedFractional CalculusOperators

3.2.1. Saigo-Maedaand Saigooperators

Notation 3.2.1. (I �;� 0;�;� 0;

0+ f )(x); Saigo-Maeda(1996)

Notation 3.2.2. (I �;� 0;�;� 0;

� f )(x); Saigo-Maeda(1996)

Notation 3.2.3. (D�;� 0;�;� 0;

0+ f )(x); Saigo-Maeda(1996)

Notation 3.2.4. (D�;� 0;�;� 0;

� f )(x); Saigo-Maeda(1996)

Notation 3.2.5. (I �;�;�
0+ f )(x); Saigo(1978)

Notation 3.2.6. (I �;�;�
� f )(x); Saigo(1978)

Notation 3.2.7. (D�;�;�
0+ f )(x); Saigo(1978)

Notation 3.2.8. (D�;�;�
� f )(x); Saigo(1978).

De�nition 3.2.1. (Saigo-Maeda,1996)

(I �;� 0;�;� 0;

0+ f )(x) =

x� �

� (
 )

Z x

0
(x� t)
 � 1t� � 0

F3(�; � 0; �; � 0; 
 ; 1�
t
x
; 1�

x
t
) f (t)dt; (3.2.1)
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(< (
 ) > 0)

(I �;� 0;�;� 0;

0+ f )(x) =

 
d
dx

! k

(I �;� 0;� +k;� 0;
 +k
0+ f )(x) (3.2.2)

(< (
 ) � 0;k = [�< (
 )] + 1);

De�nition 3.2.2. (Saigo-Maeda,1996)

(I �;� 0;�;� 0;

� f )(x) =

x� � 0

� (
 )

Z 1

x
(t � x)
 � 1t� � F3(�; � 0; �; � 0; 
 ; 1�

x
t
; 1�

t
x
) f (t)dt; (3.2.3)

(< (
 ) > 0)

(I �;� 0;�;� 0;

� f )(x) =

 
�

d
dx

! k

(I �;� 0;�;� 0+k;
 +k
0+ f )(x) (3.2.4)

(< (
 ) � 0;k = [�< (
 )] + 1);

De�nition 3.2.3. (Saigo-Maeda,1996)

(D�;� 0;�;� 0;

0+ f )(x) = (I � � 0;� �; � � 0;� �; � 


0+ f )(x) (3.2.5)

=
 

d
dx

! k

(I � � 0;� �; � � 0+k;� �; � 
 +k
0+ f )(x) (3.2.6)

(< (
 ) > 0;k = [< (
 )] + 1);

De�nition 3.2.4. (Saigo-Maeda,1996)

(D�;� 0;�;� 0;

� f )(x) = (I � � 0;� �; � � 0;� �; � 


� f )(x) (3.2.7)

=
 
�

d
dx

! k

(I � � 0;� �; � � 0;� � +k;� 
 +k
0+ f )(x) (3.2.8)

(< (
 ) > 0;k = [< (
 )] + 1).



84 3. FRACTIONAL CALCULUS

De�nition 3.2.5. (Saigo,1978)

(I �;�;�
0+ f )(x) =

x� � � �

� (� )

Z x

0
(x � t)� � 1

2F1(� + �; � � ; � ; 1 �
t
x
) f (t)dt; (< (� ) > 0)

(3.2.9)

(I �;�;�
0+ f )(x) =

 
d
dx

! k

(I � +k;� � k;� � k
0+ f )(x); (< (� ) � 0;k = [< (� � )] + 1); (3.2.10)

De�nition 3.2.6. (Saigo,1978)

(I �;�;�
� f )(x) =

1
� (� )

Z 1

x
(t � x)� � 1t� � � �

2F1(� + �; � � ; � ; 1 �
x
t
) f (t)dt; (< (� ) > 0);

(3.2.11)

(I �;�;�
� f )(x) =

 
�

d
dx

! k

(I � +k;� � k;�
0+ f )(x); (< (� ) � 0;k = [< (� � )] + 1); (3.2.12)

De�nition 3.2.7. (Saigo,1978)

(D�;�;�
0+ f )(x) = (I � �; � �;� +�

0+ f )(x) =
 

d
dx

! k

(I � � +k;� � � k;� +� � k
0+ f )(x) (3.2.13)

(< (� ) > 0;k = [< (� � )] + 1);

De�nition 3.2.8. (Saigo,1978)

(D�;�;�
� f )(x) = (I � �; � �;� +�

� f )(x) =
 
�

d
dx

! k

(I � � +k;� � � k;� +�
� f )(x) (3.2.14)

(< (� ) > 0;k = [< (� )] + 1):

Theorem 3.2.1. TheSaigo-Maedaoperators reduceto that of Saigooperators
byvirtueof thefollowing identities:
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(I �; 0;�;� 0;

0+ f )(x) = (I 
 ;� � 
 ;� �

0+ f )(x) (
 2 C); (3.2.15)

(I �; 0;�;� 0;

� f )(x) = (I 
 ;� � 
 ;� �

� f )(x) (
 2 C); (3.2.16)

(D0;� 0;�;� 0;

0+ f )(x) = (D
 ;� 0� 
 ;� 0� 


0+ f )(x) (< (
 ) > 0); (3.2.17)

(D0;� 0;�;� 0;

0+ f )(x) = (D
 ;� 0� 
 ;� � 0� 


0+ f )(x) (< (
 ) > 0): (3.2.18)

Theorem 3.2.2. TheSaigo-Maedaoperatorsobey theformulaof fractionalin-
tegrationbyparts:

Z 1

0
(I �;� 0;�;� 0;


+ f )(x)g(x)dx =
Z 1

0
(I �;� 0;�;� 0;


� g)(x) f (x)dx: (3.2.19)

Example 3.2.1. Derive theSaigo-Maedaoperatorsof power functions:

(I �;� 0;�;� 0;

0+ x� � 1)(x) = �

"
�; � + 
 � � � � 0 � �; � + � 0 � � 0

� + 
 � � � � 0; � + 
 � � 0 � �; � + � 0

#
x� � � � � 0+
 � 1;

(3.2.20)
where

< (
 ) > 0;< (� ) > max[0;< (� + � 0+ � � 
 ); < (� 0 � � 0)];
and

(I �;� 0;�;� 0;

� x� � 1)(x)

= �
"
1 + � + � 0 � 
 � �; 1 + � + � 0 � 
 � �; 1 � � � �

1 � �; 1 + � + � 0+ � 0 � 
 � �; 1 + � � � � �

#
x� � � � � 0+
 � 1 (3.2.21)

where< (
 ) > 0;< (� ) < 1 + min[< (� � ); < (� + � 0 � 
 ); < (� + � 0 � 
 )]:

Theseresultscanbederivedfrom theintegral (3.1.8).

Remark 3.2.1. Theinversesof theoperatorsde�nedby (3.1.1)and(3.1.3)aregiven
by (Saigoetal , 1996)as

(I �;� 0;�;� 0;

+ )� 1 = (I � � 0;� �; � � 0;� �; � 


0+ ); (3.2.22)
and

(I �;� 0;�;� 0;

� )� 1 = (I � � 0;� �; � � 0;� �; � 


� ): (3.2.23)
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Exercises3.2.
3.2.1. ProveTheorem3.2.2.

3.2.2. Completetheproofof Example3.2.1.

3.2.3. Derive theSaigooperatorsI �;�;�
0+ andI �;�;�

� of thepower functions.

3.2.4. Find thevalueof

(I �;� 0;�;� 0;

+ x� � 1

2F1(a; b; c; ex))(x)

andgive theconditionof its validity.

3.2.5. Find thevalueof

(I �;� 0;�;� 0;

� x� � 1

2F1(a; b; c;
e
x
))(x)

andgive theconditionsof its validity.

3.3. GeneralizedFractional Calculusof theH-function

Notation 3.3.1. Hm;n
p;q (z); Hm;n

p;q

�
z
���(bq;Bq)
(ap;Ap)

�
; Hm;n

p;q

�
z
���(a1;A1);��� ;(ap;Ap)
(b1;B1);��� ;(bq;Bq)

�

De�nition 3.3.1. TheH-functionis de�ned by meansof a Mellin-Barnestype
integral in thefollowing manner(MathaiandSaxena,1978):

Hm;n
p;q (z) = Hm;n

p;q

�
z
���(ap;Ap)

(bq;Bq)

�

= Hm;n
p;q

�
z
���(a1;A1);��� ;(ap;Ap)

(b1;B1);��� ;(bq;Bq)

�
=

1
2� i

Z

L
� (� )z� � d� ; (i = (� 1)1=2) (3.3.1)

where

� (� ) =

j Q m
j=1 � (b j + B j� )

kj Q n
j=1 � (1 � a j � A j � )

k

j Q q
j=m+1 � (1 � b j � B j� )

kj Q p
j=n+1 � (a j + A j � )

k; (3.3.2)

andan emptyproductis alwaysinterpretedasunity; m; n; p; q 2 N0; 0 � m �
q; 1 � m � p; Ai; B j 2 R+; ai; b j 2 R or C(i = 1; � � � ; p; j = 1; � � � ; q) suchthat
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Ai(b j + k) , B j(ai � � � 1)(k; � 2 N0; (i = 1; � � � n; j = 1; � � � ; m)). ThecontourL is
eitherL�1 ; L+1 or Li� 1 . Thesecontoursarede�ned explicitly in themonographby
Prudnikov et al (1990)andMathai (1993). A detailedandcomprehensive account
of theH-functionis availablefrom themonographswritten by MathaiandSaxena
(1978),Prudnikov et al (1990)andKilbas andSaigo(2004). In what follows L =
Li� 1 is a contourstartingat the points� � i1 andterminatingat the point � + i1
with � 2 < . TheH-functionmakessense,if

(i) 
 =
nX

j=1

A j �
pX

j=n+1

A j +
mX

j=1

B j �
qX

j=m+1

B j > 0; jargzj <
1
2

� 
 ; z , 0: (3.3.3)

(ii) 
 = 0; � � + < (� ) < � 1; argz = 0; z , 0;

where

� =
qX

j=1

B j �
pX

j=1

A j; � =
qX

j=1

b j �
pX

j=1

a j +
p � q

2
: (3.3.4)

Thefollowingpropertiesof theH-functionwill berequiredin theproofof theresults
thatfollows: For �; a 2 C; � 2 < +; wehave

 
d
dx

! k �
x� � 1Hm;n

p;q

�
ax�

���(ap;Ap)

(bq;Bq)

��

= x� � k� 1Hm;n+1
p+1;q+1

�
ax�

���(1� �;� );(ap;Ap)

(bq;Bq);(1� � +k;� )

�
; (3.3.5)

= (� 1)kx� � k� 1Hm+1;n
p+1;q+1

�
ax�

���(ap;Ap);(1� �;� )

(1� � +k;� );(bq;Bq);

�
: (3.3.6)

3.3.1. Left-sidedgeneralizedfractional integration of theH-function

In whatfollows,

K = max
1� j� n

"
1 � < (a j)

A j

#
and K� = min

1� j� m

"
�< (b j)

B j

#
: (3.3.7)

Theorem 3.3.1. Let �; � 0; �; � 0; 
 2 C; < (
 ) > 0: Further let the constants
ai; b j 2 < +; (i = 1; � � � ; p; j = 1; � � � ; q); � 2 C; � 2 < +; jargaj < � 
 =2 begivenand
satisfythecondition� max[� ; K � ] < < (� ) + min[0; < (� 0 � � 0); < (
 � � � � � � 0)]:
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Thenthe generalizedfractional integral I �;� 0;�;� 0;

0+ of the H-functionexistsand the

following relationholds:

�
I �;� 0;�;� 0;

0+ t� � 1Hm;n

p;q

�
at�

���(ap;Ap)

(bq;Bq)

��
(x)

= x� +
 � � � � 0� 1Hm;n+3
p+3;q+3

�
ax�

���(1� �;� );(1+� 0� � 0� �;� );(1+� +� 0+� � 
 � �;� );(ap;Ap)

(bq;Bq);(1� � � � 0;� );(1+� +� 0� 
 � �;� );(1+� 0+� � 
 � �;� )

�
: (3.3.8)

Proof 3.3.1. To prove( 3.3.8),expresstheH-functionin termsof its Mellin-Barnes
contour, interchangetheorderof integrationandapplythepower functionformula
(3.2.20).

Corollar y 3.3.1. Let �; �; � 2 C; < (� ) > 0. Further let the constantsai; b j 2
C; Ai; B j 2 < +; (i = 1; � � � ; p; j = 1; � � � ; q); � 2 C; � 2 < +; jargaj < � 
 =2 begiven
andsatisfythecondition� max[� ; K � ] < < (� ) + min[0; < (� � � )]. ThentheSaigo
operator I �;�;�

0+ of theH-functionexistsandthereholdstheformula:

�
I �;�;�
0+ t� � 1Hm;n

p;q

�
at�

���(ap;Ap)

(bq;Bq)

��
(x)

= x� � � � 1Hm;n+2
p+2;q+2

�
ax�

���(1� �;� );(1+� � � � �;� );(ap;Ap)

(bq;Bq);(1+� � �;� );(1� � � � � �;� )

�
: (3.3.9)

Hint: Usetheidentity(3.2.15).

3.3.2. Right-sidedgeneralizedfractional integration of
the H-function

Theorem 3.3.2. Let �; � 0; �; � 0; 
 2 C; < (
 ) > 0. Further let the constants
ai; b j 2 < +(i = 1; � � � ; p; j = 1; � � � ; q); � 2 C; � 2 < +; jargaj < � 
 =2 be given
andsatisfythecondition� min[� ; K] + 1 > < (� ) + max[< (
 � � � � 0); < (
 � � �
� 0); < (� � � 0)]. Thenthegeneralizedfractionalintegral I �;� 0;�;� 0;


� of theH-function
existsandthefollowing relationholds:

�
I �;� 0;�;� 0;

� t� � 1Hm;n

p;q

�
at�

���(ap;Ap)

(bq;Bq)

��
(x)

= x� +
 � � � � 0� 1

� Hm+3;n
p+3;q+3

�
ax�

���(ap;Ap);(1� �;� );(1+� � � � �;� );(1+� +� 0+� 0� 
 � �;� );

(1� � � �;� );(1+� +� 0� 
 � �;� );(1+� +� 0� 
 � �;� );(bq;Bq)

�
: (3.3.10)
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Proof 3.3.2. It is similar to theproofof Theorem3.3.1.

Corollar y 3.3.2. Let �; �; � 2 C; < (� ) > 0. Further let the constantsai; b j 2 C;
Ai; B j 2 R+; (i = 1; � � � ; p; j = 1; � � � ; q); � 2 C; � 2 R+; jargaj < � 
 =2 begivenand
satisfythe condition� min[� ; K] + 1 > < (� ) � min[< (� ); < (
 )]. Thenthe Saigo
operator I �;�;�

� of theH-functionexistsandthereholdstheformula:

�
I �;�;�
� t� � 1Hm;n

p;q

�
at�

���(ap;Ap)

(bq;Bq)

��
(x) = x� � � � 1Hm+2;n

p+2;q+2

�
ax�

���(ap;Ap);(1� �;� );(1+� +� +� � �;� )

(1+� � �;� );(1+� � �;� );(bq;Bq)

�
:

(3.3.11)

3.3.3. Left-sided generalizedfractional di� erentiation of
the H-function

In this sectionleft-sidedgeneralizedfractionalderivative D�;� 0;�;� 0;

0+ of the H-

functionis investigated.Following a similar procedure,we establishthefollowing
result:

Theorem 3.3.3. Let �; � 0; �; � 0; 
 2 C; < (
 ) > 0. Further let the constants
ai; b j 2 < +(i = 1; � � � ; p; j = 1; � � � ; q); � 2 C; � 2 < +; jargaj < � 
 =2 begivenand
satisfythecondition� max[� ; K � ] < < (� ) + min[0; < (� � � ); < (� 0 + � 0 + � � 
 )].
ThenthegeneralizedfractionalderivativeD�;� 0;�;� 0;


0+ of theH-functionexistsandthe
following relationholds:

�
D�;� 0;�;� 0;


0+ t� � 1Hm;n
p;q

�
at�

���(ap;Ap)

(bq;Bq)

��
(x)

= x� +� +� 0� 
 � 1

� Hm;n+3
p+3;q+3

�
ax�

���(1� �;� );(1� � +� � �;� );(1� � � � 0� � 0+
 � �;� );(ap;Ap)

(bq;Bq);(1+� � �;� );(1� � � � 0+
 � �;� );(1� � � � 0+
 � �;� )

�
; (3.3.12)

Corollar y 3.3.3. Let �; �; �; 
 2 C; < (� ) > 0. Further let theconstantsai; b j 2 C;
Ai; B j 2 < +(i = 1; � � � ; p; j = 1; � � � ; q); � 2 C; � 2 < +; jargaj < � 
 =2 begivenand
satisfythecondition� max[� ; K � ] < < (� ) + min[0; < (� + � + � )]. ThentheSaigo
operator D�;�;�

0+ of theH-functionexistsandthereholdstheformula
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�
D�;�;�

0+ t� � 1Hm;n
p;q

�
at�

���(ap;Ap)

(bq;Bq)

��
(x)

= x� � � � 1Hm;n+2
p+2;q+2

�
ax�

���(1� �;� );(1� � � � � � � �;� );(ap;Ap)

(bq;Bq);(1� � � �;� );(1� � � �;� )

�
: (3.3.13)

3.3.4. Right-sidedgeneralizedfractional di� erentiation of
the H-function

Theorem 3.3.4. Let �; � 0; �; � 0; 
 2 C; < (
 ) > 0. Further let the constants
ai; b j 2 < +(i = 1; � � � ; p; j = 1; � � � ; q); � 2 C; � 2 < +; jargaj < � 
 =2 begivenand
satisfythecondition� max[� ; K] + 1 > < (� ) � min[0; < (
 � � � � 0� k); < (
 � � 0�
� ); < (� 0)]. Thenthe generalizedfractional derivativeD�;� 0;�;� 0;


� of the H-function
existsandthefollowing relationholds:

�
D�;� 0;�;� 0;


� t� � 1Hm;n
p;q

�
at�

���(ap;Ap)

(bq;Bq)

��
(x)

= (� 1)[< (
 )]+1x� +� +� 0� 
 � 1

� Hm=3;n
p+3;q+3

�
ax�

���(ap;Ap);(1� �;� );(1� � 0+� 0� �;� );(1� � � � 0� � 0+
 � �;� )

(1+� 0� �;� );(1� � 0� � +
 � �;� );(1� � � � 0+
 � �;� );(bq;Bq)

�
: (3.3.14)

Proof 3.3.3. It is similar to theproofof Theorem3.3.1.

Corollar y 3.3.4. Let �; �; � 2 C; < (� ) > 0. Further let the constantsai; b j 2 C;
Ai; B j 2 < +; (i = 1; � � � ; p; j = 1; � � � ; q); � 2 C; � 2 < +; jargaj < � 
 =2 begiven
andsatisfythecondition� min[� ; K]+1 > < (� )+max[< (� )+[< (� )]+1; �< (� +� )].
ThentheSaigooperator D�;�;�

� of theH-functionexistsandthereholdstheformula

�
D�;�;�

� t� � 1Hm;n
p;q

�
at�

���(ap;Ap)

(bq;Bq)

��
(x)

= (� 1)[< (� )]+1x� +� � 1Hm+2;n
p+2;q+2

�
ax�

���(ap;Ap);(1� �;� );(1� � +� � �;� )

(1� � � �;� );(1+� +� � �;� );(bq;Bq);

�
: (3.3.15)

3.3.5. Mellin transform of Saigo-Maedaoperators

Let Lp(< +) be the usualLebesgueclasson < + with 1 � p < 1 . We de�ne
Mp(< +) the classof all functionsof f 2 Lp(< +) with p > 2 which are inverse
Mellin transformsof functionsin Lq(< +), whereq = p=(p � 1).
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Theorem 3.3.5. Let1 � p � 2 andtheconstants�; � 0; �; � 0; 
 2 C; with < (
 ) >
0 satisfy< (s) < 1+ min[0; < (� 0 � � 0); < (
 � � � � 0 � � )]; thenfor f 2 Lp(< +) (or
f 2 Mp(< +) with p > 2 ) thefollowing formulaholds:

M
n
x� +� 0� 


�
I �;� 0;�;� 0;

0+ f

�
(x)

o
(s)

= �
"

1 � s; 1 � � 0 + � 0 � s; 1 � � � � 0 � � + 
 � s
1 + � 0 � s; 1 � � � � 0 + 
 � s; 1 � � 0 � � + 
 � s

#
M[ f (x)](s):

(3.3.16)

Proof 3.3.4. Interchangethe orderof integrationandapply the formula (3.2.21),
theresultfollows.

Corollar y 3.3.5. If < (� ) > 0 and< (s) < 1 + min[0; � � � ]; thenthere holdsthe
following relation for f (x) 2 Lp(0; 1 ) with 1 � p � 2 or f (x) 2 Mp(0; 1 ) with
p > 2 :

M
n
x� I �;�;�

0+ f
o
(x) =

� (1 � s)� (� � � + 1 � s)
� (1 � � � s)� (� + � + 1 � s)

Mf f (x)g: (3.3.17)

Followinga similar method,weestablish

Theorem 3.3.6. Let1 � p � 2 andtheconstants�; � 0; �; � 0; 
 2 C; with < (
 ) >
0 satisfy< (s) > max[< (� � � � 0+ 
 ); < (� � � � 0+ 
 ); < (� )]; thenfor f 2 Lp(< +)
( or f 2 Mp(< +) with p > 2 ) thefollowing relationholds:

M
n
x� +� 0� 


�
I �;� 0;�;� 0;

� f

�
(x)

o
(s)

= �
"

s+ � + � 0 � 
 ; s+ � + � 0 � 
 ; s � �
s+ � + � 0 + � 0 � 
 ; s; s+ � � �

#
M[ f (x)](s): (3.3.18)

Corollar y 3.3.6. If < (� ) > 0 and< (s) > � min[< (� ); < (� )]; thenthere holdsthe
following formula for f (x) 2 Lp(0; 1 ) with 1 � p � 2 or f (x) 2 Mp(0; 1 ) with
p > 2 :

M
n
x� I �;�;�

0+ f
o
(x) =

� (� + s)� (� + s)
� (s)� (� + � + � + s)

Mf f (x)g: (3.3.19)
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Exercises3.3.
3.3.1. EstablishTheorem3.3.3.

3.3.2. EstablishTheorem3.3.4.

3.3.3. EstablishTheorem3.3.5.

3.3.4. EstablishTheorem3.3.6.

3.3.5. EstablishCorollary3.3.5.withoutusingTheorem3.3.5.

3.3.6. EstablishCorollary3.3.6.withoutusingTheorem3.3.6.

3.3.7. EstablishTheorem3.3.1for < (
 ) � 0 andhencederive thecorresponding
theoremfor theSaigooperatorI �;�;�

0+ .

3.3.8. EstablishTheorem3.3.2for < (
 ) � 0 andhencederive thecorresponding
theoremfor theSaigooperatorI �;�;�

� .

3.3.9. Evaluatetheintegral

Z x

0
t� � 1(x � t)� � 1Hm;n

p;q

�
at� (x � t)�

���(ap;Ap)

(bq;Bq)

�
dt; (�; � > 0) (3.3.20)

andgivetheconditionsof its validity. Also �nd thevalueof

I �
0+

�
t� � 1Hm;n

p;q

�
at� (x � t)�

���(ap;Ap)

(bq;Bq)

��
(x):

3.3.6. A generalclassof multi variable polynomials

Notation 3.3.2. Sh1;��� ;hs
L (x1; � � � ; xs), multivariablepolynomials(Srivastava etal,1987).

Notation 3.3.3. Sh
� (x) ageneralclassof polynomials(Srivastava,1972).
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De�nition 3.3.2.

Sh1;��� ;hs
L (x1; � � � ; xs) =

h1k1+���+hsks� LX

k1;��� ;ks=0

(� L)h1s1+���+hsksA(L; k1; � � � ; ks)
xk1

1

(k1)!
� � �

xks
s

(ks)!
;

(h j 2 N; j = 1; � � � ; s) (3.3.21)

whereh1; � � � ; hs arearbitrarypositive integersandthecoe� cientsA(L; k1; � � � ; ks);
(L; kj 2 N0; j = 1; � � � ; s) arearbitraryconstants,realor complex.

De�nition 3.3.3.

Sh
� (x) =

[�=h]X

k=0

(� � )hk

(k)!
A�; kxk; � 2 N0 = f0; 1; 2; � � � g; (3.3.22)

whereh is an arbitrary positive integer, and the coe� cientsA�; k; (�; k 2 N0) are
arbitraryconstants,realor complex.

Note 3.3.1. We notethat for s = 1; (3.3.21)reducesto (3.3.22). By giving suit-
ablevaluesto thecoe� cientsA�; k, thepolynomialsSh

� (x) yieldsanumberof known
polynomials,asspecialcases.Theseinclude,amongothers,certainorthogonaland
non-orthogonalpolynomialssuchas,theLaguerrepolynomials,theHermitepoly-
nomials,theJacobipolynomials,theBesselpolynomials,theGould-Hopperpoly-
nomials,the Brafmanpolynomialsandseveral others. For the relationsof theses
polynomialswith Sh

� (x), see( Srivastavaetal,1983).

Exercises3.3.
3.3.10. Show that(Saxenaetal, 2002a)

�
I �;� 0;�;� 0;

0+ t� � 1Hm;n

p;q (� t� )Sh1;��� ;hs
L [y1t� 1; � � � ; yst� s]

�
(x)

= x� +c� a� a0� 1
h1k1+���+hsks� LX

k1;��� ;ks=0

(� L)h1s1+���+hsksA(L; k1; � � � ; ks)
yk1

1

(k1)!
� � �

yks
s

(ks)!
xk1� 1+���+ks� s

� Hm;n+3
p+3;q+3

�
� x�

���(� +a+a0+b� c;� );(� ;� );(� +a0� b0;� )(ap;Ap)

(bq;Bq);(� +a+a0� c;� );(� +a0+b� c;� );(� � b0;� )

�
; (3.3.23)

where� = 1� � �
P s

j=1 � jkj; jarg� j < (�=2)
 ; 
 > 0; < (c) > 0; � > 0; ! max[� ; K � ] <
< (� )+min[0; < (b0� a0); < (� a� b� b0)] and
 is de�nedin (3.3.3) andK � in (3.3.7).

3.3.11. Show that(Saxenaetal, 2002a)
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�
I �;� 0;�;� 0;

� t� � 1Hm;n

p;q (� t� )Sh1;��� ;hs
L [y1t� 1; � � � ; yst� s]

�
(x)

= x� +c� a� a0� 1
h1k1+���+hsks� LX

k1;��� ;ks=0

(� L)h1s1+���+hsksA(L; k1; � � � ; ks)
yk1

1

(k1)!
� � �

yks
s

(ks)!
xk1� 1+���+ks� s

� Hm+3;n
p+3;q+3

�
� x�

���(ap;Ap);(� +a+a0+b0� c;� );(� ;� );(� +a� b;� )

(� +a+a0� c;� );(� +a+b0� c;� );(� � b;� );(bq;Bq)

�
; (3.3.24)

where< (c) > 0; � max[� ; K] + 1 > < (� ) + max[< (c � a� a0); < (c � a � b0); < (b)];
andK is de�ned in (3.3.7).

3.3.12. Show that

I �
0+

�
t� � 1Hm;n

p;q

�
� tu(x � t)w

���(ap;Ap)

(bq;Bq)

�
SM

N fgt� (1 � t)� gSM0

N0 fg0t�
0
(1 � t)� 0

g
�

=
� � +� � 1

� (� )

[N=M]X

k=0

[N0=M0]X

k0=0

(� N)MK(� N0)M0K0

(K!)(K0!)
AN;KAN0;K0gKg0K0

x(� +� )K+(� 0+� 0)K0

� Hm;n+1
p+3;q+1

�
� xu+w

���(1� � � � K� � 0K0;u);(1� � � � K� � 0K0;w);(ap;AP)

(bq;Bq);(1� � � � � � K� � K� � 0K0� � 0K0;u+w)

�
; (3.3.25)

whereu; w;�; � ; � 0; � 0 > 0;< (� ) > 0 andgive the conditionsof its validity. Here
SM

N (x) arethegeneralclassof polynomialsde�ned by (3.3.22).

3.4. Fractional Di� erential Equations

Thissectiondealswith theinvestigationof thesolutionof afractionaldi� erinte-
gral equationof Volterra-typeassociatedwith a con�uent hypergeometricfunction
of two variables.

3.4.1. Cauchy-type probleminvolving ageneralfractional integro-
di� erential equationof Volterra type

Notation 3.4.1. E� (z); Mittag- Le� er (1903,1905)function

Notation 3.4.2. E�;� (z); generalizedMittag- Le� er function

Notation 3.4.3. E�
�;
 (z); generalizedMittag-Le� er (Prabhakar, 1971)
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Notation 3.4.4. � 3(�; 
 ; x; y); con�uent hypergeometricfunctionof two variables

Notation 3.4.5. � (�; � ; z); con�uent hypergeometricfunctionof onevariable

Notation 3.4.6. I �
x ; Riemann-Liouvilleoperatorof fractionalintegrationof order�

Notation 3.4.7. D�
x ; Riemann-Liouvilleoperatorof fractionaldi� erentiationof order� .

De�nition 3.4.1.

E� (z) =
1X

n=0

zn

� (� n + 1)
; (� 2 C; < (� ) > 0): (3.4.1)

De�nition 3.4.2.

E�;� (z) =
1X

n=0

zn

� (� n + � )
; (�; � 2 C; < (� ) > 0; < (� ) > 0): (3.4.2)

De�nition 3.4.3.

E�
�;
 (z) =

1X

n=0

(� )nzn

� (� n + 
 )(n)!
; (�; 
 ; � 2 C; < (� ) > 0; < (
 ) > 0; < (� ) > 0): (3.4.3)

De�nition 3.4.4.

� 3(�; 
 ; x; y) =
1X

m;n=0

(� )m

(
 )m+n

xm

(m)!
yn

(n)!
; jxj < 1 ; jyj < 1 : (3.4.4)

De�nition 3.4.5.

� (�; � ; x) =
1X

m=0

(� )m

(� )m
xm; jxj < 1 : (3.4.5)

De�nition 3.4.6.

I �
x g(x) =

1
� (� )

Z x

0
(x � � )� � 1g(� )d� ; < (� ) > 0: (3.4.6)

De�nition 3.4.7.

D�
x[g(x)] = I � �

x [g(x)] = DnIn� �
x [g(x)]; n > < (� ); n 2 N+: (3.4.7)
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whereDn
x denotestheusualn-fold di� erentiation,suchthat� + n > 0.

In this section,it is proposedto continueour study of fractional di� erential
equationsin continuationof earlierresultsderivedfor thefractionalrelaxationand
fractionaldi� usionproblems.We begin this sectionby proving a generaltheorem
for thefractionaldi� erintegralequation,whichdependson thefollowing lemma:

Lemma 3.4.1. If < (
 ) > 0; < (s) > max[0; < (x); < (y)]; thenthe following result
holds:

Lft
 � 1� 3(�; 
 ; xt; yt); sg= � (
 )s� 
 (1 �
x
s
)� � exp(y=s) (3.4.8)

Proof 3.4.1. We have

Z 1

0
t
 � 1e� st� 3(�; 
 ; xt; yt)dt =

Z 1

0
t
 � 1e� st

1X

m;n=0

(� )mxmtmyntn

(
 )m+n(m)!(n)!
dt

=
1X

m;n=0

(� )mxmyn

(
 )m+n(m)!(n)!

Z 1

0
e� stt
 +m+n� 1dt

=
� (
 )
s


1X

m=0

(� )m(x=s)m

(m)!

1X

n=0

(y=s)n

(n)!
;

which is equivalentto ( 3.4.8).

Remark 3.4.1. Wheny ! 0, thenby virtue of theidentity

lim
y! 0

� 3(�; 
 ; xt; yt) = � (�; 
 ; xt); (3.4.9)

wearriveataknown result(Erdélyi etal 1953,p. 270,eq. (6.10.6)):

Lft
 � 1� 3(�; 
 ; xt); sg= � (
 )s� 
 (1 �
x
s
)� � ; (3.4.10)

where< (
 ) > 0; < (s) > max[0; < (x)] and

Lf f (t); sg= F(s) =
Z 1

0
e� st f (t)dt; < (s) > 0: (3.4.11)

Theorem 3.4.1. Let �; 
 ; �; � 2 C; � ; ! 2 R; < (� ) > 0; < (
 ) > 0, and f (t) is
assumedto be continuouson every �nite interval [0; T]; 0 < T < 1 , and of the
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exponentialorder e�� when� ! 1 . Thenfor the Cauchy-typeproblemfor the
fractionalintegro-di� erentialequationof Volterra type

D�
� h(� ) =

�
� (
 )

Z �

0
t
 � 1� 3(�; 
 ; � t; ! t)h(� � t)dt + � f (� ); (0 � � � 1) (3.4.12)

togetherwith theinitial conditions

D� � r
� h(� )j� =0 = br ; r = 1; � � � ; n = � [�< (� )]; (n � 1 < � � n); n 2 N; (3.4.13)

where b1; � � � ; br 2 < , thereexistsa uniquecontinuoussolutiongivenby

h(� ) =
nX

r=1

bryr(� ) + �
Z �

0
� (� � t) f (t)dt (3.4.14)

where

yr(x) =
1X

m=0

� mx� +(� +
 )m� r � 3(� m; � + (� + 
 )m+ 1 � r; � x; ! mx)
� [� + (� + 
 )m+ 1 � r]

; (r = 1; � � � ; n)

(3.4.15)

and

� (x) = x� � 1
1X

m=0

� mx(� +
 )m� 3(��; � + (� + 
 )m; � x; ! mx)
� [� + (� + 
 )m]

(3.4.16)

Proof 3.4.2. Projectingbothsidesof theintegro-di� erentialequation( 3.4.12) to
Laplacetransformandusingtheknown formulas

LfD�
t f (t); sg= s� F(s) �

nX

r=1

sr � 1D� � r
t f (t)jt=0; (r � 1 < � � r; r 2 Ž ) (3.4.17)

and(3.4.8),we �nd that

s� H(s) =
nX

r=1

sr � 1D� � r
� h(� )j� =0 = � s� 
 (1 �

�
s
)� � exp(!= s)H(s) + � F(s); (3.4.18)
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Solvingfor H(s), weobtain

H(s) =
nX

r=1

br sr � 1[s� � � s� 
 (1 �
�
s
)� � e

!
s ] � 1 + � F(s)[s� � � s� 
 (1 �

�
s
)� � e

!
s ] � 1

(3.4.19)

=
nX

r=1

br

1X

m=0

� ms� [� +(� +
 )m+1� r](1 �
�
s
)� m� exp(m!= s)

+ � F(s)
1X

m=0

� ms� [� +(� +
 )m](1 �
�
s
)� � mexp[m!= s]; (3.4.20)

wherewehave tacitly assumedthat

j� s� � � 
 (1 �
�
s
)� � exp(!= s)j < 1:

Taking inverseLaplacetransformof both sidesof (3.4.20)with the help of
(3.4.8),the result(3.4.14)readily follows. In orderto establishthe uniquenessof
thesolution,weset� = � � t andapplytheoperatorI �

� thenaftersomecalculations,
thegivenequation(3.4.12)transformsinto theform

h(� ) =
nX

r=1

br
� � � r

� (� � r + 1)

+ �
Z �

0
h(� )(t � � )
 +� � 1� �

3(�; 
 + � ; � (� � � ); ! (� � � ))d� + � (I �
� f )(� ):

(3.4.21)

where

� �
3(�; 
 ; �� ; !� ) =

1
� (
 )

� 3(�; 
 ; �� ; !� ):

Since(3.4.21)is a Volterra integral equationwith continuouskernel, it does
admitauniquecontinuoussolution,seeKrasnov etal (1976).

Note 3.4.1. The solution of the Cauchy-typeproblem(3.4.12)and (3.4.13)can
alsobedevelopedby themethodof successiveapproximations,seefor details, see
( Kilbasetal, 2002)andRall (1969).

Corollar y 3.4.1. Under the various relevant hypothesesof Theorem3.4.1, there
holdsa uniquecontinuoussolutionof theCauchy-typeproblemassociatedwith the
Volterra-typeintegro-di� erentialequation
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D�
� h(� ) =

�
� (
 )

Z �

0
t
 � 1� (�; 
 ; � t)h(� � t)dt + � f (� ); (0 � � � 1); (3.4.22)

togetherwith theinitial conditions(3.4.13),givenby

h(� ) =
nX

r=1

bryr(� ) + �
Z �

0
� � (� � t) f (t)dt; (3.4.23)

where

yr(x) =
1X

m=0

� mx(� +
 )m+� � r � (� m; � + (� + 
 )m+ 1 � r; � x)
� [� + (� + 
 )m+ 1 � r]

; (3.4.24)

and

� � (x) = x� � 1
1X

m=0

� mx(� +
 )m� (� m; � + (� + 
 )m; � x)
� [� + (� + 
 )m]

: (3.4.25)

Corollar y 3.4.2. (Saxenaet al, 2003,p.91). Under thevariousrelevanthypothe-
sesof Theorem3.4.1,there holdsa uniquecontinuoussolutionof theCauchy-type
problemassociatedwith theVolterra-typeintegro-di� erentialequation

D�
� h(� ) =

�
� (
 )

Z �

0
t
 � 1� (�; 
 ; � t)h(� � t)dt + �

t� � 1

� (� )
� (� ; � ; �� ); (3.4.26)

0 � � � 1 togetherwith theinitial conditions(3.4.13),givenby

h(� ) =
nX

r=1

br 
 r(� ) + �
1X

m=0

� m� � (m+1)+mr+� � 1� [� m+ � ; (� + 
 )m+ � + � ; �� ]
� [� + (� + 
 )m+ � ]

(3.4.27)
where


 r(x) =
1X

m=0

� mx(� +
 )m+� � r � (� m; � + (� + 
 )m+ 1 � r; � x)
� [� + (� + 
 )m+ 1 � r]

; (r = 1; � � � ; n):

(3.4.28)
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Proof 3.4.3. If weset f (x) = x� � 1

� (� ) � (�; � ; � x), and! ! 0, thenby usingthesumma-
tion formulafor thecon�uent hypergeometricfunction(Erdelyi,et al, 1953,p.271,
eq.(5))

Z t

0

uc� 1

� (c)
� (a; c; u)

(t � u)c0� 1

� (c0)
� (a0; c0; t � u)du =

tc+c0� 1

� (c + c0)
� (a+ a0; c+ c0; t) (3.4.29)

where< (c) > 0; < (c0) > 0; weobtainCorollary3.4.2.

Remark 3.4.2. If we take � = 1 in Corollary3.4.2,it reducesto a resultgivenby
Al-Shammeryetal (1999,p.503).

3.4.2. A Cauchy-type problem involving a Caputo derivative

Notation 3.4.8. c
0D�

t f (t);c D�
t f (t); d�

dt� f (t), Caputoderivative of f (t) of order� > 0.

De�nition 3.4.8. Accordingto Caputo(1969),thefractionalderivativeof order
� > 0 of a casualfunction f (t), thatis f (t) = 0 for t < 0; is de�ned as

c
0D

�
t f (t) = (cD�

t f )(t) =
d�

dx�
f (t) =

1
� (m� � )

Z �

0

f (m)(u)
(t � u)� � m+1

du; (3.4.30)

(m� 1 < � < m; m 2 N);

wheref (m)(t) denotestheusualderivativeof f (t) of orderm 2 N0.
By virtue of (3.4.11)and(3.4.30),we obtaintheLaplacetransformof Caputo

derivative in theform

L
(

d�

dt�
f (t); s

)
= s� F(s) �

m� 1X

r=0

s� � r � 1 f (r)(0);m� 1 < � � m; m 2 N; (3.4.31)

which is moresuitedfor initial-valueproblemsthan(3.4.17),andwhereF(s) is the
Laplacetransformof f (t).

Theorem 3.4.2. Let �; 
 ; �; � 2 C; � ; ! 2 R; < (� ) > 0; < (
 ) > 0; and f (t) is
assumedto be continuouson every �nite interval [0; T]; 0 < T < 1 , and of the
exponentialorder e�� , when� ! 1 . Thenfor the Cauchy-typeproblemfor the
fractionalintegro-di� erentialequationof Volterra type
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d�

d� �
h(� ) =

�
� (
 )

Z �

0
t
 � 1� 3(�; 
 ; � t; ! t)h(� � t)dt + � f (� ); (3.4.32)

where 0 � � � 1, togetherwith theinitial conditions

dr

d� r
h(� )j� =0 = ar ; r = 0; � � � ; n � 1; (n � 1 < � � n); n 2 N (3.4.33)

a0; � � � ; an� 1 2 R, thereexistsa uniquecontinuoussolution,givenby

h(� ) =
n� 1X

r=0

ary�
r (� ) + �

Z �

0
� (� � t) f (t)dt; (3.4.34)

where

y�
r (x) =

1X

m=0

� mx(� +
 )m+r � 3(� m; (� + 
 )m+ r + 1; � x; ! mx)
� [(� + 
 )m+ r + 1]

(3.4.35)

and� (x) is de�nedin (3.4.16).

Exercises3.4.
3.4.1. Underthevarioushypothesesof Theorem3.4.1,theCauchy-typeproblem
for thefractionalintegro-di� erentialequationof Volterratype

D�
� h(� ) =

�
� (
 )

Z �

0
t
 � 1exp(� t)h(� � t)dt + � f (� ); (0 � � � 1); (3.4.36)

togetherwith theinitial conditions( 3.4.12), hasauniquecontinuoussolutiongiven
by

h(� ) =
nX

r=1

br= r(� ) + �
Z �

0
@(� � t) f (t)dt; (3.4.37)

where

= r(x) =
1X

m=0

� mx(� +
 )m+� � r � (
 m; � + (� + 
 )m+ 1 � r; � x)
� [� + (� + 
 )m+ 1 � r]

; (r = 1; � � � ; n) (3.4.38)

and

@(x) =
1X

m=0

� mx(� +
 )m+� � 1� (
 m; � + (� + 
 )m; � x)
� [� + (� + 
 )m]

(3.4.39)
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Henceorotherwisededucethespecialcaseof theaboveproblemfor f (� ) = exp(�� ),
givenby Al-Shammeryetal (2000,p.82),which itself is ageneralizationof a result
givenby Boyadjiev etal (1997,p.4).

3.4.2. Underthevarioushypothesesof Theorem3.4.2,theCauchy-typeproblem
for thefractionalintegro-di� erentialequationof Volterratype

d�

d� �
h(� ) =

�
� (
 )

Z �

0
t
 � 1� (�; 
 ; � t)h(� � t)dt + � f (� ); (0 � � � 1) (3.4.40)

togetherwith theinitial conditions

dr

d� r
h(� )j� =0 = ar ; r = 0; � � � ; n � 1; (n � 1 < � � n); n 2 N (3.4.41)

wherea� ; � � � ; an� 1 2 R hasauniquecontinuoussolutiongivenby

h(� ) =
n� 1X

r=0

ary�
r (� ) + �

Z �

0
� � (� � t) f (t)dt; (3.4.42)

where

y�
r (x) =

1X

m=0

� r x(� +
 )m+r � (� r; (� + 
 )m+ r + 1; � x)
� [(� + 
 )m+ r + 1]

; (r = 0; � � � ; n � 1) (3.4.43)

and� � (x) is de�ned in (3.4.25).

3.5. Fractional Kinetic andFractional Di� usionEqua-
tions

Fractionalkineticequationshavebeenstudiedto describecertainphysicalphe-
nomenasuchas di� usion in porousmediawith fractal geometry, kinematicsin
viscoelasticmedia,relaxationprocessesin viscoelasticmaterials,glassymaterials,
syntheticpolymersetc. We now proceedto prove a generaltheoremon fractional
kineticequation.

Notation 3.5.1. R� ;� (a; c; t) LorenzoandHartley function
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De�nition 3.5.1.

R� ;� (a; c; t) =
1X

n=0

an(t � c)(n+1)� � $ � 1

� [(n + 1)� � � ]

Theorem 3.5.1. Let < (� ) > 0; c > 0 and let f (x) 2 R+, thenthe fractional
kineticequation(Hille andTamarkin,1930)

N(t) � N0 f (t) = � c�
0D� �

t N(t); (3.5.1)
is solvable, andthereexistsa solutiongivenby theformula

N(t) = N0
d
dt

Z �

0
f (u)E� [� c� (t � u)� ]du; (3.5.2)

Proof 3.5.1. Applying Laplacetransformto bothsidesof (3.5.1),weobtain

N� (s) � N0 f � (s) = � c� s� � N� (s); (3.5.3)
wheref � (s) denotestheLaplacetransformof f (t).

Solving for N� (s) and taking its inverseLaplacetransform,we arrive at the
desiredresult(3.5.2).

Remark 3.5.1. The result (3.5.2)hasbeenobtainedby Saxenaet al (2004) in a
di� erentform involving theH-function,seeExercise3.5.2.

Theorem 3.5.2. If c > 0; b � 0; < (s) > 0; � > � + 1, thenfor thesolutionof

N(t) � N0R� ;� (� c� ; b; t) = � c�
0D� �

t N(t); (3.5.4)
thereholdstheformula(Saxenaetal , 2004a)

N(t) =
N0

�
(t � b)� � � � 1[E� ;� � � � 1f� c� (t � b)� + (1 + � )gE� ;� � � (� c� (t � b)� )]: (3.5.5)

Hint: TheLaplacetransformof R� ;� (a; c; t) is givenby (LorenzoandHartley, 1999)

LfR� ;� (a; 0; t); sg=
e� css�

s� � a
; < (� � � ) > 0; < (s) > 0: (3.5.6)
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Exercises3.5.

3.5.1. Show that the solutionof the following initial valueproblemfor the frac-
tionaldi� usionequationin onedimension(SchneiderandWyss,1989)

N(x; t) = ' (x) + � 2
0D� �

t
@2N(x; t)

@x2
; (t > 0; �1 < x < 1 ); (3.5.7)

with initial conditions

lim
x!�1

N(x; t) = 0; N(x; 0) = ' (x);

is givenby

N(x; t) =
Z 1

�1
G(x � � )' (� )d� ; (3.5.8)

where

G(x; t) =
1
�

Z 1

0
E�; 1(� � 2k2t� ) cos(kx)dk: (3.5.9)

3.5.2. Let < (� ) > 0; c > 0 andlet f (x) 2 R+, thenthefractionalkinetic equation
associatedwith Riemann-Liouvillefractionalintegral

N(t) � N0 f (t) = � c�
0D� �

t N(t); (3.5.10)
is solvable,andthereexistsasolutiongivenby theformula(Saxena,etal,2004b)

N(t) = N0

Z �

0
H1;1

1;2

h
c� (t � � )� j(� 1=�;1)

(� 1=�;1);(0;� )

i
f (� )d� : (3.5.11)

Derive thesolutionsin thefollowing cases:(i) f (t) = 1, (ii) f (t) = t� � 1 .

3.5.3. SolveTheorem3.5.1completely.

3.5.4. Provethatthesolutionto theCauchy-typeproblemassociatedwith Riemann-
Liouville fractionalderivative

(D�
0+ f )(x) � ! f (x) = g(x); (D� � 1

0+ f )(0+) = b; (3.5.12)
with 0 < � < 1 and!; b 2 R is givenby

f (x) = bx� � 1E�;� [! x� ] +
Z x

0
(x � t)� � 1E�;� [! (x � t)� ]g(t)dt: (3.5.13)

Also derive thesolution,wheng(x) = 0:
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3.5.5. Provethatthesolutionto theCauchy-typeproblemassociatedwith Riemann-
Liouville fractionalderivative

(D�
0+ f )(x) � ! f (x) = g(x); (D� � 1

0+ f )(0+) = b; (D� � 2
0+ f )(0+) = c; (3.5.14)

with 1 < � < 2 and!; b; c 2 R is givenby

f (x) = bx� � 1E�;� (! x� ) + cx� � 2E�;� � 1(! x� ) +
Z x

0
(x � t)� � 1E�;� [! (x � t)� ]g(t)dt:

(3.5.15)
Also derive thesolution,wheng(x) = 0:

3.5.6. Prove thatthesolutionto theCauchy-typeproblemassociatedwith Caputo
fractionalderivative

(cD�
0+ f )(x) � ! f (x) = g(x); f (0) = b; (3.5.16)

with 0 < � < 1 and!; b 2 R is givenby

f (x) = bE� [! x� ] +
Z x

0
(x � t)� � 1E�;� [! (x � t)� ]g(t)dt: (3.5.17)

Also derive thesolutionwheng(x) = 0.

3.5.7. Prove thatthesolutionto theCauchy-typeproblemassociatedwith Caputo
fractionalderivative

(cD�
0+ f )(x) � ! f (x) = g(x); f (0) = b; f 0(0) = c; (3.5.18)

with 1 < � < 2 and!; b; c 2 R is givenby

f (x) = bE� (! x� ) + cxE�; 2(! x� ) +
Z x

0
(x � t)� � 1E�;� [! (x � t)� ]g(t)dt: (3.5.19)

Also derive thesolution,wheng(x) = 0:
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