CHAPTER 1

PRELIMINARIES OF SPECIAL FUNCTIONSAND
STATISTICAL DISTRIBUTIONS

[This chapter is based on the lectures of Professor A.M. Mathai of McGill University,
Canada (Director of the 3rd SERC 5c/i00[).]

1.0. Introduction

A very brief outline of some elementary special functiond atatistical distri-
butions is given here to make the notes self-contained.ilBet& available from the
following sources, which are accessible to the participahthe 3* SERC School:

(1) Notes of the"® SERC SchookPublication No 31 of the Centre for Math-
ematical Sciences (CMS)), 2000.

(2) Mathai, A.M. (1993). “A Handbook of Generalized Special Functions for
Statistical and Physical Sciencexford University Press, Oxford, U.K.

(3) Mathai, A.M. and Saxena, R.K. (1978)The H-Function with Applica-
tions in Statistics and Other DisciplinesiViley Halsted, New York.

(4) Mathai, A.M. and Saxena (1973)Generalized Hypergeometric Func-
tions with Applications in Statistics and Physical Sciesic&ecture Notes
No 348, Springer-Verlag, Heidelberg.

Notation 1.0.1. Pochammer Symbol
@m=a@a+1)---(@a+m-1), @o=1 a#0. (1.0.1)

For example,

(-3) =(-2)5+1)=-5 3=(A2D=-6

3 3 3 9’
(3)s = (-3)(2)(-1)(O)(1) = O; (%)3 -GR)E)-2
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Notation 1.0.2. Factorial nor nfactorial

n' = (1)(2)--- (n), 0! = 1 (convention ) (1.0.2)
For example,

3= (1)(2)(3)= 6; :—2%! = not defined
(-2)! = not defined; 1=1; 0'=1 (convention).

Notation 1.0.3. Number of Combinations of ntaken r at atime

(?) = number of subsets of distinct objects from a set aofdistinct objects  (1.0.3)

~nn-1)---(n-(r-1)) nin-1)---(n-r+1) n!
B rl B rl Crli(n=r)V”

<rsn

For example,

(3) 13'=3; (3)2%%3: (2)=%=n;
Jr ot

"
Eg) 0'(n o - 2_: =t (2) ) n!(nm_ I n?(!)! == (g) ) (2)
.

?) r'(n—r)' (n—r)![nni (n-n :(nﬂr); (?)z(n;1)+(?:i);

2

3 ) = not defined as a comblnatlc(lég) = not defined as a number of combinations.

But if (?) is not treated as a number of combinations but defined in teffR®@chammer
symbol as

(n) _ nn-21)---(n—-r+1) _ D' (=n)(-n+1)---(-n+r-1)

r r! r!

_ N

e (1.0.4)

then
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()-S5 () S 95
Note that
@)min = (@m@+ M)y = (@n(a+ N)m. (1.0.5)

1.1. Gamma and Related Functions

Notation 1.1.1. : I'(?2) =gammaz

A gamma function is defined in many ways. Some of the defirsti@aong with the
necessary conditions are the following:

Definition 1.1.1.

n! n?
I = li 0,-1,-2,--- 1.1.1
2 im D @y P2 (1.1.1)

Definition 1.1.2.

= 1\2 z\1
_ 51 - =z
rQ@ = z ]_[(1+ n)(1+ n) . (1.1.2)
n=1
Definition 1.1.3.
1 n z
= i —Z —
r = 2im {n ] (1+ k)} (1.1.3)
Definition 1.1.4.
1 = z
B [1+ z e-z/”] 1.1.4
e H (1+5) (1.1.4)

wherey is the Euler’'s constant.
Notation 1.1.2.

vy = lim {1 + % + 1 +e 4t % —1In n} ~ 0.577215664901532860606512 (1.1.5)

nN—oo 3
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Definition 1.1.5.
@ = p f t> e P'dt, R(p) > 0, R(z) > O (1.1.6)
0

where‘k (.) denotes the real part of (.).

Definition 1.1.6.

1 1 C+ioco o ]
F@”"Eﬁbﬁ tZ%edt, c> 0,R(2 >0, i = V-1 (1.1.7)

—jco
wherer is the mathematical constant,

7~ 3.141592653589793238462643
Thus, from the Laplace representation in (1.1.6) we havatsgial representation

na:ﬁmﬁﬁwnﬁ@>a (1.1.8)

In general,I'(2) exists for all values of, positive or negative, except at the poimts=
0,-1,-2,---. These are the poles bfz). But for the integral representation in (1.1.8) to
hold the real part o must be positive. Thus, for example,

I'(5) exists;l‘(—%) exists;I'(0) does not exisfi’(—3) does not exist.
It is not difficult to show that
Irgg=z-rz-1)=z-1)@z-2)---(z-rnr(z-r) (1.1.9)
whenI'(2) andI'(z - r) are defined. It is easily established from the integralas@ntation

in (1.1.8) by integrating by parts. The property holds fdrestdefinitions also. Thus, for
example,

rn=mn-1)N-2)---1r(1) butr(1)=1
=(n-1! forn=1,2,--- (1.1.10)

()= (z -1z 1) =-5r(-3) =)=}

()= NNz -5 2)

By using the property in (1.1.9) we can reduce any gammaifumct

I'(2 = (afew factorsI'(a),0<a <1 (1.1.11)
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andI'(e) for 0 < a < 1 is extensively tabulated. For computational purposescaneuse
(1.1.11) and the extensive numerical tableslIf@r),0 < @ < 1. It can also be shown that
F(%) = +/r. The proof is simple in terms of the integral representation(1.1.8). Consider

REIR BRI T
f f xz 1y 21" gxdy.

Putx = r cog 6, y= rsifg,0<r<oc,0<6< g, the Jacobian isr&iné coso, integrate
outr and@ to see that the right side reducestt@nd hence the result. Therefore

r(%): Vi (1.1.12)
Also
I'(a+n)
(@n @) (1.1.13)

when the gammas are defined.

1.1.1. Multiplication formula for a gamma function

-1
=) m=12.- (1.1.14)
m

r(m2 = (271)1_Tmmmz‘%l"(z)l"(z+ %) . -r(z ;

For example,
12 5, 1 1y 15 1
(22 = (20)%2 2F(z)F(z+ 5) P F(z)F(z+ 5),
is known as theluplication formulafor gamma functions. For example,

o) e n(Bp(d 2)- il = o) -

ol s = () - 2

By using the infinite product definitions for trigopnometrigntctions we can establish the
following results:
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I'(Qr(1 -z = n cosecrz; (1.1.15)
r@r(-2 = —% cosecrz (1.1.16)
r(% + z)l"(% _ ) _ 1 secrz (1.1.17)

Exercises 1.1.

1.1.1. Evaluate the following whenever they exist.

@(-3); ®  © @ @ Ok

1.1.2. Evaluate the following, interpreting as the number of camakibns, whenever they
exist.

@ (%%); ® (3); © () @ (3): @ (9.
1.1.3. An M.Sc Mathematics class has 5 boys and 9 girls. A commitfet mersons
is to be chosen, consisting of 2 boys and 2 girls. (a) How matst thoices are there?

(b) How many choices are there if there is no restriction @nihmber of boys and girls in
the committee?

1.1.4. Prove that definitions 1.1.3 and 1.1.4 are one and the same.

1.1.5. Evaluate the following in terms df(a),0 < a < 1.
(@ I'(-3); (b) T(-3); (€) I(%); (d) I'(8) .

1.1.6. Evaluate the following:
(@ M) (b) T(R)IT(3) -

1.1.7. Show that'($)['(2) = 2x .
1.1.8. Show thatZd'(2) = I'(z+ 1) by using definition 1.1.1.

1.1.9. Show thatd'(2) = I'(z+ 1) by using definition 1.1.2.

-z
1.1.10. Show thai[ 3,1+ ) (1+ £) = limn- 2 [Ty(14 ).
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1.2. ThePs Function

Notation 1.2.1. y(2: ps z
Definition 1.2.1.
w(2) = —I n'(z = F( 2 e F(z) InT'(2) = f Y(X)dx . (1.2.1)

It is the logarithmic derivative of the gamma function. Faample,

w(z):T+%+---+ler+¢(z—r). (1.2.2)

By using the various definitions and properties of gammatfans we have the following
properties for a psi function:

W@ =y - % + ZZ k(21+ 3 (1.2.3)
W@ =—y+(@z- l)Z m (1.2.4)
y(1) = (1.2.5)
;b(%) - —y-2In2 (1.2.6)
V(2 —y(1l-2) = —ncotnz 2.2.7)
;b(% + z) - ;b(% - z) = rtannz. (1.2.8)

Successive derivations ¢{2) give generalized zeta functions.

1.2.1. Generalized zeta function

Notation 1.2.2.

(o, a) : generalized zeta function
(o) : Riemann zeta function
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Definition 1.2.2.

o1
{(p,a) = , R(p)>1, a#0,-1,-2,--- (1.2.9)
kzz(; (k + ay
o) =), k—lp Rip) > 1. (1.2.10)
k=1

Forp < 1 the series is divergent. From (1.2.4), by successifferdntiation, we have the
following:

& d =
7@ = @ = k; e 2(2,2). (1.2.11)
d d-t _|v@, forr=1
z " = @ = {(-1)f(r —1)1(r,2), for r>2
> 1
= (- Y (1.2.12)
k; z+K

A few explicit forms are the following:

{2)=¢21)= Z iz = %. (1.2.13)
o0 i
(@=¢@1)= Z 5 (1.2.14)
:l
bl k+1 2k
@9 == 2 = Mszk, (1.2.15)

; 2(2).

whereByy is a Bernoulli number. For details of generalized Bernqadlynomials, Bernoulli
polynomials and Bernoulli numbers see Mathai (1993).

1.2.2. An asymptotic formula for gamma functions

For|zZ — ~ and « a bounded quantity, it can be shown that
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INT(z+ a) ::—Lln(27r) +(z+a- 1)Inz—z

Z - t)(tlBlklek(“) agera)sr-ce>0  (1216)

where By, 1(@) is a Bernoulli polynomial. The first part of the formula in.2116) gives
Stirling’s approximation:

[(z+a) ~ (2n)2 A" 2672 (1.2.17)
For example, fofZ — oo, @ andB bounded quantities,

1 z+a-1 2
[e+o)  @mEzrier 4 (1.2.18)
[z+a+p)  (2n)s2reb3e2

Exercises 1.2.

1.2.1. Prove formula (1.2.4) by using (1.1.9).
1.2.2. Prove formula (1.2.3).
1.2.3. Prove formula (1.2.6) by using the duplication formula fangma functions.

1.24. Show that
1 1
¢(1+n)=1+§+---+ﬁ—y.

1.25.  Evaluatey(-3).
1.2.6. Evaluatey(5).
127. IfInT(z+1)=ap+az+---+an2"+--- evaluatea,, n=0,1,2,---

1.2.8.  Show that(k, 3) = (2 - 1)¢(K).

129. show that(k,-2) = (—1)'<(2'<)[1 + 3—1] + ok ).
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1.2.10. Show that
2r+1 1 1
g(k,z— 2 ): 1\ i a1\
SIS

1
+§(k,z+§),r=0,1,---, k=23

1.3. Essentialsof Statistical Distribution Theory

The mathematical aspects of statistical distribution$véldefined and discussed here.
We will not be dealing with random variables, discrete phility functions, mixed situa-
tions etc here. Hence density functions defined on a cominaiupoints in the real case
will be considered here.

Let f(xg,---,X%) be a non-negative integrable scalar function with thel tiotegral
unity in the real scalar variables, - - - , X«.

Definition 1.3.1. A density function.

If f(xq,---, X satisfies the following conditions:

(i) f(Xa, -, %) >0 forall xq,---, X
(ii)Ll"",kaf(xl,"',Xk)dxl/\"'/\dxkzl

thenf(xy,---, X¢) is called a joint density function of the real scalar randean-
ablesxy, - - - , X whereA denotes the wedge product or skew symmetric product of
differentials.

Example 1.3.1. Check whether the following are density functions:

1) fi(x)=210<x<handfi(x) =0 elsewhere;

2) f()=211<x<coandf(x)=0 elsewhere;

X, 0<x<1
2-%1<x<2 andzero elsewhere;

@) f(¥)= {
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(4) fa(x1,%) =2,0<x1 < % <1 and zero elsewhere;

(5)  fs(xg, -, X) = €+ 0 < xj <00, j=1,--- ,k and zero elsewhere.

Solutions:  Obviously the functions in (1) to (5) are non-negative anddeewe
need to check the second condition only.

1)
f: f,()dx = 0 + foe %dx - [g]z -1

Hencefy(X) is a density. This is known asumiform densityor the random variable
X is said to be uniformly distributed over the closed intefdgb],6 > 0, where
6 is an unknown constant. Unknown constants in a density diedqaarameters
Henceg is a parameter here.

f fz(x)dx:0+f de:[lnx] - .
—o0 1 X 1

The integral does not converge to 1. Herigex) is not a density.

(2)

3)

00 1 2 XZ 1 X2 2
f f3(x)dx:0+f xdx+f(2—x)dx:[—] +[2x——] _1
—oo0 0 1 2 lo 21

Hencef;(x) is a density function.

(4)

00 00 1 X2 1
f f f4(X1, X2)dX1 A dXz =0+ f [f 2dX1]dX2 = f 2X2dX2 =1
—00 —00 X2=0 X1=0 X2=0

Note that the region of integration is either
{(X1, %)I0 < X < X and 0< X, < 1} or {(Xg, X)[X1 < X < land 0< x; < 1}.

We may use either of these. Thug(x;, X;) is a joint density function of the real
scalar random variableg andxs.
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(5)
f f fs(xl’...’xk)dxl/\.../\dxk
= 0+f f e 0 gxy A - A dXg
0 0
k o0 k
= ]_[f eidx = | [[-e]5 =1
j=1 +0 =1
Hencefs(Xy, - - - , X¢) IS a joint density function oky, - - - , X.

1.3.1. Themarginal and conditional densities

If f(xg,---,X%) is a joint density function ok, -- - , X then the density function of
any subset of these variables, say for example,- - , X, r < k, is available by integrating
out the other variables. The density thus obtained is calledmarginal density of that
subset. For example, the marginal densityxpis available by integrating outy, - - - , X«
from f(Xq, -, X).

Example 1.3.2. Evaluate the marginal densities of the individual variabte(4) and (5)
of Example 1.3.1.

Solutions:  Integrating outx, in (4), observing thax; goes from 0 tok,, we obtain
the marginal density aof,, denoted by,(x,). That is,

2 2%,0< % <1
Xo) = 2d0x = {7 1.3.1
g2(:) fxlzo {O, elsewhere ( )

Similarly, observing thax, goes fromx; to 1, the marginal density of;, denoted by (x1),
is available as the following:

1
2(1-x),0<x <1
X1) = 2dx, = 1.3.2
920) fxzle 2 {0, elsewhere ( )

Hereg,(Xx1) andg»(x2) are the marginal densities g&f andx, respectively. In (5) of Exam-
ple 1.3.1 the variables are separated and the integralxpegves

f eXdxj=1,i=1---,k
0
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Hence the marginal density of &f, denoted by;(x;), is given by,

— X 0 < )

hi(xg) = {5 o= X< (1.3.3)
0, elsewhere j=1,2--- .k

One interesting property may be noted from (5) of Examplell.Blere the joint density

is the product of the marginal densities whereas in (4) ofhigda 1.3.1 the joint density is

not equal to the product of marginal densities.

1.3.2. Conditional densities and statistical independence

Let f(xg,- -, X) be the joint density of the real scalar random varialdgs: - , X«.
Consider two non-overlapping subsets of random variabdegxample{xy, - - - , X}, {Xr+1,
-+, X, < Kk, the two subsets need not exhaust the whole set. fi(&t,--- , %) and
fo(%41,- -+, X) be the marginal densities of these mutually exclusive etigsbsThen the
conditional density of the first subset given the secondetubdenoted by

g(X]_, Y XI’|XI’+1’ T, Xk) IS deflned as

f(X1, -+, X)

for fa(Xr+1,- - » %) # O at the given points fok.1,- - , X.

g(Xl’ T XI'|XI'+17 Tt Xk) = (134)

Example 1.3.3. Evaluate the conditional density &f givenx, = % in (4) of Example
1.3.1.

Solution:  The marginal densities are available from (1.3.2) and {}.Gspec-
tively. Hence the conditional density &f givenx, = 2, denoted byy(xi|x, = 3) is
given by the following:

Joint density ofx; andx,

Marginal density ofx,
2 1
= 2—X2|X2 = § = 3

But in the joint density; goes from 0 ta,. Hence

1 1
g(X1lX2 = 5) = , evaluated ak, = 3

3 0< X1 < %
, elsewhere
Note that here the conditional density>xafdepends upon the condition ap

1 3
g(X1|X2 = §) = {O
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Example 1.3.4. Evaluate the conditional density &f givenx, = az,--- , Xx = a in (5)
of Example 1.3.1.

Solution:  The marginal densities are available from (1.3.3). Heneentlarginal
joint density ofxp, - - -, Xcis €2 0 < xj < 00, j = 2,--- ,kand zero elsewhere.
The conditional density of; givenx,, - - - , X, denoted byy(x|x; - - - , X¢) is then

Joint density ofx, -- -, X ()
B Marginal density ofx,, - - - , X = o lor )
— e_xl,oﬁ X1 < o0
- {0, elsewhere.

=e X1

g(XalXa, -+, %)

Here, whatever be the values at whighy- - - , X are fixed or given, that has no
relevance to the density af. Further, note that in this case the joint density is the
product of marginal densities. If such a thing happens thervariables are said to
be independent or statistically independently distridute

Definition 1.3.2. Statistical independence.

If the joint densityf(x, - - -, X) is the product of the individual marginal den-
sities of x4, - - - , Xk then the real scalar random variabbags- - - , X, are said to be
mutually independently distributetf this property holds in two subsets of the vari-
ables then these subsets are said to be independentlypulistti In such a case the
joint density of the two subsets is the product of the maigieasities of the subsets
and the conditional density of one subset given the otheeesdf the conditions or
it is the marginal density of the first subset itself. Note fiblowing:

Joint density= (conditional density)x (marginal density of the conditioned vari-
ables)

F(Xe %) = g(Xa, s XelXegts - oo Xi) P2 (XK, - o+, X).
This is a general result.

g(Xa, - o XX, oo, Xi) = Fa(Xe, - -+, %) = marginal density ofxy, - - - , X}

if the two setg Xy, - -+, X} and{X.1, - - , X<} are independently distributed . When
{Xg," -, X} and{x 1, - - , X<} are independently distributed then
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f(Xl, T, Xk) = f]_(Xl, Y XI’) fZ(Xr+1, Y Xk) (135)
If xq,---, X are mutually independently distributed then
k
o, x) = [ | i) (1.3.6)
j=i
where fj(x;) is the marginal density;, j = 1,--- , k. Observe that independence in subsets

need not imply mutual independence. For exam@land x, independentyx; andxs inde-
pendentx, andxz independent, need not imply that, xo, X3 are mutually independent.

Definition 1.3.3.  Joint momentsor product moments.

Mxl,.‘,xk(hl,---,hk):f---fx'l‘l---x';kf(xl,---,xk)dxl/\---/\dxk (1.3.7)
X1 Xk

if it exists, wheref(xg,-- -, %) is the joint density ofxy, - - - , X, is known as the
expected value of the produc} - - - x*, written asE[X" - - - x*], or the (, - - - , )™
product moment ok, --- ,X. Whenh; = s;-1,j = 1,--- ,kwheres,,---, s
are arbitrary parameters, the product moment is known asiéién transform of
f(Xy, - ,x)whenx>0,j=1,---,k

Definition 1.3.4. Moment generating functions.

Let f(xq, -, X¢) be the joint density of the real scalar random variakles - , X«
then the expected value dfi&* %% wherety, - - - , t,, are arbitrary parameters, is
known as the joint moment generating functionxgf- - - , X when the expected
value exists. Wher; is replaced by-t;, that is E[e""~%%] is the Laplace
transformof f(x3,---,%) whenx; > 0,j = 1,---,k. Whent; is replaced by

it;, i = V=1,j = 1,--- ,kthen the expected value is tReurier transformof the
densityf(xy, - - -, X) or theCharacteristic functiorof xy, - - - , X.
Moment generating function: M¢(ty,-- -, ty)

Mf(tl, e tk) — E[e(tlxl+"'+thk)]

_ f f W (X A A (1.3.8)
X1 Xk
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Characteristic function = Fourier transform of f or ¢¢(ty,--- ,t) :

Bilty, - -, 1) = E[eltatiter—+t0] j = /21 (1.3.9)

:f---fe“lxl+“‘+“kxkf(xl,---,xk)dxl/\---/\dxk.
X1 Xk

Laplacetransform of f or Lg(ty,---,t):

Li(ty, - - -, t) = E[eCa——wxd], (1.3.10)
whenxy, - - -, X are positive variables. That is,

Le(ts, - . t) = Me(=ty, -+, —t)
when the variables are positive or

Le(ty, - ,t) = f f gt f(x L xdxg A - Adxe (1.3.11)
0 0

whenevel¢(ty, - - - , ty) exists. Note thap¢(ty, - - - , tk) exists always.

Exercises 1.3.

1.3.1. Check whether the following are density functions. If s@laatec.
(1) () =ce®™; (2) f(x) =ce* 0<x<o00; (3) fz(x) =ce™, —co < x< o0;

(4) fa(x) = ce 220 _ - 0;
4 = r , —00 < X,00,—00 < U, 00,0 > U]

LA gy )2 L
(5) fs(x) = BN z“f(x u1) L g 2‘r%(x 112)

,—00 < X< oo, A1 >0,
Nz N 1

/12>O,/l]_+/lz=1,0'1>O,0‘2>0,—00<;11<00,—00</,12<00.

1.3.2. Let f(x) be a density function. Consider the distribution functioithe cumulative
X

density function ofx, namelyF(x) = f_m f(t)dt. Lety = F(X). What is the density af?

133. Is the following a density function? If so, evaluate the ni@at densities.
f(X1,%2) = c(X1 + %2),0< x1 £ 1,0 < %2 <1, andf(xg, X2) = O elsewhere.
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1.34. s the following a density function? If so, evaluate the adoitity that x falls in
the interval [15, 2.5], that is,Pr{1.5 < x < 2.5} which is the integral over this interval.

F(x) = cx,0<x<2 andf(x) =0 elsewhere
1(B-x),2<x<3

1.35. Check whethex; andx, in Exercise 1.3.3 are independently distributed.

1.3.6. Inthe joint densityf(x1, X2) = 2,0 < X1 < X < lLand f(xg, x2) = 0 elsewhere,
evaluate (1) the conditional density ®f given x; = %1; (2) the conditional density of
X1 givenx, = 2.

1.3.7. Evaluate the product momeE(xixZ) in Exercise 1.3.6.

1.38. For the problem (1) of Exercise 1.3.1 evaluate the momenérgéing func-
tion. Then by using this moment generating function obth@m4" momentE(x*) by (1):
expanding the moment generating function; (2): bjedentiating the moment generating
function.

1.3.9. For the density in Exercise 1.3.3 evaluate the joint momenegating function
and show that

E[etl X1+t Xz] —

(€2-1rer (-1 (-1 (€2-1).
G H_ t% ]+( 0 )E—T,tlio,tzio.

1.3.10. For the normal density in (4) of Exercise 1.3.1 evaluatenttean value= E(X)
and thevariance= E[x — E(X)]? and show that the mean val&#x) = 1 and the variance
= o2 there.

1.4. Gamma, Beta and Related Densities

A gamma density is associated with a gamma function. A twarpater gamma density
is the following:

FT@ (1.4.1)

X'~ eX/B: x>0,8>0,a>0
f(x) =
0, elsewhere.

For the gamma function to existcan be complex also with the conditi@(«) > 0 where
R(.) denotes the real part af(
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Example 1.4.1. Evaluate the following for a gamma density: (a) Tifemoment of the
gamma random variabbke (b) the moment generating function gf (c) the Laplace
transform off; (d) the Fourier transform of or the characteristic function of

Solution: (@) Theh-th moment isE(x").

1

BT()
- ,Bhr(liy(:;)h) for R(e +h) > 0. (1.4.2)

Note thath can be negative also provided+ h > 0 whena andh are real.

E(xX") =

f xx?~te B dx (Puty = l()
0 B

(b) Moment generating function of M(t) :

1 (oo}
M, (t) = E[e%] = ——— f X teXeX/Bgx
X() [ ] ﬁar(a) 0
1

BT ()
= (1-pBt)for1-pt>0. (1.4.3)

f X Le PPy < oo for 1— Bt > 0
0

Hence the Laplace transform of the gamma density is given by

Li(t) =E[e™] =1+t 1+pt>0. (1.4.4)
The characteristic function ofor the Fourier transform of;

#(t) = E[e™] = (1 - i)™, R(L-iBt) > 0,i = V-1 (1.4.5)

Through the uniqueness of the Mellin and inverse Mellin$farm pair, Laplace

and inverse Laplace transform pair, Fourier and inversei€otransform pair, the

density f is uniquely determined bly = (s - 1) moment in ( 1.4.2), the Laplace
transform in (1.4.4) and the Fourier transform in (1.4.5).

1.4.1. The betafunction and the beta density

Notation 1.4.1. B(e.B) : Thebeta function with parameters @ and 3
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Definition 1.4.1.

_ (@1
B(@.h) = g 5 g R (@) > 0.RE) > 0 (1.4.6)

Example 1.4.2. Derive integral representations f8(a,8) by using the integral repre-
sentations of («) andI'(8).

Solution:  From the integral representation of a gamma function in.{B)J1

[(a) = f x*ledx, R(a) > 0
0

and

rQ) = fo " levdy, () > 0.

Hence,

(@) (B) = f f XL AL () iy A dly.
0 0
Putx =rcog6,y =rsinf6,0<r < c,0<6 < nx/2. Then

dx A dy = 2rcosfdsing dr Add, x+y =r.

Integrating out by using a gamma integral we obtain

[(@)(B) = T(e +p) fe Zz(co§ 0)~(sir? 6’12 cost sinddo.

Hence

B(e, ) = D@rB) _ j; ﬂ:(co§ 6)*~X(sir? 0’12 cosv sindde. (1.4.7)

I'(a +pB) _

Here (1.4.7) is one integral representation. Some othertharfollowing, the nec-
essary transformation is written in brackets.
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/2
B(a,p) = fe (cog 6)*~X(sir? 6’12 cos sind dg

=0

= fl x*~H(1 = X Ldx, (x = cos 6) (1.4.8)
0
1
- [ e =1-% (14.9)
_ fo L+ U dy, (U = %() (1.4.10)
= foo P+ o) @ Pdv, (v = é). (1.4.11)
0

Here (1.4.8) and (1.4.9) are known as tigge-1 integral representation of the beta
function Ba, 8) and (1.4.10) and (1.4.11) are known astyyme-2 representation of
the beta functionNote also thaB(a, 8) = B(8, @). Based on these representations
we have the type-1 and type-2 beta densities.

Definition 1.4.2. Thereal type-1 beta density.

C@T) (1.4.12)

. I(a+p) x*11-xF1L0<x<1L, R >0,RpB) >0
Y700, elsewhere.

Example 1.4.3. Evaluate then™ moment of the real type-1 beta random variabkend
the Mellin transform of the densitfy(X).

Solution:  The h-th moment iE€(x").

E(Xh) = ?((Z);('Z)) 01 X(a+h)—1(1 _ X)ﬁ—ldx
3 I'a+h) T(a+p)
~ T(@) T(a+p+h)

evaluated from the normalizing constaH2: by observing that the only change

is thata is replaced byr + h. By replacingh by s— 1 we get the Mellin transform
of the densityf;. That is,

R(a +h) > 0, (1.4.13)




1.4. GAMMA, BETA AND RELATED DENSITIES 21

INa+s-1) TI(a+p)

Mil®) = B0 = = Tarprs—1)

Ri@+s-1)>0. (1.4.14)

Definition 1.4.3. Thereal type-2 beta density

[(a)I'(B)

(1.4.15)
0, elsewhere.

600 { Hath) ya-1(1 4 x)=@H) 0 < X < 00, R(a) > 0, R(B) > O
2 =
This is based on the type-2 integral representation of afbatdion.

Example 1.4.4. Evaluate the h-th moment of a real type-2 beta random variatih the
density f, above.

Solution:
E(X") = % Ow X1+ %)~ Pdx
= % : xat)=1(7 4 )l gy
_ F(Iﬁ“(;)h) F(ﬁ (';)h) for R(a+h)>0,R(B—-h) >0 (1.4.16)

that is,—R (@) < R(h) < KR(B). Note that only a few moments will exist here.
Whena, 8, h are real ther has to be betweena andg.

Example 1.4.5. Let xandy be independently distributed real gamma random variables
having the density as in (1.4.1) with the parameters 1) and (-, 1) respectively. Let
U= X+y,v= ny andw = § Evaluate the densities of v, andw.

Solution:  Since the variablesandy are independently distributed the joint density
of xandy is the product of the marginal densitiesxcaindy. The marginal densities
are given as gamma densities with parametersl) and (,, 1) respectively. Hence
the joint density, denoted bi(X, ), is the following:

1__yu-lye-l e 0¢h) 0 < X < 00,0< y < 0.

f(x ) = {r(al)r(aa

(1.4.17)
0, elsewhere.
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Let us make the one-to-one transformatioa r cos 6, y = rsifd,0<r <co,0<
0 < nr/2, with the JacobianxA dy = 2r cosfsing drdd, then we obtain the joint
density ofr andéd denoted by(r, 6). That is,

g(r,0) = m(r cog 0)7(r sir? 6)*2~e™" (2r cosh sinb)

forO<r < 0,0 <6 < x/2, andy(r,0) = 0 elsewhere. Since the variables are
separated, we note thatandé are independently distributed. Further, the marginal
densities of andd, denoted by, (r) andg,(6), are given by the following:

gi(r) = crrtee e 0<r < oo
and zero elsewhere and
g2(0) = cy(co 0)*Y(sir? 6)*271(2 cos sing),0 < 6 < 7/2
and zero elsewhere, whergandc, are the normalizing constants. Since

© 1
d = 1 = "
fo g1(r)dr =C (a1 + a2)
and 2
" (a1 + a2)
do=1=>c = ——.
fo 92(0) ? [(a1)I (ay)

Hence the nonzero part of the densities are the following:

ral+az—1e—r

g1(r) = 0<r<oo,R(a;+az) >0 (1.4.18)

[y + @)’

and

F(al + a’z)

0) = ———=
92 = Fa ()

0 < 0 < n/2. Thus we have the following:

(cog ) Y(sirt 9)*2 (2 cosdsing),  (1.4.19)

U=X+y=rcosé+rsinfo=r
has a gamma density as in (1.4.18) with parametes-(a,)

X rcosé

T X+y  rcogo+rsite
Putv = cog 6 in (1.4.19) to obtain the density of denoted byys(v), as follows:

= cosé.

v
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Do) (e2)

(1.4.20)
0, elsewhere.

Tarrag) =107 _ yee-1 0 < < 1, R(ay) > 0, R(a) > 0,
93(0) =

Hencev has a real type-1 beta distribution with the parameters(;) as in (1.4.20)

X rcogo 1 )
w=-=—""—=cofd=> — =sifd=
Yy  rsirfo 1+w
. ) 1
2 sinf cosh dg = dw and coé9=1-sifed=1- =L
1+ w)? l+w l1l+w
Therefore,
do| T(ar+a)( w \2 1 1 \21 1
20 |5| (=) (=) ;=
dw| T(a)l(a)\1+w l+w Q+w)
[(aitar) o ag-1 —(a1+a2)
ga(w) = F(all)l"(azz)w T+ w)y 2 0<w< oo (1.4.21)
0, elsewhere.

Hencew = f has a real type-2 beta distribution as given in (1.4.21). sTthu
X1 + Xp ~ gamma g1 + az, 1),v = ny ~ type-1 betad, az),w = ; ~ type-2 beta

(a1, @), where ~" indicates “distributed as ” and the parameters are givethén
bracket.

Exercises 1.4.

14.1.  If xq,---, X are mutually independently distributed real scalar randarnables
and if ¢1(X1), d2(%2), - - - , ok(X) are functions ofkq, - - - , X« respectively, then show that the
expected value of a product is the product of the expectatioat is,

E[p1(x1) - - - ok(%)] = E[p1(x1)]E[¢2(X2)] - - - E[pk(X)]-

14.2. If xis areal scalar random variable with densi{x) and if a andb are constant
scalars then show that (1(b) = b; (2) E[ag(X) + b] = aE[¢(X)] + b whereg(X) is a
function of x.

1.4.3. Showthat (1) Vamdix+ b] = a’Var(x) wherea andb are constants and Vai(is
the variance ok.
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1.4.4.  Show that Var) = E(x?) — [E(X)]?, for any real scalar random variabte

1.45. The covariance between two real scalar random variabdexly is denoted and
defined as Cowj, x2) = E[x— E(X)][y — E(y)]. Show that Covx, y) = E(Xxy) — E(X)E(y).

1.4.6. If x has the uniform densit§(x) = % 0 < x < # and zero elsewhere, evaluate the
variance of X + 5.

14.7.  From the joint densityf(x,y) = 2,0 < x < y < 1 andf(x,y) = O elsewhere,
evaluate Cow, y).

1.4.8. Linear correlation ca@icientp between real scalar random variableandy, is

: _ Cov(x,y) -
defined ap = NTE for Var(x) # 0,Var(y) # 0. Show that-1 < p < 1 and that

p = z1lifand only if xandy are linearly related.

1.4.9. Let x4, -, X be independently distributed real type-1 beta random bisa
with the parametersaf, 81) - - - (ak, Bk). Letu = xixo - - - X« the product of these variables.
Evaluate thénr-th moment ofu.

1.4.10. Letx; be type-1 beta with parameteis,(51), xo be type-2 beta with parameters
(a2, B2) and x3 be a gamma random variable with the parametessl)). Letxq, xo, X3 be
mutually independently distributed. Let= % Evaluate the h-th moment afand write
down the conditions for its existence.

1.5. Hypergeometric Series

A general hypergeometric series wiphupper or numerator parameters aplbwer or
denominator parameters is denoted and defined as follows:

Notation 1.5.1.
pFq (a1 --ap;b1---bg;2) = pFq((ap); (by); 2 = pFq(2

Definition 1.5.1.

(al)r (ap)r

Fo(2) = — 151
oFald) = Z(bl)r B T (51)

where @;), and @;), are the Pochammer symbols of (1.1.1). The series in (1.5.1)

is defined when none of thg ’s, j = 1,---q, is a negative integer or zero. If a

bj is a negative integer or zero then) will be zero for some. A b; can be zero

provided there is a numerator paramefesuch that ), becomes zero first before
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(b;): becomes zero. If any numerator parametgs a negative integer or zero then
(1.5.1) terminates and becomes a polynomial. ifrrom the ratio test it is evident
that the series in (1.5.1) is convergent foraif g > p, it is convergent fofz < 1

if p=qg+1anddivergentip > q+ 1. Whenp = g+ 1 and|Z = 1 the series can

converge in some cases. Let

p q
,B:Zaj—ij.
=1

=1

It can be shown that whep = q + 1 the series is absolutely convergent fipr= 1
if R(B) < 0, conditionally convergent far= -1 if 0 < R(8) < 1 and divergent for
Izl =1if1 < R(B).

Some special cases of g are the following: When there is no upper or lower
parameters we have,

oFo(;; £2) = Z (irf)r = e, (1.5.2)
r=0 '

ThusgFq(.) is an exponential series.

Fola::2) = Z(a)r rzr_' =(1-2for|d < 1. (1.5.3)
r=0 ’

This is the binomial series,F4(.) is known as confluent hypergeometric series or
Kummers’s hypergeometric series apB;(.) is known asGauss’ hypergeometric
series.

Example 1.5.1. Incomplete Gamma function. Evaluate the incomplete gamma func-
tion

b
y(a,b) = f x*le¥dx, b < o
0
and write it in terms of a Kummer's hypergeometric function.

Solution:  Sinceb is finite we may expand the exponential part and integraie ter
by term .
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b 1Y b
y(a,b) = fo X {Z( %) }dx (rT) f X+ 1gx

r=0
_i(—l)rﬂ_b_i 1) @
B o a+r « r! (0/+1)r

= b— lFl(a o+ 1 b) (154)

Hence the upper part

(e, b) = fb " xeleXdx = T(a) — y(a. b). (1.5.5)

Example 1.5.2. Incomplete beta function. Evaluate the incomplete beta function

t
b(e,B;t) = j(; X711 - xfldxt< 1

and write it in terms of a Gauss’ hypergeometric function.

Solution:  Note that since & x < 1,

(1- X)ﬁ_1 =(1- x)‘(l—ﬁ) _ Z:(; —(1 ;!ﬁ)r X .

Hence,

e /“)—Z( ﬁ)rf)(a+r1d (@Bt

o oa+r
Z (l(ai)l()a : :. - LR -paia+ L), (1.5.6)

Hence the upper part,

[()['(B)

Taip ~P@s. (1.5.7)

B(a, S; t):jt‘ x* 11— xftdx =
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Example 1.5.3. Obtain an integral representation for&.

Solution:  Consider the integral,

f 11— X1 - z9Pdx, for |74 < 1

;
Z @ (b)rf X211 — x)**dx, (expanding (- zX ™"
by binomial expansmn)

_ Z (z)r( b) I'a+nrI(c-a)

(by using a type-1 beta integral)

I'(c+r)
= F(a)ﬁ((; Y Z (rz? (bzcgf)r (by writing I(a+ r) = (a),[(a))
- —F(a)g((s)— a)zFl(a, b; ¢; 2).
That is,
1
SFi(a b;c 2 = % i X211 - x)° (1 — zX)Pdx (1.5.8)

for R(a) > 0, R(c—a) > 0.

This is the famous integral representation fBy.

1.5.1. Evaluation of some contour integrals

Since the technique of Mellin and inverse Mellin transfoimequently used for solv-
ing some problems in applied areas we will look into the extdun of some contour inte-
grals with the help of residue theorem. We will not go into theory of analytic functions
and residue calculus. We will need to know only how to appé/réssidue theorem for eval-
uating some integrands where the integrands contain gaommstidns. In order to illustrate
the technique let us redo a known result.

Example 1.5.4. Evaluate the Mellin transform of € and then recover®,0 < x < o
with the help of the inverse Mellin transform.
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Solution:  Let f = e*andM¢(s) its Mellin transform. Then

M¢(S) = j:o xS teXdx = TI(s) for R(s) > 0. (1.5.9)

The inverse Mellin transform df(s) is given by the formula
C+ico

f(x) = 1 I(9)x%dsi= V-1,c> 0.
2ri C—ioco

Then from residue calculug(x) is available as the sum of residues at the poles

of the integrand™(s)x 5. The poles are coming froifi(s), which are at the points

s=-1v=0,12---. The residue a$ = —v is given by the following, denoted by

R,:

R, = lim [(s+»)I(9x7]

Direct substitution ok = —v fails here. Hence we may adopt the following proce-
dure.

(s+v-1)--- sl“(s)x_s]
(s+v-1)---s
| I'(s+v+ 1)X‘S] _ r(1)x _ (-1)y o
s> (s+v—-1)---s  (-1)(-2)---(-v) v
Hence the sum of the residues should prodi(cg.

f(X) = i (_V—Pyxv =eX
v=0 :

R, = sIirr_1 [(s+V)

Example 1.5.5. Evaluate the contour integral, which is also an inverse iM&iansform,

1 T (g-9---T(@p-9
M0=%0 ). TO1=9 - T0e—9

as the sum of the residues at the pol& ).

[((-2)Sds (1.5.10)

Solution: The polesare &= -v,v=0,1,---. The residue a$ = —v is given by
the following:

A= {(s+ PN S R (—Z>‘s} |

T(by—9 - T(bg—9
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By using the process in Example 1.5.4 we have,

(-1yT(ag+v)---I'(ap +v) 2
vl T'(by+v)---T'(bg+v)
M T@)| (2, (a0)y 2
) { T r(b,-)} (br), - (Bg), V!
Hence the sum of the residues is given by,

R, =

o B

whereK is the constant

H}D:l r(aj)

H?:l F(bj)’

Thus% times the right side in (1.5.10) is the Mellin-Barnes repreation for a
general hypergeometric function.

If poles of higher orders are involved then one may use themgéformula. If
#(2) has a pole of ordenatz = athen the residue at= a, denoted byR, is given
by the following formula:

K=

1 g .
K= lim { L - are). (151

Some illustrations of this formula will be given when we salsome problems in
astrophysics later on.

Exercises 1.5.

15.1. Fora Gauss’ hypergeometric functigifF1 derive the following relationships:

Fi@abed =(1-2 7 Fic-abic-——).2#1

=(1-2"25Fi(a,c-Db; c;—i),z;& 1
-z

1
=(1-2°%P,F(c-ac-bc2).
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15.2. Show that

rc)(c-a-b)

R bie) = Fe e -D)

,2R(c—-a)>0,R(c—a—-b)>0,R(a > 0.

153. Letx; andxy be independently distributed real scalar gamma randormablas
with the parametersy, 1) and @, 1) respectively. Leti = x1x,. Evaluate the density of
u by using Mellin transformation technique whew, and @, do not difer by integers or
zero.

154. Letx; andx, be independently distributed real type-1 beta random bkasawith
the parametersy, 81) and @2, B2) respectively. Leti = x;xo. Evaluate the density af by
using Mellin transform technique i1 and a» do not difer by integers or zero.

15.5. Repeat the problem in Excercise 1.5.4jfand x, are type-2 beta distributed,
wherea; —ap # +4,1=0,1,---B1—Bo# xv,v=0,1,2,--- .

C+ioco

156. Letf(x) = % fc_ioo ['(a—9I'(s)x 3ds. Evaluatef(x) as the sum of residues at the

poles ofl'(s). Then evaluate it again at the poled@f — s). Then compare the two results.
In the first case we get the function faf < 1 and in the case fak| > 1.

15.7. Bose-Einstein density in physics: Let
1
Evaluate the normalizing constamin this Bose-Einstein density.

f(X) = 0<X<o0,8>0.

15.8. Fermi-Dirac density in physics: Let

f(X) = ,B>0,0< X< 0.

c[1 + ex+FX]
Evaluate the normalizing constamt

159. Maxwell-Boltzmann density in physics: Let

f(x) = e’ 0< x < 0, > 0.
Evaluatec.
15.10. Generalized real gamma density. Let
f(x) = cx e > 0,0 < x < .

Evaluate the normalizing constamt
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1.6. Meijer’'s G-function

A generalization of the hypergeometric function in the eadlar case is Meijer's G-
Function. Itis defined in terms of a Mellin-Barnes integral.

Notation 1.6.1.

Gl = GRAlA ] = GRA@ = G,

.....

Definition 1.6.1. G-function.

1 [T, T(bj + ) ({1, (1 —a; — s)} z °ds
G ﬁf{ = HIT -9 (1.6.1)
----- HJ T, T = by = 9HTTD,, D@ + 9))
whereL is a contour separating the poleslgb; + s), j = 1,--- ,mfrom those of
I'(1-aj—-9), j=1,---,n. Three types of contours are described and the conditions

of existence for the G-function are discussed in Mathai 8)99The simplified
conditions are the following3(2) exists for the following situations:

() g=1qg>p forall zz#0

(i) g=1q=p forlz<1

(i) p=1p>gq, foral zz#0 (1.6.2)
(v) p>1p=aq, for|g>1

Example 1.6.1. Evaluate
f(X) — GiO[ |a+ﬁ+l:|

Solution:  As per our notatiorm=1,n=0,p=1,q=1.

a 1 I'(a+9) _
Glo[ +ﬁ+l] . f X"Sds.
2|4 21 JT(@+B+1+59
As per situation (ii) above we should obtain a convergenttion for|x| < 1 if we
evaluate the integral as the sum of the residues at the pblga & s). The poles
areats=-a-v,v=0,1,--- and the sum of the residues
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e N D X _ EDTE+1)
;%y_; v e T A Rl R

@iy ( ﬁ)v X
F(ﬁ +1) 4 Z “TG+ 1)(1 -xf X <1 (1.6.3)

SHEN

for R(B+1)> 0.

Example 1.6.2. Letu= xiX--- X, Wherexy, - - - , Xp are independently distributed real
random variables with (1) x; gamma distributed with parameteisj(1),j = 1,---,p;
(2) : xj type-1 beta distributed with parametess,(3;), j = 1,--- , p; (3) : X; is type-2 beta
distributed with parameterse(,3j), ] = 1,---, p. Evaluate the density of in (1),(2) and
(3).

Solution:  Taking the € — 1) moment ofu or the Mellin transform of the density
of uwe have the following:

E(U) = E(q - %) " = E(q -G = EOG) - EOG)

due to independence

P P T(ej+s-1) _
:rlE(xjH 1_[ JF( ) ,R(@j+s-1)>0,j=1,---,p
5 1

for case (1)

_ P F(a’j+S—1) F(aj+,6’j)
=1 | Ie)  Tlej+pj+s-1)

,R(@j+s-1)>0,j=1,---,p
j=1
for case (2)

_ ﬁ [(aj +s-1)T(B; - s+ 1)
['()) ')

,R(ej+s-1)>0,R(B;—s+1)>0,
=1

j = 1,---,pforcase (3)



1.6. MEIJER’'S G-FUNCTION 33

Let the densities be denoted byu), g-(u) andgs(u) respectively. They are avail-
able from the respective inverse Mellin transforms which b& written as G-
functions as follows:

1 [ Taj-1+9)|
nw =5z [ {HW}U ds

1

= ———Gg [yl b foru>0R(@)>0,j=1--,p
{ Jp:1l—«(a,j)} aj-1,j=1,-
(1.6.4)
and zero elsewhere.
o) = L f““” r"l Mo +s-1) T@+8) | o
2mi Cico i1 r(a/j) r(a/j +,8j + S— 1)
P F(CUJ' +,8j)
_ p,O aj+pBj-1,j=1,-
= {1:[ Ty GRalul 7 L0<u <, (1.6.5)

R(aj) > 0,R(B)) > 0,and zero elsewhere .

Ctico (P ) _ -
gs(W) = = f {]_[ Lo+ - DTG, S'Jrl)}u*ds (1.6.6)
¢ j

27T| —ico i1 F(Q’J) F(ﬁj)
- = pppy| AL N
{17, T(ey)r (@) Pl Ul ] u>

R(ej) >0,R(Bj)>0,j=1,---, pand zero elsewhere.

Example 1.6.3. Evaluate the following integral, a particular case of whicthe reaction
rate integral in astrophysics.

I(a,a, b, p) = fx“l e P4y a>0,b>0,p > 0. (1.6.7)

Solution:  Since the integrand can be taken as a product of positivgrabée
functions we can apply statistical distribution theoryvaleate this integral or such
similar integrals. The procedure to be discussed heretisdaifor a wide variety of
problems. Letx; andx, be two real scalar random variables with density functions
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f1(x1) and fo(x;). Letu = x;%, and letx; andx, be independently distributed. Then
the joint density ofx; andx,, denoted byf (x, X2), is the product of the marginal
densities due to statistical independence;adndx,. That is,

f(X1, X2) = f1(Xq) f2(X%2).

Consider the transformatian= x;% andy = x; = dx; A dX, = %du A dv. Hence
the joint density olu andv, denoted by)(u, v), is available as,

(U, ) = %fl(v) fz(%). (1.6.8)

Then the density ofi denoted by, (u), is available by integrating owtfrom g(u, v). That
is,

ga(u) = f % f1(v) fz(l—:)dv. (1.6.9)

Here (1.6.8) and (1.6.9) are general results and the metbscdrided here is called the
method of transformation of variabldésr obtaining the density ai = x;x,. Now, consider
(1.6.7). Let

f1(x1) = C1X¢e ™4 and fo(Xp) = G 75,0 < Xg < 00,0 < Xp < 00 (1.6.10)

a > 0,z > 0, wherec; andc, are the normalizing constants. These normalizing corstant
can be evaluated by using the property.

1= f fl(xl)dxl and 1= f f2(X2)dX2.
0 0

Since we do not need the explicit forms@fandc, we will not evaluate them here. With
the f; and f, in (1.6.10) let us evaluate (1.6.9). We have

(o)

<1 u "
g1(U) = c1Cp f Sy eV dy = ¢i0p f Ve lg e @) gy, (1.6.11)
y=0V v=0
Note that withb = z«, (1.6.11) is (1.6.7) multiplied bg; andc,. Thus, we have identified
the integral to be evaluated as a constant multiple of theityeaf u. This density ofu is
unique. Let us evaluate the density through Mellin and swdviellin transform technique.

Eu®™) = E0G HECS™)
due to statistical independence»af andx,. But
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EcSh=¢ f XS le gy = a @I (@ + 9), R(a+ 9 >0 (1.6.12)
0

and

°© ) C < s_
ECS™Y = ¢ fo xS leedx, = —2 fo yr Yevdy =

P Zs/ P

o7 s/pr( %), R(>0. (1.6.13)

Hence

-

Eu™?) = clcza?(az%)‘sl"(a ; s)F(s), (1.6.14)

Therefore, the density af denoted by (u), is available from the inverse Mellin transform.

C+ico
g1(U) = clcz—— f (e + r(S)(az vy ds (1.6.15)
P c- Y
Now, compare (1.6.15) with (1.6.11) to obtain the following

LAy () a” 1 (o™ S\ (art)-S
v e e dv = I'la + 9I'(-)(azru)™ ds. (1.6.16)
0 p 2ri Jg P

On the right side in (1.6.15) the dieient of sin 1“(5) is% # 1. Hence (1.6.15) is not a
G-function but it can be written as an H-function, which ol considered next. In reaction
rate theory in physicg = % and then

—ico

r(S) -T2 = 71%225_1F(S)F(3+ %)

by using the duplication formula for gamma functions. Thka tight side of (1.6.16)
reduces to

! i f e o+ s)F(s)F(s+ 2)(au£/ﬂ )_pds

zpalln-% 2ri C—ico 4
1 auz/r
e A RRTER
2pa(1/ 4 Y3
But
auz’?  abtlr
b=z¢ -
2f = — 2

Hence, forp = 3,
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e - 1 abl/r 1
a—1—av-by* 3,0

e dv = (€ ] for p = =

L Y § a3 03 4 |a’0’% P72

& 01],u>0. (1.6.17)
«, L5

Exercises 1.6.

Write down the Mellin-Barnes representations in Excecib®.1.- 1.6.5 where the series
forms are given. Here is an illustration.

WFolwii0 = Doy = s DT+

1 1 C+ico s
- Fo fc Tl 9Ir(e-x)ds

The last expression is the Mellin-Barnes representatiothiseries formFo(a; ; X).

161 oFo(i-2=€7=27, (‘r—?r (Exponential Series)

16.2. sFi(ab;c2 =372, %(f—),r (Gauss’ hypergeometric series)

163. 1F1(&b;2 =32, b—)( 2°  (Confluent hypergeometric series)

T

r v+2r .
164, y2 8 gﬁ)m) ( Bessel functionJ,(2))

165. 3207425 (Bessel functionl,(?).

Write the series forms from the Mellin-Barnes represeatain Excercise 1.6.6 and list the
conditions for convergence and existence also.
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166, L2 gz2p45 L

Ctico T(I(3+v—u—9) _ . .
Seww L [~ —(-2)~Sds (Whittaker function M, (2))

C—ico I'(1+2v-9)

Represent the following in Excercises 1.6.7 to 1.6.10 asi@@tfons and write down the
conditions.

16.7. Z@1l+az)*
168 Z@+az)”
16.9. (a) sinz (b) cosz (c) sinhz, (d) coshz

16.10. (@ In(1+2); (b)|n(l+z

1.7. TheH-function

This function is a generalization of the G-function. Thisswevailable in the literature
as a Mellin -Barnes integral but Charles Fox made a detailety ©f it in 1960’s and hence
the function is called Fox’s H-function. The Mellin-Barnepresentation is the following:

Notation 1.7.1. H-function

mn (alval)""’(apsap) [(apap)] mn
Hp [Zl(bl,ﬁl)m(bqﬁq) [ZI[(bqﬁq)]q Hpq(@ = H(2.

Definition 1.7.1.

mn (alyafl),"',(ap,ap) l {HTll F(b +ﬁ] S)} {HT:]. F(l - aj - aJ S)} _S
H [ |(b1,ﬁ1)r“,(bqﬁq)] - % ds
(M  T@ = b = B HTT,, T(ay + a,s)}
(1.7.1)
whereay, -, ap,B1,- -+ ,Bq are real positive numbers (integers, rationals or irratiey

a;'s andb;’s are, in general, complex quantitigs; V=1 and the contout seperates the
poles ofl'(bj +Bjs),j = 1,--- ,mfrom those of (1 - a; — ajs), j = 1,--- ,n. Three paths
L, similar to the ones for a G-function, can be given for theuHetion also. Details of
the existence conditions, various properties and appitsitmay be seen from Mathai and
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Saxena (1978) and Mathai (1993). A simplified set of existeranditions is the following:
Let,

q P q q
;1=Z,3j —Zaj andg = l—[cx(jl' H,BJ-_'B' ) 1.7.2)
=1 =1 =1 j=1
The H-function exists for the following cases:
() g=1,u>0 forallzz+0

(i) g=Lu=0, for 7 <p™
(i) p>1Lu<0O, forallzz+0

(iv) p>1u=0, for|d,z> 8" (1.7.3)
Two special cases, which follow from the definition itselfayrbe noted. When; =
l=---=ap=p1=1=- - = fqthen the H-function reduces to a G-function. When

all the aj’s andp;’s are rational numbers, that is ratios of two positive ietsgsince by
definition theaj’s andg;’s are positive real numbers, we may make a transformagiers;
whereu is the common denominator for all thg,j = 1,---,pandgj,j = 1,---,q.
Under this transformation each dheient ofs; in each gammain (1.7.1) becomes a positive
integer. Then we may expand all the gammas by using the ricétiion formula for gamma
functions. Then the cdicients ofsin every gamma becomesl and then the H-function
becomes a G-function. An illustration of this aspect wasmsedxample 1.6.3.

Example 1.7.1. Evaluate the following reaction rate integral in physicd amite it as an
H-function.

I (G,’, a, b, p) = f Xa—le—ax_b)(p dX
0

Solution: ~ From (1.6.16) in Example 1.6.3 we have

00 —a C+ico
f xrtgachorgy - 87 1 (e + STE)(ab¥)*ds. (1.7.4)
0 p 2r Jeico p

Writing the right side with the help of (1.7.1) we have thddaling:

1 1
vr—1 —ax-bx* 2,0 =
L X e dx = —QHO’Z[abP|(a’1)’(O’%)]. (1.7.5)



1.7. THE H-FUNCTION 39

Example 1.7.2. Letxy,---, X be independently distributed real scalar gamma random
variables with the parameters;(1),j = 1,--- ,k. Lety,---, vk be real constants. Let

Evaluate the density af.

Solution:  Let us take theg — 1) moment ofu or the Mellin transform of the
density ofu.
E(us—l) — E[)ql . sz] s1 _ E(Xill(s_l)) . E[XZK(S_]')]

due to independence. But for a real gamma random variabld, parameters
(aj, 1), the [yj(s— 1)]"" moment is the following:

(e +yi(s—-1) Tlaj—vyj+v9)

yi(s-1)7 _
et B e 7 R )

for R(ej +vyj(s-1)) > 0.

(1.7.6)
Then

k ['(aj—7vyi+7viS)
E s-1 — J ] J .
™) B [(aj)

The density olu, denoted byg(u), is available from the inverse Mellin transform.
That is,

1 1 C+ioco kK s
g(u) = ey 2 fc_im {];l Do) —yj+ YjS)} usds

1 k,0
H 5
_ {[Hljgzll-(aj)} O,k[U ], u>0,

0, elsewhere

(@j=yjyj) =1 K

This is the density function for the product of arbitrary o of independently
distributed real scalar gamma random variables.

By using similar procedures one can obtain and write in tesfris-functions,
products of arbitrary powers of real scalar type-1 beta gpd-2 beta random vari-
ables or arbitrary powers of products and ratios of reabscgdmma, type-1, type-2
beta or other such positive variables. Some details maydayfsem Mathai (1993)
and Mathai and Saxena (1978).
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Exercises 1.7.

1.7.1. Prove that

m (@1,01), (@pap)y _ ¢ ynmp L{(1-buBr).(1-bg,Be)
H [Zl(blﬁl)s"'s(bqﬁq) =H p[z|(1—al,al),"',(1—apﬂp)].

1.7.2. Prove that

mn (alaal),“‘,(ap,ll’p) mn (ar+oaz.a1), (Qp+oap.ap)
Z(TH [Z|(b1,ﬁ1),“‘,(bq,ﬁq) H [ |(b1+0'ﬁlaﬁl)a‘“a(bq+0'ﬁqaﬁq) ]

1.7.3. Evaluate the Mellin-Barnes integral

1 C+ioco F(S)
E.(29 = — ————(-2~%d 1.7.7
@ 2ri fc_im ra- as)( 2)ds ( )
and show thaE,(2) is the Mittag-Ldfler series
= Z
Ea,(Z) = rz:é m (178)

1.7.4. Evaluate the Laplace transform &f,(z*) of Excercise 1.7.3, in (1.7.8), with
parameterp.

1.75. A generalization of Mittag-Lfiler function E,4(2) = >.;2, ﬁ. Evaluate the
Laplace transform of ~1E, 5(%).

176. lfa=mm=12,---in(1.7.8) show that

r 1 2 m-1 z 1
E.(2) = (2n) Tm 2oFm—l( mm Tm ;ﬁ)r(;)’r(z),...r(m_—l)'

1.7.7. Write E,(2) as an H-function.
178 Ifa=mm=12,--- write downE,(2) as a G-function.

1.7.9. Letx; andx, be independently distributed real gamma random variabitsstine
parametersd, 1), (@ + % 1) respectively. Leti = x1X%p. Evaluate the density af and show
that the density ofi, denoted by(u), is given by the following:

2a—1 1

ue 1 u?2
= — g2 > 0 and zero elsewhere
g(u) = (22 ) ,u Z W
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1.7.10. Let Xy, X, X3 be independently distributed real gamma random variabitstire
parametersd, 1), (o + % 1), (a+ :% 1) respectively. Leti = x;Xox3. Evaluate the density of
u and show that it can be written as an H-function of the foltayviype, where(u) denotes
the density of.

27 10
g(u) = r'Ga) H0’1[27u| (30_3’3)], u> 0 and zero elsewhere

1.8. Dirichlet Integralsand Dirichlet Densities

A multivariate integral, which is a generalization of a bigtieegral, is the Dirichlet in-
tegral. We looked at type-1 and type-2 beta integrals. Hereonsider type-1 and type-2
Dirichlet integrals and their generalizations. Analodgpuse will also define the corre-
sponding statistical densities.

Notation 1.8.1. Dirichlet Function: D(azy, - - , ak; ak:1) (real scalar case)

Definition 1.8.1.
I1(631)11(632) e 'F(ak+l)
Ilar + -+ + aks)

for R(ej)>0,j=1,--- ,k+ 1.

(1.8.1)
Note that fork = 1 we have the beta function in the real scalar case. Congider t
following integral:

D(ay, -, ax k1) =

D, = f h f X X (L= X = = XM g A A dx (1.8.2)
Q
whereQ = {(Xg, -, x)0<x <Li=1---,KO< Xy +---+ X < 1}. Since 1-
Xp—--— X > 0we have X x; < 1- X —--- — X Integration over, yields the
following:
1-Xp—-+—Xk
f XL = X — Xp — -+ - — X)Xy
x1=0
= (1—Xp— -+ — X2
l—XZ—“‘_Xk X a’k+1—l
Xf X(Il_l[l— ! Xm.
%1=0 1—X2—"'—Xk

Put
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- 1- Xo — + o+ — Xy
Then the integral ovex; yields,

Y1 =X = (1% — - = X)dy1.

1
(]_ —Xp— e — Xk)01+ak+1—lf yill—l(l _ yl)aku—ldyl
0

_ r(Cyl)r(ak+l)
— 1—X _____Xkal+ak+1 1
( ? ) a1 + ake1)
for R(a1) > 0, R(ak1) > 0. Integral overx, yields,
(@)l (k1) T(@2)T (@1 + ai1) _ ['(@)l (a2)T (@k:1)
L1+ o) Tlar + a2 + ae1)  Tlag + a2+ aie) |
Proceeding like this, we have the final result:

[a)l(@2) - - - T(ae1)

D1 =D(ay, -, ok ay1) = Dy + -+ + ayer)
+

 R@)>0,j=1- k+1.

(1.8.3)
Here, (1.8.2) is the type-1 Dirichlet integral. Hence bymalizing the integrand in
(1.8.2) we have the type-1 Dirichlet density.

Definition 1.8.2. Type-1 Dirichlet density (X, - -, X).

1
Xal_l oyl 1—X3 —---— X "k+1_1,
D(ay, -, ax k1) ! XI( ( ! )

0<x;<1lj=1---,k 0<x+---+x%<1 R(aj) >0, (1.8.4)
j=1,---,k+1, andfiy(xs,---, %) = 0 elsewhere

fl(Xla”' 7Xk) =

Consider the type-2 Dirichlet integral

D, = f . f Xclfl—l . xgk‘l(l +Xq - X )Ty AL AdX. (1.8.5)
0 0
This can be integrated by writing

X1
1+ X+ + X

QA+x+--+X)=Q+X+ - +x)1+
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and then integrating out with the help of type-2 beta intisgrahe final result will
agree with the Dirichlet function

D, = D(az, - - - ax; Q1) (1.8.6)
Thus, we can define a type-2 Dirichlet density.

Definition 1.8.3. Type-2 Dirichlet density.

1
fo(x R = X"l_l oyl 1+ X - _(al+“‘+"k+1)’
2(Xe, s %) Doy, o ) X' (L4 X+ -+ %)
0<Xj<oo, j=1,---,Kk R(aj)>0, j=1,--- ,k+1, (1.8.7)
and fo(xq, - - - , X¢) = 0 elsewhere

It is easy to observe that ii{, - - - , X) has ak - variate type-1 Dirichlet density
then any subset af of the variables have |- variate type-1 Dirichlet density for
r=1,---,k Similarly if (x;,---,X) have a type-2 Dirichlet density then any
subset of them will have a type-2 Dirichlet density.

Example 1.8.1. Evaluate the marginal densities from the following bivaidensity:
Moy + a2 +a3) 1
T(a)l(a2)(a3) ?

0<x1+X%X+x<1 R(e)>0,j=123, andf(xs, x2) = 0 elsewhere

X 1-x - %)@ L0<x<1j=123

f(x1, X2) =

Solution:  Let the marginal densities be denotedffx;) and f,(x,) respectively.

00 = | fwae = [bTeat e

1-X1
X f Xlzlz_l(l - X1 — Xz)a?’_ldXZ
X

2=0

F(a’]_ + as + CU3) 1 1 fl_xl 4 Xo az-1
= XYL = x) - 22| e
(@) (a2)(as) ! ( 1) %p=0 )(2 1-x 2

Put
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Xo
Y2 =7 = dxz = (1 - X)dy>.
- X1
_ N+ az+a3) o 1fl 1 1
f — 1 1 a2+a3 a2— 1 a3 d

Evaluating thej,-integral with the help of a type-1 beta integral we obt’%ﬁ%.
Hence,

o1+ a2+ a3) 4,4 1

fi(x) = XL - X)) 0<% < 1,
1) = ['(@)l (@2 + @3) o 1 '
and zero elsewhere. From symmetry,

F(al + @y + a’g)
fo(x2) =

%) [(e@2)[ (a1 + @s3)
and zero elsewhere. Thus, the marginal densities ahdx, are type-1 beta densi-
ties.

LX) 0 < X < 1

Example 1.8.2. Evaluate the normalizing constagif the following is a density function:

f(x1, %2) = €L - x P XL - X — %)L 0< xj < 1, (1.8.8)
0<x1+%<1j=12 %R(r)>0, j=123andf(xs,x) =0 elsewhere

Solution:  Let us integrate out; first.

1-X1
f X2 (1 - xq — %)™ Hdx,
X:

=0
X2
1-x

1
— (1 _ Xl)a2+a3—1f ap— 1(1 yz)ag 1dy2, Yo =

I(a2)l ()

=(1-=x az+az—1 ,
( 1) F(a’z + a/3)

%(az) >0, %(a’g) > 0.
Now, integrating outx; we have,

_ T(a@)I'(By + a2 + as)
F(al +ar+ a3 +,81)

f Xal 1(1 X )ﬁ1+a2+ag 1d
0

‘R(al) > O, %(ﬁl + s + 03) > 0. Hence
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_ F(az + a3)F(a1 + as + a3 +ﬁ1)
T (@) (as)(az + az + B1)’

A generalization td variable case is one of the generalizations of type-1 Detatensity
and the corresponding type-1 Dirichlet function.

%(QJ‘) > O,J = 1,2,3,%(024-&3 -l-,Bl) > 0.

Example 1.8.3. Evaluate the normalizing constant if the following is a dgninction:

f(x1, %o, Xa) = X1 0xa + %22 X227 (xg + X + Xa)f? XL — xq — o — X3) ™Y,
O<x+---+x<1 j=1234 R)>0 j=1.234 (18.9)
Rar+---+aj+P2+---+p))>0,]=1,23,4

and f (xg, X2, X3) = 0 elsewhere

Solution: Letu; = X3, Uy = X3 + X U3 = X3 + Xo + X3 and let the joint density of
Uy, Uz, U3 be denoted by(u,, Uy, u3). Then

g(Ul, Uo, U3) =C Lff_lugz(uz _ ul)az—lugs(us _ uz)ag—l(l _ U3)a4_l,
O<ur<up<uz<l

Note that O< u; < U,. Integration over yields the following:

V] U U1
f U (U — )™ Hduy = U2t f Ui (1 - =)= tduy
u;=0 u;=0 U2
1 ! 1 Uy
— ulZYl+(lz— f y(lll— (1 _ yl)az—ldyl’ Y= —
0 u
1IN ay)
= yare 1 22 2 R () > 0, R(ay) > 0.
2 F(a’1+az) ( 1) ( 2)

Integration ovew, yields the following:

u
=0 ° INa1 + a2 + az + B2)

for %(03) > 0, %(dl + a» +,82) > 0.

fu3 a/j_+a/2+,32—l(u3 _ uz)a3—1du2 — U(§1+a/2+a/3+,82—1 r(a3)r(al + @ +ﬁ2)
u

Finally, integral oveus yields the following:
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u 1 - u3)™ tdus =
uz=0 3 ( 3) 3 r(a(1+"'+a{4+ﬁ2+ﬁ3)

%(04) > O, %(dl +ar+ a3 +,82 +,83) > 0.

f ! 1+az+az+Br+Ba—1 a1 + a2 + a3 + B2 + B3)

Hence

[y + az + Bo)
F(ozl + ar+ a3 +ﬁ2)

Iy +az + a3+ B2+ fa)
F(al+az+ag+a4+ﬁ2 +ﬁ3)

for R(ej) >0,j=1234 R(er1+---+aj+B2+---+B))>0, j =23

C_l = F(ozl)F(ozz)F(a/3)F(oz4)

Note that one can generalize the function in (1.8.9) e @ariables situation.
This will produce another generalization of the type-1 €htfet function as well
as the type-1 Dirichlet density. Corresponding situationghe type-2 case will
provide generalizaions of the type-2 Dirichlet integradl @ensity.

Exercises 1.8.

181 Let f(xg, X, Xa) = 6T HL + x)@BIXP T + xq + xp) @2EHL + xg +
Xo + x3)‘("3+ﬁ3), 0< Xj <00, j=1,23andf(xy, X, X3) = 0 elsewhere. Iff (X1, X, X3) is a
density function then evaluateand write down the conditions on the parameters.

1.8.2. Generalize the density in Excercise 1.8.1ktwariables case, evaluate the corre-
spondingc and write down the conditions.

1.8.3. Write down thek-variables situation in Example 1.8.3 and evaluate the abzing
constant, and give the conditions on the parameters.

1.8.4. Write down the general density corresponding to Example21a8@d evaluate the
normalizing constant, and give the conditions on the patarse

1.8.,5. By using the gamma structure in the normalizing constanté@réise 1.8.4 show
that the joint density in Exercise 1.8.4 can also be obtaamsethe joint density ok mu-
tually independently distributed real scalar type-1 baradom variables, and identify the
parameters in these independent type-1 beta random \esiabl
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1.9. Lauricella Functionsand Appell’s Functions

Another set of multivariable functions in frequent use iplégd areas is the set of Lau-
ricalla functions, and special cases of those are the Apffietictions. Lauricella functions
fa, fs, fc, and fp are the following:

Definition 1.9.1. Lauricellafunction fu

fA(a’bl,"',bn;Cl,"',Cn;X]_,'--,Xn)

(C)my - (Co)m, mg!---my!

= i .. i (@my+-+my (D) my * - - (Bn)m, Xrln1 X" (1.9.1)
m;=0 my=0

for |xq| + -+ X < 1.

Definition 1.9.2. Lauricdlafunction fg

fB(ala"',an’bl,"',bn;C;X]_,"',Xn)

C 33 @O O, XX g
— — (Omyt-sm, my!---my! -
m =0 m,=0
for | <1, [%| <1,---,|X| <1
Definition 1.9.3. Lauricella function fc
fC(aab,Cl, 7CI"I;X17"' aXI"I)
= i i (@my -+ (O)my4-4my XT X (1.9.3)
m =0 my=0 (Cl)ml U (Cn)mn ml' Tt m’]'
for [y/Xi| + -+ -+ /Xl < L.
Definition 1.9.4. Lauricdlafunction fp
fo(@, by, -+, b0 C X, -+, Xn)
= i .. i (@ my -+, (OL)my -+ o+ (B)m, XTl X (1.9.4)
(C)myttm, my!---my! o

m=0  my=0
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for | <1, %] <1---,|X| <1

Whenn = 2 we have Appell’'s functionE 1, F», F3, F4. Also whenn = 1 all these functions
reduce to a Gauss’ hypergeometric functign. We will list some of the basic properties
of Lauricella functions.

1.9.1. Some propertiesof fa

1 1
f . f ulil—l . uﬁ”_l(l _ ul)Cl—bl—l (- un)cn—bn—l
0 0

X (1= UgXy — -+ = UnXn) 3 dug A --- A dup
D T'(b)r(c; — bj
= HM fA(a’bl’... ’bn;cl’... ,Chi Xq, - -+ ,Xn),
j:l l—‘(CJ)
(2.9.5)
for R(b)) >0, R(cj—-b))>0,j=1,---,n
The result can be easily established by expanding the fétteru;x; — - -+ — UnX,) ™2 by
using a multinomial expansion and then integrating wu§ = 1,---,n with the help of
type-1 beta integrals.
f e 't2 1 F1(y; o1 xat)1Fa(b2; C2; Xat) - - - 1F1(0n; Cn; Xnt)clt (1.9.6)
0

This can be established by taking the series forms;#6y's and then integrating ot

1 I'a+ty+---+t)I'(by +t1)---T'(by + tp)
(2ri)" f - f T(C1+1t1) - T(Cn + tn)

X T(~t1) - - - T(=tp)(=x2)% - - - (=Xn)" dty A -+ A dity (1.9.7)
I'(b1) - --I'(bn)

=@y T

fA(aebl’ ’bn;cl’--- ’Cn;Xl,“' ,Xn),i - \/__1

This can be established by evaluating the integrand as theofthe residues at the poles
of I'(-ty),--- ,I'(-ty), one by one.
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1.9.2. Some propertiesof fg

f e f IR oy (I IR A Lot (1.9.8)
X(1—t1X1)_b1---(1—tan)_b” dty A -+ Adty
r .T(a)(c—a —--- —
I'(c)
for R(a)) >0,j=1,---,nR(c—ag—---—an)>0,t;>0,j=1,---,n, and
1-t9—---—t>0.

This result can be established by opening upt(i(j)‘bi, j =1,---,nby using binomial
expansions and then integrating out - - , t, with the help of a type-1 Dirichlet integral of
Section 1.8.

f o f T @il g s st (1.9.9)
0 0
X oF1 ((C SitiXy + -+ + SatpXn) dSy A -+ - Adsy, Adtg A -+ A dity

n
= {]—[ F(aj)F(bj)} fe(@1--- . an, b1, - bniCiXe, -, %),
j=1

for R(@j)) >0, R(bj))>0,j=1,---,n

First, open up thgF1 as a power series irsftix1 + - - - + ShtnXn)¥. Sincek is a posi-
tive integer open up by using a multinomial expansion. Timtegrate ouss,--- , S and
t1,- -, tk by using gamma functions, to see the result.

1 F(al + tl) oo F(an + tn)F(bl + tl) oo F(bn + tn)
(%i)nf”'f T(C+ty+---+1y)

X T(=tg) -+ T(=tp)(=Xx0) - - (=Xo)" dty A - Adlty, | = V-1

N '(a)(b:

(1.9.10)

L17TE

Assume thagj — bj # v,v = 0,1,---. Then evaluate the integrand as the sum of the
residues at the poles bf-t;),--- ,I'(-t,) , one by one, to obtain the result.
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1.9.3. Some propertiesof fc

f f U 1emS GF (ep xSt - oF 1 (; Cn; XnSDdS A dit (1.9.11)
0 0
=T(@r(b)fc(a b;ct, -, Cn; X1, -+, %), for R(a) > 0, R(b) > 0.

Open up thgF1’s, then integrate outandswith the help of gamma integrals to see the
result.

1 f...fr(a+t1+---+tn)r(b+t1+...+tn)

(2ri)" [(cy+1t1)---T(Cn +tn)
X T(=tg) - T(=t)(=x)% - - - (= Xn)'ndlty, A - - A dty
r'@r(b) :
= ——————fc(@abcr, - ,CnjXg, -+, Xp), i = V=1 1.9.12
e - T c( 1 ny X1 Xn) ( )
Evaluate the integrand as the sum of the residues at the @gfdig¢st,), - - - ,T'(-t,), one

by one, to obtain the result.

1.9.4. Some propertiesof fp

f. .. fu?l_l e uR”_l(]_ —Up--- un)c_bl_"'_b”_l (1913)
X (1= UgXy — - = UnXn)"3dug A - -+ A dup
_ T(by)---T(bn)(c— by —--- = bn) o
- F(C) fD(ae bl’ ,bn,C, Xla ,Xn), for
O<uj<l j=1---,n0<uUp+--+U <1 0< XUy + -+ XpUp < 1,
Rbj)>0, j=1,---,n, R(c—by—---—by) > 0.
Open up (- uyX; — - - - — UpXy) ™2 by using a multinomial expansion and then integrate
outuy,-- -, Uy by using a type-1 Dirichlet integral of Section 1.8.
1
f W1 -u) (L —ux) ™ (1 - ux,) Pdu (1.9.14)
0
= % fo(a by, - ,bn;C %q,-++ , %) for R(@) >0, R(c—a) > 0.

Expand (1- qu)_bj, j = 1,---,nby using binomial expansions and then integrate out
u by using a type-1 beta integral to see the result.
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f f et Fy @ e xaty o Xatn)dt A - Adty (1.9.15)
0 0
=T(by)---T(bn)fo(a by, - ,bn;C xq, -+, %), for R(bj) >0,j=1,---,n.

ExpandiF; as a series, then open up the general term with the help of tnomlal
expansion for positive integral exponent, then integraite - - - , t, to see the result.

(1.9.16)

1 I'a+ty+---+ty)I'(by +t1) - - T'(by + tn)
(%i)nf”'f T(C+1ty +--+1ty)
X T(=ty) -+ T(=tn)(=x0)® - - - (=xn)""dlty, A - - A dlty
_ T(@(oy) -~ T(bn)
I'(c)
Follow through the same method of evaluation of the contotagirals as irfa, fg and
fc to see the result.

fo(a br, -+ by Xa, -+, %) = V=1

fo(@ by, -~ b Ci X+, X) = 2F1(a, by + -+ + bn; ¢ X). (1.9.17)
Use the integral representaion in (1.9.14) and)put - - - = X, = X to see the result.
rcr(c—-a—by—---—hy)
fo(a, by, - ,bn;c;1,1---,1) = . 1.9.18
D(av 1, ) I"Ivcv 9 s ) F(C—a)r(c—bl——bn) ( )

Evaluate (1.9.17) at = 1 to see the result.

There are other functions in the category of multivariabfgdrgeometric functions
known as Humbert's functions, Kampé de Fériet functiond so on. These will not be
discussed here. For a brief description of these, alongseithe of their properties, see for
example Mathai (1993, 1997) and Srivasthava and Karlsseb{1

Example 1.9.1. Show that

fA(a-) bl,’-- ,bn;Cl;”’ ,Cny Xq,* - ’Xn) (1919)
= i ce. i (@ my+-+my 1 (B)my - - - (Bn)m,
m;=0 My1=0 (@m, - (C)m,

Xm1 e xThe
R MR S (@+ My + -+ M1, by} Cn X), [Xa] + -+ + Xl < 1
mlerh_llz 1 n -1, Mn, Ln, s [AL .

Solution:  This can be seen by summing up with respeaintdy observing that
@)mgssm, = @+ M+ -+ + My_1)m,. Then the sum is the following:
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(o)

Z @+mg+--+ My_1)m,(bn)m, ﬁ

~ i oF1(@+my + -+ My_g, by; G; Xq).
N !

=0

Example 1.9.2. Show that

aa+1l
r'@) fc(z, 5L G X ,xn) (1.9.20)
© t2X1 t2x
= ta‘le‘tF(;C;—)--- F(;c;—”)dt.
L ori 1 4 or1 n 4

Solution:  Expand thgF,’s. Then the right side becomes,

oo 00 f‘x’ tar2my++2my -1
0

Z e_tximlE;dt
m;=0 ’ M=0 (Cl)ml T (Cn)mn 4m 4" m1! e rnnl

Integral ovett yields

f ta+2mi+-~-+2r’rh—le—tdt — F(a + 2m1 + .-+ Zrnn)
0

Expanding(a+2my +- - - +2my,) = I'T2(5 + my +- - - + m,)] by using the duplication
formula, we have,

a a
F[Z(— My e+ rnn)] = n‘%23+2m1+"'+2”h‘11“(— Fmy e+ mn)

2 2
a+1l
XF(T,m1+---+rm)
1 ay. /a+1
-2 r(Gh()
e 2\ 72

@), 5, e
2 My +--+My 2 My +-++My

=r@(3),. (T e

(duplication formula is again applied difa) = I'[2(5)] ). Now, substituting and
interpreting as d¢ the result follows.
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Example 1.9.3. Show thatfg(as,--- ,an, by, -+ ,bn;C; X1, -+, Xn)

I'(c) L
I(dy)---T(dn)I(c—dy — -~ —dn) f ful ¥ (1.9.21)
X (1 — Ul — e — Un)c_dl_“'_dn—l
X 2F1(ag, by; di; uiXy) - - -2 F1(an, bn; dn; UnXp)dug A - - - A duy
for R(dj)>0,1,---,n, Rc—dy—---—0dp)>0,Ix]<1,j=1,---,n.

Solution:  Expand the product ofF;’s first.

2F1(ag, by; di; Uixg) - - -2 F1(@n, bn; On; UnXn) (1.9.22)
= i i (@)m, * (@n)my (B)my =+ - (Br)m, (UaXa)™ - - - (UnXn)™
m.=0 My=0 (dl)ml T (dn)mn my!---my! ’

Now, evaluate the integral ovet, - - - , U, by using a type-1 Dirichlet integral.

f. .. fucljﬁml_l - uﬂn”nﬂ_l(]_ —Up— - — un)c_dl_“‘_dn_ldul Ao Adu,
_I(dy+my)---T(dy + myI(c—dy —--- = dp)
- T(C+my+---+my)
— l—‘(C - dl -t dn)r(dl) e r(dn) (dl)ml U (dn)rnn (1923)
I'(c) (©)my+-tmy,
for R(d;))>0,j=1,---,n,R(c—dy—---—d,) > 0. Now, substituting (1.9.23) and

(1.9.22) on the right side of (1.9.21) the result follows.

Exercises 1.9.

1.9.1. Establish the result in (1.9.5)
1.9.2. Establish the result in (1.9.6)
1.9.3. Establish the resultin (1.9.7)
1.9.4. Establish the result in (1.9.8)

1.9.5. Establish the result in (1.9.9)
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1.9.6. Establish the resultin (1.9.10)
1.9.7. Establish the resultin (1.9.11)
1.9.8. Establish the result in (1.9.12)
1.9.9. Establish the resultin (1.9.13)
1.9.10. Establish the resultin (1.9.14)
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