CHAPTER 3

FRACTIONAL CALCULUS

[This chapter is based on the lectures of Dr. R, K, Saxena of the Jai Narain Vyas University,
Jodhpur, Rajasthan, India, at the 5th SERC School.)

3.0. Introduction

A generalization of Saigo operators of generalized fractional calculus associ-
ated with Appell function of the third kind, as the kernel, is presented here. These
operators are general in nature and provide extension of the well-known operators
of fractional calculus which includes, among others, the Riemann-Liouville , Weyl,
Erdélyi-Kober and Saigo operators. Certain properties of these new operators as-
sociated with the H-functions are established. Further, we derive the solution of a
general integro-differential equation of Volterra-type and discuss its special cases.
It is expected that this study will motivate the readers to pursue research in the field
of generalized fractional calculus and emerging and potential areas of fractional
differential equations.

3.1. Appell Functions

Definitions and properties of the Appell functions are available from the book
(Erdélyi et al, 1953).

3.1.1. Appédl function F3
Notation 3.1.1. F3: Appell function of the first kind

Definition 3.1.1. The function F3 is defined in the form
79
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where  max{|x|, ly|} < 1.
It reduces to Gauss hypergeometric function as

oF1(a,b;c;z) = Fs(a,a’,b,b’; c; z,0) (3.1.3)
= F3(a,0,b,b’;c; 2, y) (3.1.4)
= Fs(a,a’,b,0;¢;2,y) (3.1.5)

Note 3.1.1. We see that a and b or a’ and b’ can be interchanged with each other
in Fs(a,a’,b,b’;c; x, ).

3.1.2. Médlintransform of F3

Notation 3.1.2. M{f(x); s}, F(s), Mellin transform of f(x)

Definition 3.1.2.

M{f(x);s} = F(s) = f x5 (x)dx, (s € C) (3.1.6)
0
The inversion formula for this transform is given by
1 +ico
f(x) = —f F(s)x°ds, (3.1.7)
27l £-ioo

where line of integration runs parallel to the imaginary axis along the line R(s) = &
from —co t0 0.

Lemma3.1.1. If, R(c) > 0, R(s) > max[R(-a’), R(-b’), R(a+ b —c)], then from
[Prudnikov et al, 1990, eq.(8.4.51.2)], we have
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M {(1 - X)Fj(@,a’,b,b’;c;1-x,1 - %); S}

:F[C’ S+a, s+b, s+c—a—b]’ (3.18)

s+a +b’, s+c—a, s+c-b

where F[g”zﬁ”jj] represents the ratio of the product of several gamma functions:

r(@rb)re)--- _r[a, b, c, ]
TArEnrf---  |d, e f, |

3.1.3. Asymptotic expansion of the Appell function F3

The following lemma gives the asymptotic estimates of the Appell function F3.

Lemma 3.1.2. Fora,a’,b,b’,c € C, and z € C, there holds the following asymp-
totic expansion for Fz near z = 0, 1, oo.

Z .
Near z=0: Fs(a,a’,b,b";c;z, m) = O(z™MO-RON a5 (z — 0); (3.1.9)
Near z=1: Fs(a,a,b,b’;c;z, ﬁ) = O((1 — z)MNRE@).RE)RC-a-D]y a5 (7 - 1):
(3.1.10)
Near z =0 : F3(a,a’,b,b’;c;z, — : 1) = O RE@)RO).RE-aD]) 5 (7 - o).
(3.1.12)

Note 3.1.2. The asymptotic estimates (3.1.9),(3.1.10) and (3.1.11) of the Appell
function F3 can be obtained from the result ( Prudnikov et al, 1990, p.452, (7.2.4.74)).

Exercises 3.1.

3.1.1. Establish the Lemma 3.1.2.

3.1.2. With the help of Lemma 3.1.2 or otherwise derive the asymptotic estimates
for the hypergeometric function ,F(a, b; c; z), nearz = 0, 1, .
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3.1.3. For a,b,c € C with R(c) > 0 and z € C, prove the following asymptotic
relationsnearz=1:

(i) ,Fi(a,b;c;z)=0(1)(z — 1-) forR(c—-a-hb)>0
(ii) oFi(a,b;c;z) = O((1 —2)2P)(z —» 1-) for R(c—a—-b) <0

(iii) ,Fi(a,b;c;z2) = O(log(l - 2))(z —» 1-) for R(c—a—-b) = 0; a,b #
0,-1,-2,--- and l|argz| < .

3.1.4. Prove that
Fs(a,a’,b,b’;c;0,y) = F3(0,a’,b,b’; c; X, y) = F3(a,a’,0,b’; c; X, y)
= oF1(a, b; c; y).

3.2. Generalized Fractional Calculus Operators

3.2.1. Saigo-Maeda and Saigo operators
Notation 3.2.1. (12*##7f)(x), Saigo-Maeda (1996)
Notation 3.2.2. (1%¥##7)(x), Saigo-Maeda (1996)
Notation 3.2.3. (D&*##"7f)(x), Saigo-Maeda (1996)
Notation 3.2.4. (D%*##)(x), Saigo-Maeda (1996)
Notation 3.2.5. (157" )(x), Saigo (1978)

Notation 3.2.6. (17%"f)(x), Saigo (1978)

Notation 3.2.7. (D3#f)(x), Saigo (1978)

Notation 3.2.8. (D*#"f)(x), Saigo (1978).
Definition 3.2.1. (Saigo-Maeda,1996)

X—(I

I(y,a’,ﬁ,ﬂ/,yf X) =

X
f (x=t) 't Fs(e, @', 8.8 v 1—; 1—§)f(t)dt; (3.2.1)
0
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(R(») >0)

k
( (l(l BB Yf)(x) — ( ) ( g-:l/sﬂ"'kvﬁ/")""kf)(x) (3,2,2)
(R(y) <0k =[-R(»] +1);

Definition 3.2.2. (Saigo-Maeda,1996)

(127 PEY £)(x) =

(R(y) > 0)

e )f (t—x)" M F3(a, a’, 8,8 ; 1—— 1——)f(t)dt (3.2.3)

a.a’ BB d “ a,o BB +Ky+
(e ﬁ“f)(x):(_&) (15 PP ) (x) (3.2.4)

O+

(R(y) <0k =[-R(M] +1);

Definition 3.2.3. (Saigo-Maeda,1996)

(Dcm B, V£)(x) = (|6f"—“"5"‘ﬁ"7f)(x) (3.2.5)
k
(i%ﬁﬂ%““mm (3.2.6)

(R(y) > 0k =[R()] +1);

Definition 3.2.4. (Saigo-Maeda,1996)

(Dc_z,a’,ﬁﬂ’# f)(x) = (I —“"—“"5"‘5"7]‘)()() (3.2.7)
( d)“” AT () (3.28)

(R(y) >0 k=[R)] +1).
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Definition 3.2.5. (Saigo,1978)

(1557 )(x) =

f (X = )" LF(a+ 8, - a1 - —)f(t)dt (R(e) > 0)
(3.2.9)

F( )
(1951 £)(x) _( ) (ITHP7 ) (%), (R(@) < 0k = [R(=a)] +1);  (3.2.10)

Definition 3.2.6. (Saigo,1978)

(77000 = s [ (=0 0 FaFa(a + . -miai 1= $)FO (K@) > 0

(3.2.11)
(1757 £)(x) :( ) (5P (X), (R(@) < 0;k = [R(-a)] + 1); (3.2.12)
Definition 3.2.7. (Saigo,1978)
d k
(DPH)(X) = (155 6)(X) = (&) (17 (x) (3.2.13)
(R(a) > 0;k = [R(-a)] +1);
Definition 3.2.8. (Saigo,1978)
d k
(DIATF)(X) = (IZ%7PU£)(x) = (—&) (12 PR ) (x) (3.2.14)

(R(a) > 0;k = [R()] + 1).

Theorem 3.2.1. The Saigo-Maeda operators reduce to that of Saigo operators
by virtue of the following identities:
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(5547 1)) = (577 1)) (y € C; (32.15)
(laoﬂﬁ TH(X) = (1I77FH(X) (y € C); (3.2.16)
(D257 1)) = (DL 1)) (R(y) > O; (3:247)
(Doy 7 H)() = (OF 7N (R() > 0). (3.2.18)

Theorem 3.2.2. The Saigo-Maeda operators obey the formula of fractional in-
tegration by parts:

fo (2P £) () g(x)dx = fo (%" PF7 g)(x) f (x)dx. (3.2.19)
Example 3.2.1. Derive the Saigo-Maeda operators of power functions :
a’a,’ﬁaﬂ,sy —1 — p’ p + y - - a/ _ﬁ’ p +ﬁ/ - a’ —Q’—(l/+’y—1
(o, X )(X)_Fp+7—a—a’, pty-—a —p, p+p ]XO ’
(3.2.20)
where
R(y) > 0,R(p) > max[0, R(a + @’ + B —7), R(a’ - B)],
and
(12 AT ()
_ 1+a/+a/_7_p7 1"'0’"',3’—7—9’ 1_:8_,0 —a—a’ +y-1
=T 1-p, l+a+a +B8 -y-p, 1+a—,8—p]xp (3.2.21)

where R(y) > 0, R(p) < 1+ min[R(-B), R(a + o’ —y), R(a + B —y)].
These results can be derived from the integral (3.1.8).

Remark 3.2.1. The inverses of the operators defined by (3.1.1) and (3.1.3) are given
by (Saigo et al , 1996) as

(17" " BB, Y- 1_ (|—f¥ —a,—f' =B, ), (3.2.22)
and

(l(_r,a’,ﬁﬂ/,y)—l _ (|:‘/’—(1"ﬂ/"ﬂ"7). (3.2.23)
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Exercises 3.2.
3.2.1. Prove Theorem 3.2.2.

3.2.2. Complete the proof of Example 3.2.1.
3.2.3. Derive the Saigo operators 1" and 1°*" of the power functions.

3.2.4. Find the value of
(1547 % 5F 1 (a, b, ¢; ex))(¥)

and give the condition of its validity.
3.2.5. Find the value of
(127597071, (3., € ) ()

and give the conditions of its validity.

3.3. Generalized Fractional Calculusof theH-function

: m,n mn | | (bg,Bq) m,n (a1,A1),,(ap,Ap)
Notation 331 HIN@, HEY 2650 | HER | 4a) oo |

Definition 3.3.1. The H-function is defined by means of a Mellin-Barnes type
integral in the following manner (Mathai and Saxena,1978):

mn mn (ap,Ap)
Hpg (2) = Hpy {z (b, Be)

mn | ,|(@1.A1),.(ap.Ap) _i —¢ C L2
=Hp { (byBy). - (bq,Bq)J_ 5 fL Oz ds, (i=(-1)79) (331

where

[T T(0; + Bié) | [ [T T — 3 - Ajg)|
[T T = by = Bi&) || 1001 T + A8

and an empty product is always interpreted as unity; m,n,p,g € Ng; 0 <m <
q 1<m<p; A,BjeR;,a,bjeRorC(i=1---,p; j=1,---,0q) such that

Q) = (3.3.2)
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Ai(b; +k) # Bj(a —1-1)(k,A€ No;(i=1,---n; j=1,---,m)). The contour L is
either L_..,, L, Or Li;... These contours are defined explicitly in the monograph by
Prudnikov et al (1990) and Mathai (1993). A detailed and comprehensive account
of the H-function is available from the monographs written by Mathai and Saxena
(1978), Prudnikov et al (1990) and Kilbas and Saigo (2004). In what follows L =
Li-. IS @ contour starting at the points 7 — ico and terminating at the point 7 + ico
with T € R. The H-function makes sense, if

n p m q

: 1

(i Q= E A; - E Aj + E Bj - E Bj>0;|argz|<§7r§2;z¢0. (3.3.3)
=1 i=1

j=n+1 j=m+l

(i) Q=0, At+R(u) <-1, argz=0, z# 0,

where

p q
AZZBj—ZAj;MZij—Zaj+p;q. (3.3.4)

q p
j=1 j=1 j=1 j=1

The following properties of the H-function will be required in the proof of the results
that follows: For p,a € C,o € R, we have

d\¥ (@p.Ap)
— p=lpgmn o [\¢pp.
(dx) {X Hha [ax (bq’Bq)]}

_ yp—k-1pymn+l o |(A=p.0).(ap,Ap)
- X Hp+1’q+1 [ax |(bq,Bq),(l—,0+k,U') 2 (3-3.5)

— (_1\Kyp—k=1pgm+1ln o|@pAp).(1-p,0)
_( l) X Hp+l,q+1 [aX |(1—p+k,0‘),(bq,|3q), . (336)

3.3.1. Left-sided generalized fractional integration of the H-function

In what follows,

$] and K* = min [m] (3.3.7)

1<j<m Bj

Theorem 3.3.1. Let a,a’,8,8,y € C,R(y) > 0. Further let the constants
a,bjeR,,(i=1---,p;j=1,---,0),peC,0 e R,,largal < nQ/2 be given and
satisfy the condition omax|[r, K*] < R(p) + min[0, R(B’ — '), R(y —a - B — &)].
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Then the generalized fractional integral 1% of the H-function exists and the
following relation holds:

a,@ BB ysp—-1gmn o |@p.Ap)
(1527 e-thme atern )
(1-p,0),(L+a' =B —p,0).(L+a+a’ +B~y—p,0),(@p.Ap) (3.3.8)

—a—a’ -1 ymn+3 o
= P i ax .
(bg,Bq).(1-p-p,0),(I+a+a’ —y—p,0),(1+a’ +f—y—p,0)

p+3,0+3

Proof 3.3.1. To prove ( 3.3.8), express the H-function in terms of its Mellin-Barnes
contour, interchange the order of integration and apply the power function formula
(3.2.20).

Corollary 3.3.1. Let @,8,7 € C,R(a@) > 0. Further let the constants a;,b; €
C,A,BjeR, (i=1---,p;j=1,---,0),peC,o € R, |argal < nQ/2 be given
and satisfy the condition ocmax[r, K*] < R(p) + min[0, R( — B)]. Then the Saigo

operator 157 of the H-function exists and there holds the formula :

(1,,8, -1 U(a ’A)
(I0+ U Hg}é‘[at | p])(x)

(bg,Bg)
_ yo-B-lpgmn+2 o |(1=p.0),(1+B-11-p,0),(ap,Ap)
=X Hp+2’q+2 [aX |(bq,Bq),(l+ﬂ—p,tr),(l—a—r]—p,(r) : (339)

Hint: Use the identity (3.2.15).

3.3.2. Right-sided generalized fractional integration of
the H-function

Theorem 3.3.2. Let o,¢/,3,8,y € C,R(y) > 0. Further let the constants
a,bje Ry(i=1,---,p;j=1,---,0),p € C,o € R,,Jargal < nQ/2 be given
and satisfy the condition omin[r, K] + 1 > R(p) + max[R(y —a — o), R(y — @ —
B),R(B - a’)]. Then the generalized fractional integral 1% ##" of the H-function
exists and the following relation holds:

@, BB yip-1gmn | opo|(@p-Ap)
(I_ tHY [at |(bq’Bq) (X)

— Xp+y—a—(x’ -1

m+3,n o 1@p.Ap).(1-p,0).(I+a—B—p,0),(I+a+a’ + ~y-p.0),
X Hp+3sQ+3 [aX |(l—p—ﬂ,rr),(l+a+ﬁ’—y—p,(r),(l+a+a’—y—p,o‘),(bq,Bq) ’ (3310)
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Proof 3.3.2. Itis similar to the proof of Theorem 3.3.1.

Corollary 3.3.2. Leta,B,17 € C,R(a) > 0. Further let the constants a;,b; € C,
A,BjeR,, (i=1---,p;j=1,---,0),p € C,o € R,,largal < 7Q/2 be given and
satisfy the condition omin[r,K] + 1 > R(p) — min[R(B), R(y)]. Then the Saigo
operator 1*#" of the H-function exists and there holds the formula :

aBirp-1pymn | 410|@p-Ap) _ yo—-B-lpgm+2n o @p,Ap),(1-p,0),(L+a+B+n-p,0)
(I_ t Hpsq [at |(bq,Bq) (X) =X HP+2,q+2 ax |(1+ﬁ—p,a‘),(1+r]—p,(r),(bq,Bq)

(3.3.11)

3.3.3. Left-sided generalized fractional differentiation of
the H-function

In this section left-sided generalized fractional derivative D&"*# of the H-
function is investigated. Following a similar procedure, we establish the following
result:

Theorem 3.3.3. Let o,¢/,8,8,y € C,R(y) > 0. Further let the constants
a,bje R (i=1---,p;j=1,---,0),p€C,o € R, argal < 7Q/2 be given and
satisfy the condition omax[r, K*] < R(o) + min[0, R(a — B), R(a’ + B’ + a —y)].
Then the generalized fractional derivative D& ##"7 of the H-function exists and the
following relation holds:

(D5 7o ot

— Xp+(t+a’ —y-1

(ap-Ap)
(bg,Bg) ]) (X)

mn+3 o |(1=0,0).,(1=a+B—p,0),(1-a—a’ - +y-p,0).(ap,Ap)
X HIYS [ax Ao N | (3.3.12)

Corollary 3.3.3. Leta,B,n,v € C,R(«) > 0. Further let the constants a;,b; € C,
A,BjeR.(i=1,---,p;j=1,---,0),peC,o € R, Jargal < 7Q/2 be given and
satisfy the condition omax[r, K*] < R(p) + min[0, R(a + B + n)]. Then the Saigo
operator D¢ of the H-function exists and there holds the formula
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(Dgf’”t”‘ng}; [at"

(@p-Ap)

(bg.Bq) ]) (x)

_ yp—B-1pymn+2 o |(1=p.0),(1-a—p-1-p,c),(ap.Ap)

=X Hp+2,q+2 [ax |(bq,Bq),(1_5_/),(,)’(1_,]_;)’(,) (3.3.13)

3.3.4. Right-sided generalized fractional differentiation of
the H-function

Theorem 3.3.4. Let o,¢/,3,8,y € C,R(y) > 0. Further let the constants
a,bjeR,(i=1---,p;j=1,---,0),p € C,0 € R,,largal < n€2/2 be given and
satisfy the condition ocmax[r,K] +1 > R(p) —min[0, R(y—a—a’ —k), R(y -’ —
B), R(B)]. Then the generalized fractional derivative D**##*” of the H-function
exists and the following relation holds:

@, BB yip—1pymn o |@p.Ap)
(D_ T H [at (b, Be) (x)

— (_1)[‘1{(y)]+1xp+a+a/—y—1
m=3n o |@p.Ap).(1-p,0),(1-a’ +8'=p,0),(1-a—a’ =" +y-p.0)
X Hp+3,q+3 [aX |(1+ﬁ/—p’(r)’(l_",_/5*7—.07'7)7(1—0—(1’+y—p,0‘),(bq,Bq) . (3314)

Proof 3.3.3. Itis similar to the proof of Theorem 3.3.1.

Corollary 3.34. Leta,B,17 € C,R(a) > 0. Further let the constants a;,b; € C,
A,Bje R, (i=1---,pj=1---,0).,p € C, o € R, largal < nQ/2 be given
and satisfy the condition omin[r, K]+1 > R (o)+max[R(B)+[R(a)]+1, —R(a+n)].
Then the Saigo operator D**” of the H-function exists and there holds the formula

(Di”ﬁ’”tp—lH mn {at”|(a"’A"’J) (X)

(bg.Bq)
— (_1\[R(@]+1yp+p-1ym+2n o |@pAp).(1-p.0).(1=p+11-p.0)
- ( l) X Hp+2,q4'2 {ax |(l—ﬁ—p,(r),(1+(y+7]—p,(r),(bq,Bq), ’ (3315)

3.3.5. Mdlin transform of Saigo-M aeda operators

Let Ly(R.) be the usual Lebesgue class on R, with 1 < p < co. We define
Mp(R,) the class of all functions of f € Ly(*R.) with p > 2 which are inverse
Mellin transforms of functions in Lq(R.), where g = p/(p — 1).
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Theorem 3.3.5. Let 1 < p < 2 and the constants a, o', 8,5’, v € C, with R(y) >
0 satisfy ;R(s) < 1+ min[0, R(8' — '), R(y —a -’ —p)], then for f e Ly(R.) (or
f € Mp(R.) with p > 2) the following formula holds:

M {x = (157227 1) ()} (3)

1-s, l-od+p -s, l-a-ad-B+y-5

:F1+,8’—S, l-a-a"+y-s, 1-a-B+y-5

] ML (X)](s).
(3.3.16)

Proof 3.3.4. Interchange the order of integration and apply the formula (3.2.21),
the result follows.

Corollary 3.3.5. If R(a) > 0 and R(s) < 1 + min[0,n — ], then there holds the
following relation for f(x) € L,(0,00) with 1 < p < 2 or f(X) € Mp(0, co) with
p>2:

a,B.n _ 1—‘(1 B S)F(U _ﬁ +1- S)
M (X155 £} (x) = Y Tw P g M{ f (%)} (3.3.17)

Following a similar method, we establish

Theorem 3.3.6. Let 1 < p < 2and the constants a, a’, 8,8’, y € C, with R(y) >
0 satisfy R(s) > max[R(—a — a’ +7), R(—a — B +7v), R(B)], then for f € Ly(R,)
(or f € Mp(R,) with p > 2) the following relation holds:

M {x = (12¢92°78) (%)} (s)

St+ta+a —v, S+a+p -y, S-p
S+a+a +p -y, S, S+a-p

M[f(3)](s). (3.3.18)

Corollary 3.3.6. If R(e) > 0 and R(s) > —min[R(B), R(n)], then there holds the
following formula for f(x) € Ly(0,0) with 1 < p < 2 or f(x) € Mp(0, co) with

p>2:
LB+s)(n+s)

aBn _
M PEGET T 00 = T(S)(@+B+7+59)

(). (3.3.19)
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Exercises 3.3.
3.3.1. Establish Theorem 3.3.3.

3.3.2. Establish Theorem 3.3.4.
3.3.3. Establish Theorem 3.3.5.
3.3.4. Establish Theorem 3.3.6.
3.3.5. Establish Corollary 3.3.5.without using Theorem 3.3.5.
3.3.6. Establish Corollary 3.3.6.without using Theorem 3.3.6.

3.3.7. Establish Theorem 3.3.1 for R(y) < 0 and hence derive the corresponding
theorem for the Saigo operator 157,

3.3.8. Establish Theorem 3.3.2 for R(y) < 0 and hence derive the corresponding
theorem for the Saigo operator 1"

3.3.9. Evaluate the integral

X
#7L(x — )" TH™ (att(x — |2 ) dt, (4, u > 0) (3.3.20)
0 P4 (bg,Bg)

and give the conditions of its validity. Also find the value of

@ —1qmn | 42 (ap.Ap)
Iz, (tp H [at (X -ty (bq,B@]) (X).

3.3.6. A general classof multivariable polynomials

Notation 3.3.2. SEl""’hs(xl, .-+, Xs), multivariable polynomials (Srivastava et al,1987).

Notation 3.3.3. S'}(x) a general class of polynomials (Srivastava, 1972).
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Definition 3.3.2.

hikq+--+hsks<L Xkl st
hy.++.hs - _ Ky, - - L ...
S0, X = kao (“Dhisyrande AL s+ ko) 75

where hq, - - -, hg are arbitrary positive integers and the coefficients A(L; kq, - - - , Ks),
(L,kj € No; j =1,---,s) are arbitrary constants, real or complex.

Definition 3.3.3.
& (= Dk

S"(x) = Z Qi Auxs, 1€ Ng =1{0,1,2,- -}, (3.3.22)
k=0 )

where h is an arbitrary positive integer, and the coefficients Ay, (1,k € Np) are
arbitrary constants, real or complex.

Note 3.3.1. We note that for s = 1, (3.3.21) reduces to (3.3.22). By giving suit-
able values to the coefficients A, x, the polynomials S "(x) yields a number of known
polynomials, as special cases. These include, among others, certain orthogonal and
non-orthogonal polynomials such as, the Laguerre polynomials, the Hermite poly-
nomials, the Jacobi polynomials, the Bessel polynomials, the Gould-Hopper poly-
nomials, the Brafman polynomials and several others. For the relations of theses
polynomials with S "(x), see ( Srivastava et al,1983).

Exercises 3.3.

3.3.10. Show that (Saxena et al, 2002a)
(|g:1’,ﬁﬂ/,ytp—lHg}(?(/u(r)s El ,hs[ylt/ll, o ystds]) (X)

h1k1+--.+h5k5§|_ ykl ykS
—a-a - . 1
= Xp+c aet Z (_L)h151+"-+hsksA(L’ k19 DY kS)F ctt ﬁxkl/ll"' +ksds
ki, ,ks=0 ( 1)' ( S)'

(3.3.23)

p+3,0+3

< H mn+3 /lX(T|(9+a+a/+b—c,(r),(0,o-),(9+a’—b’,rr)(ap,Ap)
(bg,Bg).(f+a+a’ —c,0),(0+a’ +b-c,0),(6-b' o) |

where § = 1-p—37_; 4jkj; [arga| < (7/2)Q, Q > 0, R(c) > 0,0 > 0; w max[r, K] <
R(p)+min[0, R(b'-a’), R(—a—b-b")] and Qis defined in (3.3.3) and K* in (3.3.7).

3.3.11. Show that (Saxena et al, 2002a )
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(1255 TS I Mt gt ]) )
hyky+-+-+hsks<L

ki ks
Caial— Z ) Y Ys  kidp+-tksd
:Xp+caa1 -L AL,k,---,k _____X11+ +Ksds
kl,'~- ,ks:O ( )hlsl+ +hSkS ( ' S) (kl)! (kS)!

% Hm+3’n X (ap,Ap),(0+a+a’ +b'—c,0),(6,0),(0+a—b,0)
p+3,g+3 (p+a+a —c,0),(6+a+b’ —c,0),(6-0,0),(bg,By) | °

(3.3.24)

where R(c) > 0, omax[r, K] +1 > R(p) + max[R(c—a-a’), R(c—a-b"), R(b)].
and K is defined in (3.3.7).

3.3.12. Show that

15, {e s | At - gy | sMigt - 9718 g (L - 07}

(bg.Bq)
_1 [N/M] [N’"/M’ ,
= /lp+0- " [ ] [ ] (_N)MK(_N )M/K/ AN KAN’ K/gKg’le(ﬂ+V)K+(ﬂl+vl)K'
| 7] ) )
o) & & (KD(K™Y)
mn+1 utw |(=p—p K=’ K’ U),(1-o-vK-v' K’ w),(ap,Ap)
X HP+3,Q+1 [/IX (bg.Bg).(1—p—o—uK—vK—p’ K’ =v' K’ u+w) ] > (3.3.25)

where u, w, u, v,u’,v' > 0; R(c) > 0 and give the conditions of its validity. Here
S M(x) are the general class of polynomials defined by (3.3.22).

3.4. Fractional Differential Equations

This section deals with the investigation of the solution of a fractional differinte-
gral equation of \olterra-type associated with a confluent hypergeometric function
of two variables.

3.4.1. Cauchy-typeproblem involving ageneral fractional integro-
differential equation of Volterratype

Notation 3.4.1. E,(2), Mittag- Leffler (1903, 1905) function
Notation 3.4.2. E,s(2), generalized Mittag- Leffler function

Notation 3.4.3. Eg’y(z), generalized Mittag-Leffler (Prabhakar, 1971)



Notation 3.4.4.
Notation 3.4.5.
Notation 3.4.6.

Notation 3.4.7.
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@3(8,7; X, y), confluent hypergeometric function of two variables
®(a, B; 2), confluent hypergeometric function of one variable
1%, Riemann-Liouville operator of fractional integration of order «

D§, Riemann-Liouville operator of fractional differentiation of order «.

Definition 3.4.1.

SR
E.(2) = nZi e D (@ € C,R(a) > 0). (3.4.1)

Definition 3.4.2.
(o) Zn
Eop(2) = Z; T g (o, € C,R(a) > 0, R(B) > 0). (3.4.2)

Definition 3.4.3.

o (@) = Z G (O)n2” (B,7,5 € C,R(B) > 0, R(y) > 0, R(6) > 0). (3.4.3)

n+y)mY

Definition 3.4.4.

(D3(B Vi X, y) = Z (g)m (r):])| (z)', IX| < o0, |y| < oo. (3.4.4)
mn=0 \/ /MmN A

Definition 3.4.5.

@@ﬂ@:iﬁ%&@m<w (3.4.5)
m=0 m

Definition 3.4.6.

19900 = —— [ (x - &) g(e)dé, R(@) > 0. (3.4.6)
F(a) 0

Definition 3.4.7.
D%[g(0)] = 1" [9(X)] = D"Ig*[g(x)],n > R(a),n € N*. (3.4.7)
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where D} denotes the usual n-fold differentiation, such that @ + n > 0.

In this section, it is proposed to continue our study of fractional differential
equations in continuation of earlier results derived for the fractional relaxation and
fractional diffusion problems. We begin this section by proving a general theorem
for the fractional differintegral equation, which depends on the following lemma:

Lemma 3.4.1. If R(y) > 0, R(s) > max[0, R(x), R(y)], then the following result
holds:

L 0a(8, 7; Xt,yt); 5} = T()s 7 (L - ) Pexp(y/s) (3:4.8)

Proof 3.4.1. We have

* y—1, g . _ r-1g (B)mx™My""
fo t-te"Sdy(B, y; xt, yt)dt = f t Z (y)m(m)l(n)ldt

mn=0
- (ﬁ)me i " p~Styy+mn-1
m,zn:o (7)m+n(m)l(n)| f t dt

I0) & @nx/9" $ (/)
_72 U!Z%w

which is equivalent to ( 3.4.8).

Remark 3.4.1. When y — 0, then by virtue of the identity

lim 3(8, 7; Xt, yt) = BB, 7; Xt), (3.4.9)
y—)
we arrive at a known result (Erdélyi et al 1953, p. 270, eq. (6.10.6)):

LI~ ®g(8, 7; X1);8) = T()s (L - )P, (3:4.10)

where R(y) > 0, R(s) > max[0, KR(x)] and
L{f(t); s} = F(s) = foo e 3 f(t)dt, R(s) > 0. (3.4.11)
0

Theorem 3.4.1. LetB,y,,u € C,v,w € R, R(a) > 0,R(y) > 0, and f(t) is
assumed to be continuous on every finite interval [0,T],0 < T < oo, and of the
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exponential order e”* when r — oo. Then for the Cauchy-type problem for the
fractional integro-differential equation of Volterra type

D?h(r) = % j: 1 D3(8, y; vt, whh(r — )dt + uf(7),(0 <7 <1) (3.4.12)

together with the initial conditions

D "h(t)li=0 = br,r=1,--- ,n=—-[-R(@)],(n—-1<a<n);neN, (3.4.13)

where by, --- , b, € R, there exists a unique continuous solution given by
n T
h(r) = Z bryr (1) +yf O(r — t) f(t)dt (3.4.14)
r=1 0
where
o AMXHENMT Da(Bm, @ + (@ + y)M + 1 — I} vX, wmX
yr(X):Z lj)’(ﬁ ( 7) ),(r:l,...’n)
= [+ (@+ym+1-r]
(3.4.15)
and
O(x) = x*! i AMX@NMD,(BA, @ + (a + Y)M; VX, wMX) (3.4.16)
= Ia + (@ + y)m]

Proof 3.4.2. Projecting both sides of the integro-differential equation ( 3.4.12 ) to
Laplace transform and using the known formulas

LD f(1); s} = s°F(s) = ) 8D " f(Oleo, (~ 1< <rreN)  (34.17)
r=1

and (3.4.8), we find that

S"H(s) = )| 1D (1)l = A5 (1 - g)‘ﬁexp(w/s)H(S) +uF(s), (3.4.18)
r=1
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Solving for H(s), we obtain

n
H(S) = Dby 5" = A5 (1= 2) et (9" - AsT7(1 — +) Pt ]
r=1

(3.4.19)
n 00
= Z by Z AMgloemmia-n g _ Zy-meynmey/s)
r=1 m=0 S
+pF(s) Y AmsTletem (g g)‘ﬁmexp[mw/s], (3.4.20)
m=0

where we have tacitly assumed that
|As™* (1 - g)‘ﬂexp(w/s)l < 1.

Taking inverse Laplace transform of both sides of (3.4.20) with the help of
(3.4.8), the result (3.4.14) readily follows. In order to establish the uniqueness of
the solution, we set £ = 7 —t and apply the operator 1 then after some calculations,
the given equation (3.4.12) transforms into the form

a—r
T

h() = ;bfr(a— r+ 1)

+ ﬁf h(Q(t - )" 03B,y + a; v(t = 0), w(t = )AL + u(12 F)(7).
° (3.4.21)

where 1
O3B, v, vr, wr) = ——=D3(B, 7, v7, WT).
3 T(y)

Since (3.4.21) is a Volterra integral equation with continuous kernel, it does
admit a unique continuous solution, see Krasnov et al (1976).

Note 3.4.1. The solution of the Cauchy-type problem (3.4.12) and (3.4.13) can
also be developed by the method of successive approximations, see for details , see
( Kilbas et al, 2002) and Rall (1969).

Corollary 3.4.1. Under the various relevant hypotheses of Theorem 3.4.1, there
holds a unique continuous solution of the Cauchy-type problem associated with the
\olterra-type integro-differential equation
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D¢h(r) = % j: 7 10(B, y; vi)h(r — t)dt + uf (1), (0 < T < 1), (3.4.22)

together with the initial conditions (3.4.13), given by

n T
h() = > by() +u f O (r - t) f(t)dt, (3.4.23)
r=1 0
where
o AMXENMTHBM, @ + (@ + yY)M + 1 - 1;vX)
yr(X) = : (3.4.24)
~ I[Ma+(@+ym+1-r]
and
X ymy(a+y)m .
0'(x) = et Y AXTTOBM 0+ (@ )M V) (3.4.25)

Ia + (@ + y)m]

m=0

Corollary 3.4.2. (Saxena et al, 2003, p.91). Under the various relevant hypothe-
ses of Theorem 3.4.1, there holds a unique continuous solution of the Cauchy-type
problem associated with the Volterra-type integro-differential equation

p—1

DIh(r) = % foT 1D (B, y; vi)h(r — t)dt + ,ulETqS(O',p; vT), (3.4.26)

0 < 7 < 1 together with the initial conditions (3.4.13), given by

n [
AN M) -1 IBM + o, (@ + )M + @ + p; vT]
h = b Q =+ > )
(7) Z (1) u; a1 (e T O ol
(3.4.27)
where
Sy AMx@NM™ T QBm, @ + (@ + y)m + 1 — r; vX
Qr(X):Z G (@ +7) ),(rzl,...,n)_

IMa+(@+ym+1-r]

m=0

(3.4.28)
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Proof 3.4.3. Ifweset f(x) = %@(a,p; vX), and w — 0, then by using the summa-
tion formula for the confluent hypergeometric function (Erdelyi, et al, 1953, p.271,
eq.(5))

tyet (t—u)°-? cre-1
(D . —(D ’ /. t_ - (I) ’ /. t 42
fo () (a,c;u) () (@,c’;t—u)du fc+o) (a+a’,c+c’;t) (3.4.29)

where R(c) > 0, R(c’) > 0, we obtain Corollary 3.4.2.

Remark 3.4.2. If we take p = 1 in Corollary 3.4.2, it reduces to a result given by
Al-Shammery et al (1999,p.503).

3.4.2. A Cauchy-type problem involving a Caputo derivative

Notation 3.4.8. gD{ f(t),° Df f(t), é‘T(f, f(t), Caputo derivative of f(t) of order a > 0.

Definition 3.4.8. According to Caputo (1969), the fractional derivative of order
a > 0 of a casual function f(t), thatis f(t) = 0 for t < 0, is defined as

@ T (m)
d_ £(t) = 1 fiM(u)
dxe I'(m-a)Jo (t—u)e-ml
(m-1<a<mmeN),

where f(M(t) denotes the usual derivative of f(t) of order m € Nj.
By virtue of (3.4.11) and (3.4.30), we obtain the Laplace transform of Caputo
derivative in the form

oD{ () = (DY f)(1) = du, (3.4.30)

[0 m-1
. {C(ijt f(t); s} = $F(s) - ) OO m-1<a<mmeN, (34.31)
r=0

which is more suited for initial-value problems than (3.4.17), and where F(5s) is the
Laplace transform of f(t).

Theorem 3.4.2. LetB,y,4,u € C,v,w € R,R(a) > 0,R(y) > 0, and f(t) is
assumed to be continuous on every finite interval [0,T],0 < T < oo, and of the
exponential order e, when T — oo. Then for the Cauchy-type problem for the
fractional integro-differential equation of \Volterra type
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d h(r) = A f " D3(8, y; vt, whh(r — t)dt + uf (1), (3.4.32)
dre I'(y) Jo

where 0 < 7 < 1, together with the initial conditions

;
%h(r)lﬁo =a,r=0,---,n=-L;(n-1<a<n)neN (3.4.33)

ao, -+ ,an_1 € R, there exists a unique continuous solution, given by

n-1 T
h(r) = > aw;(z) +p fo O(r — t) f(t)dt, (3.4.34)
r=0

where

(59

*(X) ~ Z /lmx(a+7)m+rq)3(ﬁm’ (a, " y)m Fr4livx me)
i M@+ )m+r+1]

(3.4.35)

m=0

and O(x) is defined in (3.4.16).

Exercises 3.4.

3.4.1. Under the various hypotheses of Theorem 3.4.1, the Cauchy-type problem
for the fractional integro-differential equation of \olterra type

Deh(r) = % fo " t-Texp(vi)h(r — t)dt + uf (1), (0 < 7 < 1), (3.4.36)

together with the initial conditions ( 3.4.12 ), has a unique continuous solution given
by

h() = > b:J(7) +p f ) N(r — ) f(t)dt, (3.4.37)
r=1 0
where

(o)

3,(x) = Z AMX@N™ T Hym, @ + (@ + Y)M + 1 — r; vX)
ne I[Ma+(@+ym+1-r]

,(r=1,---,n) (3.4.38)

m=0

and

(59

/lmX((Y+7)m+a_lq)(’)/m a + (CY + ,y)m VX)
x — b )
(=), I + (@ + 7)m]

(3.4.39)

m=0
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Hence or otherwise deduce the special case of the above problem for f(7) = exp(v7),
given by Al-Shammery et al (2000, p.82), which itself is a generalization of a result
given by Boyadjiev et al (1997, p.4).

3.4.2. Under the various hypotheses of Theorem 3.4.2, the Cauchy-type problem
for the fractional integro-differential equation of \olterra type

da

dre

h(7) = % f 108, y; vih(r — )dt + uf(r),(0 <7< 1)  (3.4.40)
Y) Jo
together with the initial conditions

;
%h(r)lﬁo =a,r=0,---,n=-1;(n-1<a<n)neN (3.4.41)
T

where a_, --- ,an_1 € R has a unique continuous solution given by

n-1 T
h(r) = > a;(z) +u fo @ (r — t) f(t)dt, (3.4.42)
r=0

where

(o)

(x) = Z AT XENMT DB, (o + y)M + 1+ 1; vX)
Yrif) = T[(a+y)m+r+1]

,(r=0,---,n=-1) (3.4.43)

m=0

and ®*(x) is defined in (3.4.25).

3.5. Fractional Kineticand Fractional Diffusion Equa-
tions

Fractional kinetic equations have been studied to describe certain physical phe-
nomena such as diffusion in porous media with fractal geometry, kinematics in
viscoelastic media, relaxation processes in viscoelastic materials, glassy materials,
synthetic polymers etc. We now proceed to prove a general theorem on fractional
Kinetic equation.

Notation 3.5.1. R, ,(a,c,t) Lorenzo and Hartley function
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Definition 3.5.1.
~ > an(t_ C)(n+l)v—w—1
Rul@.0= ) T 1y

Theorem 3.5.1. Let R(v) > 0,¢c > 0 and let f(x) € R,, then the fractional
kinetic equation (Hille and Tamarkin,1930)

N(t) — Nof(t) = —c”oD;"N(t), (3.5.1)
is solvable, and there exists a solution given by the formula

N(t) = NO% fo B, [—¢'(t - u)']du, (3.5.2)

Proof 3.5.1. Applying Laplace transform to both sides of (3.5.1), we obtain

N~(s) — Nof~(s) = —=C"s"N7(s), (3.5.3)
where f~(s) denotes the Laplace transform of f(t).

Solving for N~(s) and taking its inverse Laplace transform, we arrive at the
desired result (3.5.2).

Remark 3.5.1. The result (3.5.2) has been obtained by Saxena et al (2004) in a
different form involving the H-function, see Exercise 3.5.2.

Theorem 3.5.2. Ifc > 0,b > 0,R(s) > 0,v > u + 1, then for the solution of

N(t) — NoR,,(—C", b, t) = —c"oD;"N(t), (3.5.4)
there holds the formula (Saxena et al , 2004a)

N
N(t) = 7°(t — b)Y HE,,ual=C"(t = b)" + (1 + W)E,,u(—C"(t - b)")].  (3.5.5)
Hint: The Laplace transform of R, ,(a, ¢, t) is given by (Lorenzo and Hartley, 1999)

g CSgH

L{R,.(a,0,t); s} = ~ Ry —pu) > 0,R(s) > 0. (3.5.6)

s —
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Exercises 3.5.

3.5.1. Show that the solution of the following initial value problem for the frac-
tional diffusion equation in one dimension (Schneider and Wyss,1989)

O*N(x,t
N0 = 90 + 47D TG

with initial conditions

,(t>0,—00 < X < 00), (3.5.7)

XIim N(x,t) = 0,N(x,0) = ¢(x),

is given by
N ) = [ G0 vl (35.8)
where .
G(x,1t) = 1 f E, 1(—1%k?t?) cos(kx)dk (3.5.9)
’ - a1 . o B
T Jo

35.2. LetR(v) >0,c>0andlet f(x) € R,, then the fractional kinetic equation
associated with Riemann-Liouville fractional integral

N(t) — Nof(t) = —c”oD;"N(t), (3.5.10)
is solvable, and there exists a solution given by the formula (Saxena, et al,2004b)
N(t) = No fo HEs (et =)0 o0y | F ()T (3.5.11)
Derive the solutions in the following cases: (i) f(t) =1,  (ii) f(t) = t* 1,
3.5.3. Solve Theorem 3.5.1 completely.

3.5.4. Prove that the solution to the Cauchy-type problem associated with Riemann-
Liouville fractional derivative

(D5, H)() - wF(X) = gx), (DIF)(0+) = b, (3.5.12)

with 0 < @ < 1and w,b € R is given by

f(X) = bx* 1 E, o [wx] + fx(x — 1) Eqo[w(x — t)*]g(t)dt. (3.5.13)
0

Also derive the solution, when g(x) = 0.
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3.5.5. Prove that the solution to the Cauchy-type problem associated with Riemann-
Liouville fractional derivative

(DG, H)(X) - wf(x) = g(x), (D5 £)(0+) = b, (D52 F)(0+) =¢c,  (35.14)
with 1l < @ < 2and w,b,c € Ris given by

f(X) = bX*E, o (WX?) + CXT2E g q_1(wX?) + f (X = ) E o [w(x — t)"]g(t)dt.
0

(3.5.15)
Also derive the solution, when g(x) = 0.

3.5.6. Prove that the solution to the Cauchy-type problem associated with Caputo
fractional derivative

(Dg, 1))~ wF(X) = g(x). £(0) = b, (3.5.16)

with 0 < @ < 1 and w,b € R is given by
X
f(X) = bE,[wXx"] + f (X = 1) Eq o [w(x — 1)*]g(t)dt. (3.5.17)
0
Also derive the solution when g(x) = 0.

3.5.7. Prove that the solution to the Cauchy-type problem associated with Caputo
fractional derivative

(“Dg, F)(X) — wf(x) = g(x); £(0) = b, f'(0) = c, (3.5.18)
withl < a < 2 and w, b, c € R is given by
X
f(X) = bE,(wX") + CXEq2(wX”) + f (X — )" E o Jw(x — 1)]g(t)dt.  (3.5.19)
0

Also derive the solution, when g(x) = 0.
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