
CHAPTER 1

PRELIMINARIES OF SPECIAL FUNCTIONS AND
STATISTICAL DISTRIBUTIONS

[This chapter is based on the lectures of Professor A .M . M athai of M cG ill U niversity,
Canada (D irector of the 3rd SERC School).]

1.0. Introduction

A very brief outline of some elementary special functions and statistical distri-
butions is given here to make the notes self-contained. Details are available from the
following sources, which are accessible to the participants of the 3rd SERC School:

(1) Notes of the2nd SERC School. (Publication No 31 of the Centre for Math-
ematical Sciences (CMS)), 2000.

(2) Mathai, A.M. (1993). “A Handbook of Generalized Special Functions for
Statistical and Physical Sciences”, Oxford University Press, Oxford, U.K.

(3) Mathai, A.M. and Saxena, R.K. (1978).“The H-Function with Applica-
tions in Statistics and Other Disciplines”, Wiley Halsted, New York.

(4) Mathai, A.M. and Saxena (1973).“Generalized Hypergeometric Func-
tions with Applications in Statistics and Physical Sciences” , Lecture Notes
No 348, Springer-Verlag, Heidelberg.

Notation 1.0.1. Pochammer Symbol

(a)m = a(a+ 1) · · · (a+m− 1), (a)0 = 1, a , 0. (1.0.1)

For example,

(

−2
3

)

2
=

(

−2
3

)(

−2
3
+ 1

)

= −2
9

; (−3)3 = (−3)(−2)(−1) = −6;

(−3)5 = (−3)(−2)(−1)(0)(1)= 0;
(1
2

)

3
=

(1
2

)(3
2

)(5
2

)

=
15
8
.
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Notation 1.0.2. Factorial n or n factorial

n! = (1)(2)· · · (n), 0! = 1 (convention ). (1.0.2)

For example,

3! = (1)(2)(3)= 6;
2
3

! = not defined

(−2)! = not defined; 1!= 1; 0! = 1 (convention).

Notation 1.0.3. Number of Combinations of n taken r at a time

(

n
r

)

= number of subsets ofr distinct objects from a set ofn distinct objects (1.0.3)

=
n(n− 1) · · · (n− (r − 1))

r!
=

n(n− 1) · · · (n− r + 1)
r!

=
n!

r!(n− r)!
, 0 ≤ r ≤ n.

For example,

(

3
1

)

=
3
1!
= 3;

(

3
2

)

=
(3)(2)

2!
= 3;

(

n
1

)

=
n
1!
= n;

(

n
n− 1

)

=
n(n− 1) · · · (n− (n− 1))

(n− 1)!
= n =⇒

(

n
1

)

=

(

n
n− 1

)

;

(

n
0

)

=
n!

0!(n− 0)!
=

n!
n!
= 1;

(

n
n

)

=
n!

n!(n− n)!
=

n!
n!0!

= 1 =⇒
(

n
0

)

=

(

n
n

)

;

(

n
r

)

=
n!

r!(n− r)!
=

n!
(n− r)![n− (n− r)]!

=

(

n
n− r

)

;

(

n
r

)

=

(

n− 1
r

)

+

(

n− 1
r − 1

)

;

(−2
3

)

= not defined as a combination;

(

1/3
2

)

= not defined as a number of combinations.

But if
(

n
r

)

is not treated as a number of combinations but defined in termsof Pochammer
symbol as

(

n
r

)

=
n(n− 1) · · · (n− r + 1)

r!
=

(−1)r (−n)(−n+ 1) · · · (−n+ r − 1)
r!

=
(−1)r (−n)r

r!
(1.0.4)

then
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(−2/3
2

)

=
(−1)2

2!

(2
3

)(2
3
+ 1

)

=
5
9

;

(

1/2
3

)

=
(−1)3

3!

(

−1
2

)(

−1
2
+ 1

)(

−1
2
+ 2

)

=
1
16
.

Note that

(a)m+n = (a)m(a+m)n = (a)n(a+ n)m. (1.0.5)

1.1. Gamma and Related Functions

Notation 1.1.1. : Γ(z) = gamma z

A gamma function is defined in many ways. Some of the definitions, along with the
necessary conditions are the following:

Definition 1.1.1.

Γ(z) = lim
n→∞

n! nz

z(z+ 1) · · · (z+ n)
, z, 0,−1,−2, · · · (1.1.1)

Definition 1.1.2.

Γ(z) = z−1
∞

∏

n=1

(

1+
1
n

)z(

1+
z
n

)−1

. (1.1.2)

Definition 1.1.3.
1
Γ(z)

= z lim
n→∞















n−z
n

∏

k=1

(

1+
z
k

)















. (1.1.3)

Definition 1.1.4.
1
Γ(z)

= zeγz
∞

∏

n=1

[

(1+
z
n

)e−z/n
]

(1.1.4)

whereγ is the Euler’s constant.

Notation 1.1.2.

γ = lim
n→∞

{

1+
1
2
+

1
3
+ · · · + 1

n
− ln n

}

≈ 0.577215664901532860606512. (1.1.5)
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Definition 1.1.5.

Γ(z) = pz

∫ ∞

0
tz−1e−ptdt,ℜ(p) > 0,ℜ(z) > 0 (1.1.6)

whereℜ(.) denotes the real part of (.).

Definition 1.1.6.
1
Γ(z)

=
1

2πi

∫ c+i∞

c−i∞
t−zetdt, c > 0,ℜ(z) > 0, i =

√
−1 (1.1.7)

whereπ is the mathematical constant,

π ≈ 3.141592653589793238462643.

Thus, from the Laplace representation in (1.1.6) we have an integral representation

Γ(z) =
∫ ∞

0
tz−1e−tdt, ℜ(z) > 0. (1.1.8)

In general,Γ(z) exists for all values ofz, positive or negative, except at the pointsz =
0,−1,−2, · · · . These are the poles ofΓ(z). But for the integral representation in (1.1.8) to
hold the real part ofzmust be positive. Thus, for example,

Γ(5) exists;Γ(−1
2) exists;Γ(0) does not exist;Γ(−3) does not exist.

It is not difficult to show that

Γ(z) = (z− 1)Γ(z− 1) = (z− 1)(z− 2) · · · (z− r)Γ(z− r) (1.1.9)
whenΓ(z) andΓ(z− r) are defined. It is easily established from the integral representation
in (1.1.8) by integrating by parts. The property holds for other definitions also. Thus, for
example,

Γ(n) = (n− 1)(n− 2) · · · 1Γ(1) but Γ(1) = 1

= (n− 1)! for n = 1, 2, · · · (1.1.10)

Γ

(1
2

)

=

(1
2
− 1

)

Γ

(1
2
− 1

)

= −1
2
Γ

(

−1
2

)

⇒ Γ
(

−1
2

)

= −2Γ
(1
2

)

.

Γ

(7
2

)

=

(5
2

)(3
2

)(1
2

)

Γ

(1
2

)

=
15
8
Γ

(1
2

)

.

By using the property in (1.1.9) we can reduce any gamma function

Γ(z) = (a few factors)Γ(α), 0 < α ≤ 1 (1.1.11)
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andΓ(α) for 0 < α ≤ 1 is extensively tabulated. For computational purposes onecan use
(1.1.11) and the extensive numerical tables forΓ(α), 0 < α ≤ 1. It can also be shown that
Γ(1

2) =
√
π. The proof is simple in terms of the integral representations in (1.1.8). Consider

[

Γ

(1
2

)]2
= Γ

(1
2

)

Γ

(1
2

)

=

[

∫ ∞

0
x

1
2−1e−xdx

][

∫ ∞

0
y

1
2−1e−ydy

]

=

∫ ∞

0

∫ ∞

0
x

1
2−1y

1
2−1e−(x+y)dxdy.

Put x = r cos2 θ, y = r sin2 θ, 0 ≤ r < ∞, 0 ≤ θ ≤ π
2, the Jacobian is 2r sinθ cosθ, integrate

out r andθ to see that the right side reduces toπ, and hence the result. Therefore

Γ

(1
2

)

=
√
π. (1.1.12)

Also

(a)n =
Γ(a+ n)
Γ(a)

(1.1.13)

when the gammas are defined.

1.1.1. Multiplication formula for a gamma function

Γ(mz) = (2π)
1−m

2 mmz− 1
2Γ(z)Γ

(

z+
1
m

)

· · ·Γ
(

z+
m− 1

m

)

, m= 1, 2, · · · (1.1.14)

For example,

Γ(2z) = (2π)
1−2

2 22z− 1
2Γ(z)Γ

(

z+
1
2

)

= π−
1
2 z2z−1

Γ(z)Γ
(

z+
1
2

)

,

is known as theduplication formulafor gamma functions. For example,

1 = Γ(1) = Γ
[

2
(1
2

)]

= π−
1
2 21−1

Γ

(1
2

)

Γ

(1
2
+

1
2

)

= π−
1
2Γ

(1
2

)

Γ(1)⇒ Γ
(1
2

)

=
√
π.

1 = Γ
[

3
(1
3

)]

= (2π)
1−3

2 31− 1
2Γ

(1
3

)

Γ

(2
3

)

Γ(1)⇒ Γ
(1
3

)

Γ

(2
3

)

=
2π√

3
.

By using the infinite product definitions for trigonometric functions we can establish the
following results:
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Γ(z)Γ(1− z) = π cosecπz; (1.1.15)

Γ(z)Γ(−z) = −π
z

cosecπz; (1.1.16)

Γ

(1
2
+ z

)

Γ

(1
2
− z

)

= π secπz. (1.1.17)

Exercises 1.1.

1.1.1. Evaluate the following whenever they exist.

(a)
(

−3
2

)

3
; (b) (−3)4; (c) (1)n; (d) (0)2 .

1.1.2. Evaluate the following, interpreting as the number of combinations, whenever they
exist.

(a)
(

2/3
5

)

; (b)
(−2

3

)

; (c)
(

2
3

)

; (d)
(

4
2

)

; (e)
(

100
4

)

.

1.1.3. An M.Sc Mathematics class has 5 boys and 9 girls. A committee of 4 persons
is to be chosen, consisting of 2 boys and 2 girls. (a) How many total choices are there?
(b) How many choices are there if there is no restriction on the number of boys and girls in
the committee?

1.1.4. Prove that definitions 1.1.3 and 1.1.4 are one and the same.

1.1.5. Evaluate the following in terms ofΓ(α), 0 < α ≤ 1.
(a) Γ(−5

2); (b) Γ(−3
4); (c) Γ(7

2); (d) Γ(8) .

1.1.6. Evaluate the following:
(a) Γ(1

4)Γ(3
4); (b) Γ(1

6)Γ(1
3) .

1.1.7. Show thatΓ(1
6)Γ(5

6) = 2π .

1.1.8. Show thatzΓ(z) = Γ(z+ 1) by using definition 1.1.1.

1.1.9. Show thatzΓ(z) = Γ(z+ 1) by using definition 1.1.2.

1.1.10. Show that
∏∞

n=1

(

1+ 1
n

)−z(

1+ z
n

)

= limn→∞ n−z∏n
k=1

(

1+ z
k

)

.
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1.2. The Psi Function

Notation 1.2.1. ψ(z): psi z

Definition 1.2.1.

ψ(z) =
d
dz

lnΓ(z) =
1
Γ(z)

d
dz
Γ(z), lnΓ(z) =

∫ z

1
ψ(x)dx . (1.2.1)

It is the logarithmic derivative of the gamma function. For example,

ψ(z) =
1

z− 1
+

1
z− 2

+ · · · + 1
z− r

+ ψ(z− r). (1.2.2)

By using the various definitions and properties of gamma functions we have the following
properties for a psi function:

ψ(z) = −γ − 1
z
+ z

∞
∑

k=1

1
k(z+ k)

(1.2.3)

ψ(z) = −γ + (z− 1)
∞
∑

k=0

1
(k+ 1)(z+ k)

(1.2.4)

ψ(1) = −γ (1.2.5)

ψ

(1
2

)

= −γ − 2 ln 2 (1.2.6)

ψ(z) − ψ(1− z) = −π cotπz (1.2.7)

ψ

(1
2
+ z

)

− ψ
(1
2
− z

)

= π tanπz . (1.2.8)

Successive derivations ofψ(z) give generalized zeta functions.

1.2.1. Generalized zeta function

Notation 1.2.2.

ζ(ρ, a) : generalized zeta function

ζ(ρ) : Riemann zeta function
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Definition 1.2.2.

ζ(ρ, a) =
∞
∑

k=0

1
(k + a)ρ

, ℜ(ρ) > 1, a , 0,−1,−2, · · · (1.2.9)

ζ(ρ) =
∞
∑

k=1

1
kρ
, ℜ(ρ) > 1 . (1.2.10)

For ρ ≤ 1 the series is divergent. From (1.2.4), by successive differentiation, we have the
following:

d2

dz2
lnΓ(z) =

d
dz
ψ(z) =

∞
∑

k=0

1

(z+ k)2
= ζ(2, z). (1.2.11)

dr

dzr lnΓ(z) =
dr−1

dzr−1
ψ(z) =















ψ(z), for r = 1

(−1)r (r − 1)!ζ(r, z), for r ≥ 2

= (−1)r (r − 1)!
∞
∑

k=0

1
(z+ k)r . (1.2.12)

A few explicit forms are the following:

ζ(2) = ζ(2, 1) =
∞
∑

n=1

1

n2
=
π2

6
. (1.2.13)

ζ(4) = ζ(4, 1) =
∞
∑

n=1

1
n4
=
π4

90
. (1.2.14)

ζ(2k) = ζ(2k, 1) =
∞
∑

n=1

1

n2k
=

(−1)k+1(2π)2k

2(2k)!
B2k, (1.2.15)

whereB2k is a Bernoulli number. For details of generalized Bernoullipolynomials, Bernoulli
polynomials and Bernoulli numbers see Mathai (1993).

1.2.2. An asymptotic formula for gamma functions

For |z| → ∞ and α a bounded quantity, it can be shown that
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ln Γ(z+ α) =
1
2

ln(2π) + (z+ α − 1
2

) ln z− z

+

∞
∑

k=1

(−1)k+1Bk+1(α)

k(k + 1)zk
, |arg (z+ α)| ≤ π − ǫ, ǫ > 0 (1.2.16)

whereBk+1(α) is a Bernoulli polynomial. The first part of the formula in (1.2.16) gives
Stirling’s approximation:

Γ(z+ α) ≈ (2π)
1
2 zz+α− 1

2 e−z . (1.2.17)

For example, for|z| → ∞, αandβ bounded quantities,

Γ(z+ α)
Γ(z+ α + β)

≈ (2π)
1
2 zz+α− 1

2 e−z

(2π)
1
2 zz+α+β− 1

2 e−z
= z−β . (1.2.18)

Exercises 1.2.

1.2.1. Prove formula (1.2.4) by using (1.1.9).

1.2.2. Prove formula (1.2.3).

1.2.3. Prove formula (1.2.6) by using the duplication formula for gamma functions.

1.2.4. Show that

ψ(1+ n) = 1+
1
2
+ · · · + 1

n
− γ .

1.2.5. Evaluateψ(−3
2).

1.2.6. Evaluateψ(5).

1.2.7. If ln Γ(z+ 1) = a0 + a1z+ · · · + anzn
+ · · · evaluatean, n = 0, 1, 2, · · ·

1.2.8. Show thatζ(k, 1
2) = (2k − 1)ζ(k).

1.2.9. show thatζ(k,−3
2) = (−1)k

(

2k
)[

1+ 1
3k

]

+ ζ(k, 1
2).
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1.2.10. Show that

ζ

(

k, z− 2r + 1
2

)

=
1

(

z− 1
2

)k
+ · · · + 1

(

z− 2r+1
2

)k

+ ζ

(

k, z+
1
2

)

, r = 0, 1, · · · , k = 2, 3, · · ·

1.3. Essentials of Statistical Distribution Theory
The mathematical aspects of statistical distributions will be defined and discussed here.

We will not be dealing with random variables, discrete probability functions, mixed situa-
tions etc here. Hence density functions defined on a continuum of points in the real case
will be considered here.

Let f (x1, · · · , xk) be a non-negative integrable scalar function with the total integral
unity in the real scalar variablesx1, · · · , xk.

Definition 1.3.1. A density function.

If f (x1, · · · , xk) satisfies the following conditions:

(i) f (x1, · · · , xk) ≥ 0 for all x1, · · · , xk,

(ii)
∫

x1
, · · · ,

∫

xk
f (x1, · · · , xk)dx1 ∧ · · · ∧ dxk = 1

then f (x1, · · · , xk) is called a joint density function of the real scalar randomvari-
ablesx1, · · · , xk where∧ denotes the wedge product or skew symmetric product of
differentials.

Example 1.3.1. Check whether the following are density functions:

(1) f1(x) = 1
θ
, 0 ≤ x ≤ θ and f1(x) = 0 elsewhere;

(2) f2(x) = 1
x, 1 ≤ x ≤ ∞ and f2(x) = 0 elsewhere;

(3) f3(x) =















x, 0 ≤ x ≤ 1

2− x, 1 ≤ x ≤ 2 and zero elsewhere;
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(4) f4(x1, x2) = 2, 0 ≤ x1 ≤ x2 ≤ 1 and zero elsewhere;

(5) f5(x1, · · · , xk) = e−(x1+···+xk), 0 ≤ x j < ∞, j = 1, · · · , k and zero elsewhere.

Solutions: Obviously the functions in (1) to (5) are non-negative and hence we
need to check the second condition only.

(1)
∫ ∞

−∞
f1(x)dx = 0+

∫ θ

0

1
θ

dx =
[x
θ

]θ

0
= 1.

Hencef1(x) is a density. This is known as auniform densityor the random variable
x is said to be uniformly distributed over the closed interval[0, θ], θ > 0, where
θ is an unknown constant. Unknown constants in a density are called parameters.
Henceθ is a parameter here.

(2)
∫ ∞

−∞
f2(x)dx = 0+

∫ ∞

1

1
x
dx =

[

ln x
]∞

1
= ∞.

The integral does not converge to 1. Hencef2(x) is not a density.

(3)
∫ ∞

−∞
f3(x)dx = 0+

∫ 1

0
xdx+

∫ 2

1
(2− x)dx =

[ x2

2

]1

0
+

[

2x− x2

2

]2

1
= 1.

Hencef3(x) is a density function.

(4)
∫ ∞

−∞

∫ ∞

−∞
f4(x1, x2)dx1 ∧ dx2 = 0+

∫ 1

x2=0

[

∫ x2

x1=0
2dx1

]

dx2 =

∫ 1

x2=0
2x2dx2 = 1.

Note that the region of integration is either

{(x1, x2)|0 ≤ x1 ≤ x2 and 0≤ x2 ≤ 1} or {(x1, x2)|x1 ≤ x2 ≤ 1 and 0≤ x1 ≤ 1} .
We may use either of these. Thus,f4(x1, x2) is a joint density function of the real
scalar random variablesx1 andx2.
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(5)
∫ ∞

−∞
· · ·

∫ ∞

−∞
f5(x1, · · · , xk)dx1 ∧ · · · ∧ dxk

= 0+
∫ ∞

0
· · ·

∫ ∞

0
e−(x1+···+xk)dx1 ∧ · · · ∧ dxk

=

k
∏

j=1

∫ ∞

0
e−xj dxj =

k
∏

j=1

[−e−xj ]∞0 = 1.

Hencef5(x1, · · · , xk) is a joint density function ofx1, · · · , xk.

1.3.1. The marginal and conditional densities

If f (x1, · · · , xk) is a joint density function ofx1, · · · , xk then the density function of
any subset of these variables, say for example,x1, · · · , xr , r ≤ k, is available by integrating
out the other variables. The density thus obtained is calledthe marginal density of that
subset. For example, the marginal density ofx1 is available by integrating outx2, · · · , xk

from f (x1, · · · , xk).

Example 1.3.2. Evaluate the marginal densities of the individual variables in (4) and (5)
of Example 1.3.1.

Solutions: Integrating outx1 in (4), observing thatx1 goes from 0 tox2, we obtain
the marginal density ofx2, denoted byg2(x2). That is,

g2(x2) =
∫ x2

x1=0
2dx =















2x2, 0 ≤ x2 ≤ 1

0, elsewhere.
(1.3.1)

Similarly, observing thatx2 goes fromx1 to 1, the marginal density ofx1, denoted byg1(x1),
is available as the following:

g1(x1) =
∫ 1

x2=x1

2dx2 =















2(1− x1), 0 ≤ x1 ≤ 1

0, elsewhere.
(1.3.2)

Hereg1(x1) andg2(x2) are the marginal densities ofx1 andx2 respectively. In (5) of Exam-
ple 1.3.1 the variables are separated and the integral overx j gives

∫ ∞

0
e−xj dx j = 1., i = 1, · · · , k.
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Hence the marginal density of ofx j , denoted byh j(x j), is given by,

h j(x j) =















e−xj , 0 ≤ x j < ∞
0, elsewhere j = 1, 2, · · · , k.

(1.3.3)

One interesting property may be noted from (5) of Example 1.3.1. Here the joint density
is the product of the marginal densities whereas in (4) of Example 1.3.1 the joint density is
not equal to the product of marginal densities.

1.3.2. Conditional densities and statistical independence
Let f (x1, · · · , xk) be the joint density of the real scalar random variablesx1, · · · , xk.

Consider two non-overlapping subsets of random variables,for example{x1, · · · , xr}, {xr+1,

· · · , xk}, r < k, the two subsets need not exhaust the whole set. Letf1(x1, · · · , xr) and
f2(xr+1, · · · , xk) be the marginal densities of these mutually exclusive subsets. Then the
conditional density of the first subset given the second subset, denoted by
g(x1, · · · , xr |xr+1, · · · , xk) is defined as

g(x1, · · · , xr |xr+1, · · · , xk) =
f (x1, · · · , xk)

f2(xr+1, · · · , xk)
(1.3.4)

for f2(xr+1, · · · , xk) , 0 at the given points forxr+1, · · · , xk.

Example 1.3.3. Evaluate the conditional density ofx1 given x2 =
1
3 in (4) of Example

1.3.1.

Solution: The marginal densities are available from (1.3.2) and (1.3.1) respec-
tively. Hence the conditional density ofx1 givenx2 =

1
3, denoted byg(x1|x2 =

1
3) is

given by the following:

g(x1|x2 =
1
3

) =
Joint density ofx1 andx2

Marginal density ofx2
, evaluated atx2 =

1
3

=
2

2x2
|x2 =

1
3
= 3.

But in the joint densityx1 goes from 0 tox2. Hence

g(x1|x2 =
1
3

) =















3, 0 ≤ x1 ≤ 1
3

0, elsewhere.

Note that here the conditional density ofx1 depends upon the condition onx2.
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Example 1.3.4. Evaluate the conditional density ofx1 given x2 = a2, · · · , xk = ak in (5)
of Example 1.3.1.

Solution: The marginal densities are available from (1.3.3). Hence the marginal
joint density ofx2, · · · , xk is e−(x2,··· ,xk), 0 ≤ xj < ∞, j = 2, · · · , k and zero elsewhere.
The conditional density ofx1 givenx2, · · · , xk, denoted byg(x1|x2 · · · , xk) is then

g(x1|x2, · · · , xk) =
Joint density ofx1, · · · , xk

Marginal density ofx2, · · · , xk
=

e−(x1+···+xk)

e−(x2+···+xk)
= e−x1

=















e−x1, 0 ≤ x1 < ∞
0, elsewhere.

Here, whatever be the values at whichx2, · · · , xk are fixed or given, that has no
relevance to the density ofx1. Further, note that in this case the joint density is the
product of marginal densities. If such a thing happens then the variables are said to
be independent or statistically independently distributed.

Definition 1.3.2. Statistical independence.

If the joint density f (x1, · · · , xk) is the product of the individual marginal den-
sities of x1, · · · , xk then the real scalar random variablesx1, · · · , xk are said to be
mutually independently distributed. If this property holds in two subsets of the vari-
ables then these subsets are said to be independently distributed. In such a case the
joint density of the two subsets is the product of the marginal densities of the subsets
and the conditional density of one subset given the other is free of the conditions or
it is the marginal density of the first subset itself. Note thefollowing:
Joint density= (conditional density)× (marginal density of the conditioned vari-
ables)

f (x1, · · · , xk) = g(x1, · · · , xr |xr+1, · · · , xk) f2(xr+1, · · · , xk).

This is a general result.

g(x1, · · · , xr |xr+1, · · · , xk) = f1(x1, · · · , xr) = marginal density of{x1, · · · , xr}
if the two sets{x1, · · · , xr } and{xr+1, · · · , xk} are independently distributed . When
{x1, · · · , xr} and{xr+1, · · · , xk} are independently distributed then
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f (x1, · · · , xk) = f1(x1, · · · , xr) f2(xr+1, · · · , xk). (1.3.5)

If x1, · · · , xk are mutually independently distributed then

f (x1, · · · , xk) =
k

∏

j=i

f j(x j) (1.3.6)

where f j(x j) is the marginal densityx j , j = 1, · · · , k. Observe that independence in subsets
need not imply mutual independence. For examplex1 andx2 independent,x1 andx3 inde-
pendent,x2 andx3 independent, need not imply thatx1, x2, x3 are mutually independent.

Definition 1.3.3. Joint moments or product moments.

Mx1,··· ,xk(h1, · · · , hk) =
∫

x1

· · ·
∫

xk

xh1
1 · · · x

hk
k f (x1, · · · , xk)dx1 ∧ · · · ∧ dxk (1.3.7)

if it exists, wheref (x1, · · · , xk) is the joint density ofx1, · · · , xk, is known as the
expected value of the productxh1

1 · · · x
hk
k , written asE[xh1

1 · · · x
hk
k ], or the (h1, · · · , hk)th

product moment ofx1, · · · , xk. Whenh j = sj − 1, j = 1, · · · , k wheres1, · · · , sk

are arbitrary parameters, the product moment is known as theMellin transform of
f (x1, · · · , xk) whenx ≥ 0, j = 1, · · · , k.

Definition 1.3.4. Moment generating functions.

Let f (x1, · · · , xk) be the joint density of the real scalar random variablesx1, · · · , xk

then the expected value of e(t1x1+···+tkxk), wheret1, · · · , tk, are arbitrary parameters, is
known as the joint moment generating function ofx1, · · · , xk when the expected
value exists. Whent j is replaced by−t j, that is E[e−t1x1−···−tkxk] is the Laplace
transformof f (x1, · · · , xk) when xj ≥ 0, j = 1, · · · , k. When t j is replaced by
it j, i =

√
−1, j = 1, · · · , k then the expected value is theFourier transformof the

density f (x1, · · · , xk) or theCharacteristic functionof x1, · · · , xk.

Moment generating function: M f (t1, · · · , tk)

M f (t1, · · · , tk) = E[e(t1x1+···+tkxk)]

=

∫

x1

· · ·
∫

xk

et1x1+···+tkxk f (x1, · · · , xk)dx1 ∧ · · · ∧ dxk. (1.3.8)
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Characteristic function = Fourier transform of f or φ f (t1, · · · , tk) :

φ f (t1, · · · , tk) = E[e(it1x1+it2x2+···+itkxk)], i =
√
−1 (1.3.9)

=

∫

x1

· · ·
∫

xk

eit1x1+···+itkxk f (x1, · · · , xk)dx1 ∧ · · · ∧ dxk.

Laplace transform of f or L f (t1, · · · , tk):

L f (t1, · · · , tk) = E[e(−t1x1−···−tkxk)], (1.3.10)

whenx1, · · · , xk are positive variables. That is,

L f (t1, · · · , tk) = M f (−t1, · · · ,−tk)
when the variables are positive or

L f (t1, · · · , tk) =
∫ ∞

0
· · ·

∫ ∞

0
e(−t1x1−···−tkxk) f (x1, · · · , xk)dx1 ∧ · · · ∧ dxk (1.3.11)

wheneverL f (t1, · · · , tk) exists. Note thatφ f (t1, · · · , tk) exists always.

Exercises 1.3.

1.3.1. Check whether the following are density functions. If so, evaluatec.

(1) f1(x) = c e−θx; (2) f2(x) = c e5k, 0 ≤ x < ∞; (3) f3(x) = c e−θ|x|,−∞ < x < ∞;

(4) f4(x) = ce−
1

2σ2 (x−µ)2

,−∞ < x,∞,−∞ < µ,∞, σ > 0;

(5) f5(x) = λ1√
2πσ1

e
− 1

2σ2
1

(x−µ1)2

+
λ2√
2πσ2

e
− 1

2σ2
2

(x−µ2)2

,−∞ < x < ∞, λ1 > 0,

λ2 > 0, λ1 + λ2 = 1, σ1 > 0, σ2 > 0,−∞ < µ1 < ∞,−∞ < µ2 < ∞.

1.3.2. Let f (x) be a density function. Consider the distribution functionor the cumulative
density function ofx, namelyF(x) =

∫ x

−∞ f (t)dt. Let y = F(x). What is the density ofy?

1.3.3. Is the following a density function? If so, evaluate the marginal densities.
f (x1, x2) = c(x1 + x2), 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1, and f (x1, x2) = 0 elsewhere.
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1.3.4. Is the following a density function? If so, evaluate the probability that x falls in
the interval [1.5, 2.5], that is,Pr{1.5 ≤ x ≤ 2.5} which is the integral over this interval.

f (x) =















cx, 0 ≤ x ≤ 2 and f (x) = 0 elsewhere.

(3− x), 2 ≤ x ≤ 3.

1.3.5. Check whetherx1 andx2 in Exercise 1.3.3 are independently distributed.

1.3.6. In the joint densityf (x1, x2) = 2, 0 ≤ x1 ≤ x2 ≤ 1,and f (x1, x2) = 0 elsewhere,
evaluate (1) the conditional density ofx2 given x1 =

1
4; (2) the conditional density of

x1 given x2 = 2.

1.3.7. Evaluate the product momentE(x2
1x2) in Exercise 1.3.6.

1.3.8. For the problem (1) of Exercise 1.3.1 evaluate the moment generating func-
tion. Then by using this moment generating function obtain the 4th momentE(x4) by (1):
expanding the moment generating function; (2): by differentiating the moment generating
function.

1.3.9. For the density in Exercise 1.3.3 evaluate the joint moment generating function
and show that

E[et1x1+t2x2] =
(et2 − 1)

t2

[et1

t1
− (et1 − 1)

t21

]

+

( (et1 − 1)
t1

)[et2

t2
− (et2 − 1)

t22

]

; t1 , 0, t2 , 0.

1.3.10. For the normal density in (4) of Exercise 1.3.1 evaluate themean value= E(x)
and thevariance= E[x − E(x)]2 and show that the mean valueE(x) = µ and the variance
= σ2 there.

1.4. Gamma, Beta and Related Densities
A gamma density is associated with a gamma function. A two parameter gamma density

is the following:

f (x) =















xα−1

βαΓ(α)e
−x/β; x ≥ 0, β > 0, α > 0

0, elsewhere.
(1.4.1)

For the gamma function to existα can be complex also with the conditionℜ(α) > 0 where
ℜ(.) denotes the real part of (.).
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Example 1.4.1. Evaluate the following for a gamma density: (a) Thehth moment of the
gamma random variablex; (b) the moment generating function ofx; (c) the Laplace
transform off ; (d) the Fourier transform off or the characteristic function ofx.

Solution: (a) Theh-th moment isE(xh).

E(xh) =
1

βαΓ(α)

∫ ∞

0
xhxα−1e−x/βdx (Puty =

x
β

)

= βhΓ(α + h)
Γ(α)

for ℜ(α + h) > 0. (1.4.2)

Note thath can be negative also providedα + h > 0 whenα andh are real.

(b) Moment generating function ofx,Mx(t) :

Mx(t) = E[etx] =
1

βαΓ(α)

∫ ∞

0
xα−1etxe−x/βdx

=
1

βαΓ(α)

∫ ∞

0
xα−1e−(1−βt)x/βdx < ∞ for 1− βt > 0

= (1− βt)−α for 1− βt > 0. (1.4.3)

Hence the Laplace transform of the gamma density is given by

L f (t) = E[e−tx] = (1+ βt)−α, 1+ βt > 0. (1.4.4)

The characteristic function ofx or the Fourier transform off :

φ(t) = E[eitx ] = (1− iβt)−α,ℜ(1− iβt) > 0, i =
√
−1. (1.4.5)

Through the uniqueness of the Mellin and inverse Mellin transform pair, Laplace
and inverse Laplace transform pair, Fourier and inverse Fourier transform pair, the
density f is uniquely determined byh = (s− 1)th moment in ( 1.4.2), the Laplace
transform in (1.4.4) and the Fourier transform in (1.4.5).

1.4.1. The beta function and the beta density

Notation 1.4.1. B(α, β) : The beta function with parameters α and β
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Definition 1.4.1.

B(α, β) =
Γ(α)Γ(β)
Γ(α + β)

,ℜ(α) > 0,ℜ(β) > 0. (1.4.6)

Example 1.4.2. Derive integral representations forB(α, β) by using the integral repre-
sentations ofΓ(α) andΓ(β).

Solution: From the integral representation of a gamma function in (1.1.13)

Γ(α) =
∫ ∞

0
xα−1e−xdx,ℜ(α) > 0

and

Γ(β) =
∫ ∞

0
yβ−1e−ydy,ℜ(β) > 0.

Hence,

Γ(α)Γ(β) =
∫ ∞

0

∫ ∞

0
xα−1yβ−1e−(x+y)dx∧ dy.

Putx = r cos2 θ, y = r sin2 θ, 0 ≤ r < ∞, 0 ≤ θ ≤ π/2. Then

dx∧ dy = 2r cosθ sinθ dr ∧ dθ, x+ y = r.

Integrating outr by using a gamma integral we obtain

Γ(α)Γ(β) = Γ(α + β)
∫ π/2

θ=0
(cos2 θ)α−1(sin2 θ)β−12 cosθ sinθdθ.

Hence

B(α, β) =
Γ(α)Γ(β)
Γ(α + β)

=

∫ π/2

θ=0
(cos2 θ)α−1(sin2 θ)β−12 cosθ sinθdθ. (1.4.7)

Here (1.4.7) is one integral representation. Some others are the following, the nec-
essary transformation is written in brackets.
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B(α, β) =
∫ π/2

θ=0
(cos2 θ)α−1(sin2 θ)β−12 cosθ sinθ dθ

=

∫ 1

0
xα−1(1− x)β−1dx, (x = cos2 θ) (1.4.8)

=

∫ 1

0
yβ−1(1− y)α−1dy, (y = 1− x) (1.4.9)

=

∫ ∞

0
uα−1(1+ u)−(α+β)du, (u =

x
1− x

) (1.4.10)

=

∫ ∞

0
vβ−1(1+ v)−(α+β)dv, (v =

1
u

). (1.4.11)

Here (1.4.8) and (1.4.9) are known as thetype-1 integral representation of the beta
function B(α, β) and (1.4.10) and (1.4.11) are known as thetype-2 representation of
the beta function. Note also thatB(α, β) = B(β, α). Based on these representations
we have the type-1 and type-2 beta densities.

Definition 1.4.2. The real type-1 beta density.

f1(x) =















Γ(α+β)
Γ(α)Γ(β) x

α−1(1− x)β−1, 0 ≤ x ≤ 1,ℜ(α) > 0,ℜ(β) > 0

0, elsewhere.
(1.4.12)

Example 1.4.3. Evaluate thehth moment of the real type-1 beta random variablex and
the Mellin transform of the densityf1(x).

Solution: The h-th moment isE(xh).

E(xh) =
Γ(α + β)
Γ(α)Γ(β)

∫ 1

0
x(α+h)−1(1− x)β−1dx

=
Γ(α + h)
Γ(α)

Γ(α + β)
Γ(α + β + h)

,ℜ(α + h) > 0, (1.4.13)

evaluated from the normalizing constantΓ(α+β)
Γ(α)Γ(β) by observing that the only change

is thatα is replaced byα + h. By replacingh by s− 1 we get the Mellin transform
of the densityf1. That is,
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M f1(s) = E(xs−1) =
Γ(α + s− 1)
Γ(α)

Γ(α + β)
Γ(α + β + s− 1)

,ℜ(α + s− 1) > 0. (1.4.14)

Definition 1.4.3. The real type-2 beta density

f2(x) =















Γ(α+β)
Γ(α)Γ(β) x

α−1(1+ x)−(α+β), 0 ≤ x < ∞,ℜ(α) > 0,ℜ(β) > 0

0, elsewhere.
(1.4.15)

This is based on the type-2 integral representation of a betafunction.

Example 1.4.4. Evaluate the h-th moment of a real type-2 beta random variable with the
density f2 above.

Solution:

E(xh) =
Γ(α + β)
Γ(α)Γ(β)

∫ ∞

0
xα+h−1(1+ x)−(α+β)dx

=
Γ(α + β)
Γ(α)Γ(β)

∫ ∞

0
x(α+h)−1(1+ x)−[(α+h)+(β−h)]dx

=
Γ(α + h)
Γ(α)

Γ(β − h)
Γ(β)

for ℜ(α + h) > 0,ℜ(β − h) > 0 (1.4.16)

that is,−ℜ(α) < ℜ(h) < ℜ(β). Note that only a few moments will exist here.
Whenα, β, h are real thenh has to be between−α andβ.

Example 1.4.5. Let x andy be independently distributed real gamma random variables
having the density as in (1.4.1) with the parameters (α1, 1) and (α2, 1) respectively. Let
u = x+ y, v = x

x+y andw = x
y
. Evaluate the densities ofu, v, andw.

Solution: Since the variablesx andy are independently distributed the joint density
of x andy is the product of the marginal densities ofx andy. The marginal densities
are given as gamma densities with parameters (α1, 1) and (α2, 1) respectively. Hence
the joint density, denoted byf (x, y), is the following:

f (x, y) =















1
Γ(α1)Γ(α2) x

α1−1yα2−1, e−(x+y), 0 ≤ x < ∞, 0 ≤ y < ∞.
0, elsewhere.

(1.4.17)
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Let us make the one-to-one transformationx = r cos2 θ, y = r sin2 θ, 0 ≤ r < ∞, 0 ≤
θ ≤ π/2, with the Jacobian dx∧ dy = 2r cosθ sinθ drdθ, then we obtain the joint
density ofr andθ denoted byg(r, θ). That is,

g(r, θ) =
1

Γ(α1)Γ(α2)
(r cos2 θ)α1−1(r sin2 θ)α2−1e−r(2r cosθ sinθ)

for 0 ≤ r < ∞, 0 ≤ θ ≤ π/2, andg(r, θ) = 0 elsewhere. Since the variables are
separated, we note thatr andθ are independently distributed. Further, the marginal
densities ofr andθ, denoted byg1(r) andg2(θ), are given by the following:

g1(r) = c1r
α1+α2−1e−r , 0 ≤ r < ∞

and zero elsewhere and

g2(θ) = c2(cos2 θ)α1−1(sin2 θ)α2−1(2 cosθ sinθ), 0 ≤ θ ≤ π/2
and zero elsewhere, wherec1 andc2 are the normalizing constants. Since

∫ ∞

0
g1(r)dr = 1⇒ c1 =

1
Γ(α1 + α2)

and
∫ π/2

0
g2(θ)dθ = 1⇒ c2 =

Γ(α1 + α2)
Γ(α1)Γ(α2)

.

Hence the nonzero part of the densities are the following:

g1(r) =
rα1+α2−1e−r

Γ(α1 + α2)
, 0 ≤ r < ∞,ℜ(α1 + α2) > 0 (1.4.18)

and

g2(θ) =
Γ(α1 + α2)
Γ(α1)Γ(α2)

(cos2 θ)α1−1(sin2 θ)α2−1(2 cosθ sinθ), (1.4.19)

0 ≤ θ ≤ π/2. Thus we have the following:

u = x+ y = r cos2 θ + r sin2 θ = r

has a gamma density as in (1.4.18) with parameter (α1 + α2)

v =
x

x+ y
=

r cos2 θ

r cos2 θ + r sin2 θ
= cos2 θ.

Putv = cos2 θ in (1.4.19) to obtain the density ofv, denoted byg3(v), as follows:
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g3(v) =















Γ(α1+α2)
Γ(α1)Γ(α2)v

α1−1(1− v)α2−1, 0 ≤ v ≤ 1,ℜ(α1) > 0, ℜ(α2) > 0,

0, elsewhere.
(1.4.20)

Hencev has a real type-1 beta distribution with the parameters (α1, α2) as in (1.4.20)

w =
x
y
=

r cos2 θ

r sin2 θ
= cot2 θ ⇒ 1

1+ w
= sin2 θ ⇒

2 sinθ cosθ dθ =
1

(1+ w)2
dw and cos2 θ = 1− sin2 θ = 1− 1

1+ w
=

w

1+ w
.

Therefore,

g2(θ)
∣

∣

∣

∣

∣

dθ
dw

∣

∣

∣

∣

∣

=
Γ(α1 + α2)
Γ(α1)Γ(α2)

(

w

1+ w

)α1−1( 1
1+ w

)α2−1 1
(1+ w)2

⇒

g4(w) =















Γ(α1+α2)
Γ(α1)Γ(α2)w

α1−1(1+ w)−(α1+α2) , 0 ≤ w < ∞
0, elsewhere.

(1.4.21)

Hencew = x
y

has a real type-2 beta distribution as given in (1.4.21). Thus u =
x1 + x2 ∼ gamma (α1 + α2, 1), v = x

x+y ∼ type-1 beta (α1, α2), w = x
y
∼ type-2 beta

(α1, α2), where “∼” indicates “distributed as ” and the parameters are given inthe
bracket.

Exercises 1.4.

1.4.1. If x1, · · · , xk are mutually independently distributed real scalar randomvariables
and ifφ1(x1), φ2(x2), · · · , φk(xk) are functions ofx1, · · · , xk respectively, then show that the
expected value of a product is the product of the expectations that is,

E[φ1(x1) · · · φk(xk)] = E[φ1(x1)]E[φ2(x2)] · · ·E[φk(xk)].

1.4.2. If x is a real scalar random variable with densityf (x) and if a andb are constant
scalars then show that (1)E(b) = b; (2) E[aφ(x) + b] = aE[φ(x)] + b whereφ(x) is a
function ofx.

1.4.3. Show that (1) Var[ax+ b] = a2Var(x) wherea andb are constants and Var(x) is
the variance ofx.
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1.4.4. Show that Var(x) = E(x2) − [E(x)]2, for any real scalar random variablex.

1.4.5. The covariance between two real scalar random variablesx andy is denoted and
defined as Cov(x1, x2) = E[x− E(x)][y − E(y)]. Show that Cov(x, y) = E(xy) − E(x)E(y).

1.4.6. If x has the uniform densityf (x) = 1
θ
, 0 ≤ x ≤ θ and zero elsewhere, evaluate the

variance of 2x+ 5.

1.4.7. From the joint density,f (x, y) = 2, 0 ≤ x ≤ y ≤ 1 and f (x, y) = 0 elsewhere,
evaluate Cov(x, y).

1.4.8. Linear correlation coefficientρ between real scalar random variablesx andy, is
defined asρ = Cov(x,y)√

Var(x)Var(y)
for Var(x) , 0,Var(y) , 0. Show that−1 ≤ ρ ≤ 1 and that

ρ = ±1 if and only if x andy are linearly related.

1.4.9. Let x1, · · · , xk be independently distributed real type-1 beta random variables
with the parameters (α1, β1) · · · (αk, βk). Let u = x1x2 · · · xk the product of these variables.
Evaluate theh-th moment ofu.

1.4.10. Let x1 be type-1 beta with parameters (α1, β1), x2 be type-2 beta with parameters
(α2, β2) andx3 be a gamma random variable with the parameters (α3, 1). Let x1, x2, x3 be
mutually independently distributed. Letu = x1x2

x3
. Evaluate the h-th moment ofu and write

down the conditions for its existence.

1.5. Hypergeometric Series
A general hypergeometric series withp upper or numerator parameters andq lower or

denominator parameters is denoted and defined as follows:

Notation 1.5.1.

pFq (a1 · · · ap; b1 · · · bq; z) = pFq((ap); (bq); z) = pFq(z)

Definition 1.5.1.

pFq(z) =
∞
∑

r=0

(a1)r · · · (ap)r

(b1)r · · · (bq)r

zr

r!
(1.5.1)

where (a j)r and (b j)r are the Pochammer symbols of (1.1.1). The series in (1.5.1)
is defined when none of theb j ’s, j = 1, · · ·q, is a negative integer or zero. If a
b j is a negative integer or zero then (b j)r will be zero for somer. A b j can be zero
provided there is a numerator parameterak such that (ak)r becomes zero first before
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(b j)r becomes zero. If any numerator parametera j is a negative integer or zero then
(1.5.1) terminates and becomes a polynomial inz. From the ratio test it is evident
that the series in (1.5.1) is convergent for allz if q ≥ p, it is convergent for|z| < 1
if p = q+ 1 and divergent ifp > q+ 1. Whenp = q+ 1 and|z| = 1 the series can
converge in some cases. Let

β =

p
∑

j=1

a j −
q

∑

j=1

b j.

It can be shown that whenp = q+ 1 the series is absolutely convergent for|z| = 1
if ℜ(β) < 0, conditionally convergent forz= −1 if 0 ≤ ℜ(β) < 1 and divergent for
|z| = 1 if 1 ≤ ℜ(β).

Some special cases of apFq are the following: When there is no upper or lower
parameters we have,

0F0(; ;±z) =
∞
∑

r=0

(±z)r

r!
= e±z. (1.5.2)

Thus0F0(.) is an exponential series.

1F0(α; ; z) =
∞
∑

r=0

(α)r
zr

r!
= (1− z)−α for |z| < 1. (1.5.3)

This is the binomial series.1F1(.) is known as confluent hypergeometric series or
Kummers’s hypergeometric series and2F1(.) is known asGauss’ hypergeometric
series.

Example 1.5.1. Incomplete Gamma function. Evaluate the incomplete gamma func-
tion

γ(α, b) =
∫ b

0
xα−1e−xdx, b < ∞

and write it in terms of a Kummer’s hypergeometric function.

Solution: Sinceb is finite we may expand the exponential part and integrate term
by term .
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γ(α, b) =
∫ b

0
xα−1















∞
∑

r=0

(−1)r

r!
xr















dx =
∞
∑

r=0

(−1)r

r!

∫ b

0
xα+r−1dx

=

∞
∑

r=0

(−1)r

r!
bα+r

α + r
=

bα

α

∞
∑

r=0

(−1)r

r!
(α)r

(α + 1)r
br

=
bα

α
1F1(α;α + 1;−b). (1.5.4)

Hence the upper part

Γ(α, b) =
∫ ∞

b
xα−1e−xdx = Γ(α) − γ(α, b). (1.5.5)

Example 1.5.2. Incomplete beta function. Evaluate the incomplete beta function

b(α, β; t) =
∫ t

0
xα−1(1− x)β−1dx, t < 1

and write it in terms of a Gauss’ hypergeometric function.

Solution: Note that since 0< x < 1,

(1− x)β−1
= (1− x)−(1−β)

=

∞
∑

r=0

(1− β)r

r!
xr .

Hence,

b(α, β; t) =
∞
∑

r=0

(1− β)r

r!

∫ t

0
xα+r−1dx =

∞
∑

r=0

(1− β)r

r!
tα+r

α + r

=
tα

α

∞
∑

r=0

(1− β)r(α)r

(α + 1)r

tr

r!
=

tα

α
2F1(1− β, α;α + 1; t). (1.5.6)

Hence the upper part,

B(α, β; t) =
∫ 1

t
xα−1(1− x)β−1dx =

Γ(α)Γ(β)
Γ(α + β)

− b(α, β; t). (1.5.7)
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Example 1.5.3. Obtain an integral representation for a2F1.

Solution: Consider the integral,

∫ 1

0
xa−1(1− x)c−a−1(1− zx)−bdx, for |z| < 1

=

∞
∑

r=0

(z)r

r!
(b)r

∫ 1

0
xa+r−1(1− x)c−a−1dx, (expanding (1− zx)−b

by binomial expansion)

=

∞
∑

r=0

(z)r

r!
(b)r
Γ(a+ r)Γ(c− a)
Γ(c+ r)

(by using a type-1 beta integral)

=
Γ(a)Γ(c− a)
Γ(c)

∞
∑

r=0

(z)r

r!
(b)r(a)r

(c)r
(by writing Γ(a+ r) = (a)rΓ(a))

=
Γ(a)Γ(c− a)
Γ(c) 2F1(a, b; c; z).

That is,

2F1(a, b; c; z) =
Γ(c)

Γ(a)Γ(c− a)

∫ 1

0
xa−1(1− x)c−a−1(1− zx)−bdx (1.5.8)

for ℜ(a) > 0, ℜ(c− a) > 0.

This is the famous integral representation for2F1.

1.5.1. Evaluation of some contour integrals

Since the technique of Mellin and inverse Mellin transformsis frequently used for solv-
ing some problems in applied areas we will look into the evaluation of some contour inte-
grals with the help of residue theorem. We will not go into thetheory of analytic functions
and residue calculus. We will need to know only how to apply the residue theorem for eval-
uating some integrands where the integrands contain gamma functions. In order to illustrate
the technique let us redo a known result.

Example 1.5.4. Evaluate the Mellin transform of e−x and then recover e−x, 0 ≤ x < ∞
with the help of the inverse Mellin transform.
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Solution: Let f = e−x andM f (s) its Mellin transform. Then

M f (s) =
∫ ∞

0
xs−1e−xdx = Γ(s) for ℜ(s) > 0. (1.5.9)

The inverse Mellin transform ofΓ(s) is given by the formula

f (x) =
1

2πi

∫ c+i∞

c−i∞
Γ(s)x−sds, i =

√
−1, c > 0.

Then from residue calculusf (x) is available as the sum of residues at the poles
of the integrandΓ(s)x−s. The poles are coming fromΓ(s), which are at the points
s = −ν, ν = 0, 1, 2 · · · . The residue ats = −ν is given by the following, denoted by
ℜν:

ℜν = lim
s→−ν

[(s+ ν)Γ(s)x−s].

Direct substitution ofs = −ν fails here. Hence we may adopt the following proce-
dure.

ℜν = lim
s→−ν

[(s+ ν)
(s+ ν − 1) · · · sΓ(s)

(s+ ν − 1) · · · s x−s]

= lim
s→−ν

[
Γ(s+ ν + 1)x−s

(s+ ν − 1) · · · s] =
Γ(1)xν

(−1)(−2) · · · (−ν) =
(−1)ν

ν!
xν.

Hence the sum of the residues should producef (x).

f (x) =
∞
∑

ν=0

(−1)ν

ν!
xν = e−x.

Example 1.5.5. Evaluate the contour integral, which is also an inverse Mellin transform,

f (x) =
1

2πi

∫ c+i∞

c−i∞

Γ(a1 − s) · · · Γ(ap − s)

Γ(b1 − s) · · · Γ(bq − s)
Γ(s)(−z)−sds (1.5.10)

as the sum of the residues at the pole ofΓ(s).

Solution: The poles are ats= −ν, ν = 0, 1, · · · . The residue ats= −ν is given by
the following:

ℜν = lim
s→−ν

{

(s+ ν)Γ(s)
Γ(a1 − s) · · ·Γ(ap − s)

Γ(b1 − s) · · ·Γ(bq − s)
(−z)−s

}

.
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By using the process in Example 1.5.4 we have,

ℜν =
(−1)ν

ν!

Γ(a1 + ν) · · ·Γ(ap + ν)

Γ(b1 + ν) · · ·Γ(bq + ν)
(−z)ν

=















∏p
j=1 Γ(a j)

∏q
j=1 Γ(b j)















(a1)ν · · · (ap)ν
(b1)ν · · · (bq)ν

zν

ν!
.

Hence the sum of the residues is given by,

∞
∑

ν=0

ℜν = K
∞
∑

v=0

(a1)ν · · · (ap)ν
(b1)ν · · · (bq)ν

zν

ν!
= K pFq(a1, · · · , ap; b1, · · · , bq; z)

whereK is the constant

K =

∏p
j=1 Γ(a j)

∏q
j=1 Γ(b j)

.

Thus 1
K times the right side in (1.5.10) is the Mellin-Barnes representation for a

general hypergeometric function.

If poles of higher orders are involved then one may use the general formula. If
φ(z) has a pole of ordermatz= a then the residue atz= a, denoted byℜa, is given
by the following formula:

ℜa = lim
z→a

{

1
(m− 1)!

[
dm−1

dzm−1
(z− a)mφ(z)]

}

. (1.5.11)

Some illustrations of this formula will be given when we solve some problems in
astrophysics later on.

Exercises 1.5.

1.5.1. For a Gauss’ hypergeometric function2F1 derive the following relationships:

2F1(a, b; c; z) = (1− z)−b
2F1(c− a, b; c;− z

1− z
), z, 1

= (1− z)−a
2F1(a, c− b; c;− z

1− z
), z, 1

= (1− z)c−a−b
2F1(c− a, c− b; c; z).
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1.5.2. Show that

2F1(a, b; c; 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

,ℜ(c− a) > 0,ℜ(c− a− b) > 0,ℜ(a) > 0.

1.5.3. Let x1 andx2 be independently distributed real scalar gamma random variables
with the parameters (α1, 1) and (α2, 1) respectively. Letu = x1x2. Evaluate the density of
u by using Mellin transformation technique whenα1 and α2 do not differ by integers or
zero.

1.5.4. Let x1 andx2 be independently distributed real type-1 beta random variables with
the parameters (α1, β1) and (α2, β2) respectively. Letu = x1x2. Evaluate the density ofu by
using Mellin transform technique ifα1 and α2 do not differ by integers or zero.

1.5.5. Repeat the problem in Excercise 1.5.4 ifx1 and x2 are type-2 beta distributed,
whereα1 − α2 , ±λ, λ = 0, 1, · · · β1 − β2 , ±ν, ν = 0, 1, 2, · · · .

1.5.6. Let f (x) = 1
2πi

∫ c+i∞
c−i∞ Γ(α− s)Γ(s)x−sds. Evaluatef (x) as the sum of residues at the

poles ofΓ(s). Then evaluate it again at the poles ofΓ(α− s). Then compare the two results.
In the first case we get the function for|x| < 1 and in the case for|x| > 1.

1.5.7. Bose-Einstein density in physics: Let

f (x) =
1

c[−1+ eα+βx]
, 0 ≤ x < ∞, β > 0.

Evaluate the normalizing constantc in this Bose-Einstein density.

1.5.8. Fermi-Dirac density in physics: Let

f (x) =
1

c[1 + eα+βx]
, β > 0, 0 ≤ x < ∞.

Evaluate the normalizing constantc.

1.5.9. Maxwell-Boltzmann density in physics: Let

f (x) = cx2e−βx2
, 0 ≤ x < ∞, β > 0.

Evaluatec.

1.5.10. Generalized real gamma density. Let

f (x) = cxα−1e−bxδ , b > 0, 0 ≤ x < ∞.
Evaluate the normalizing constantc.
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1.6. Meijer’s G-function

A generalization of the hypergeometric function in the realscalar case is Meijer’s G-
Function. It is defined in terms of a Mellin-Barnes integral.

Notation 1.6.1.

Gm,n
p,q [z

∣

∣

∣

a1,...,ap

b1,...,bq
] = Gm,n

p,q [z
∣

∣

∣

(ap)
(bq) ] = Gm,n

p,q (z) = G(z).

Definition 1.6.1. G-function.

Gm,n
p,q [z

∣

∣

∣

a1,...,ap

b1,...,bq
] =

1
2πi

∫

L

{

∏m
j=1 Γ(b j + s)

} {

∏n
j=1 Γ(1− a j − s)

}

z−sds
{

∏q
j=m+1 Γ(1− b j − s)

} {

∏p
j=n+1 Γ(a j + s)

} (1.6.1)

whereL is a contour separating the poles ofΓ(b j + s), j = 1, · · · ,m from those of
Γ(1−a j − s), j = 1, · · · , n. Three types of contours are described and the conditions
of existence for the G-function are discussed in Mathai (1993). The simplified
conditions are the following:G(z) exists for the following situations:

(i) q ≥ 1, q > p, for all z, z, 0

(ii) q ≥ 1, q = p, for |z| < 1

(iii) p ≥ 1, p > q, for all z, z, 0 (1.6.2)

(iv) p ≥ 1, p = q, for |z| > 1.

Example 1.6.1. Evaluate

f (x) = G1,0
1,1

[

x
∣

∣

∣

α+β+1
α

]

.

Solution: As per our notation,m= 1, n = 0, p = 1, q = 1.

G1,0
1,1

[

x
∣

∣

∣

α+β+1

α

]

=
1

2πi

∫

L

Γ(α + s)
Γ(α + β + 1+ s)

x−sds.

As per situation (ii) above we should obtain a convergent function for |x| < 1 if we
evaluate the integral as the sum of the residues at the poles of Γ(α + s). The poles
are ats= −α − ν, ν = 0, 1, · · · and the sum of the residues
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∞
∑

ν=0

ℜν =

∞
∑

ν=0

(−1)ν

ν!
xν+α

Γ(β + 1− ν) ; Γ(β + 1− ν) = (−1)νΓ(β + 1)
(−β)ν

.

G1,0
1,1[x

∣

∣

∣

α+β+1

α
] =

xα

Γ(β + 1)

∞
∑

ν=0

(−β)νxν

ν!
=

xα

Γ(β + 1)
(1− x)β, |x| < 1 (1.6.3)

for ℜ(β + 1) > 0.

Example 1.6.2. Let u = x1x2 · · · xp wherex1, · · · , xp are independently distributed real
random variables with (1) :x j gamma distributed with parameters (α j , 1), j = 1, · · · , p;
(2) : x j type-1 beta distributed with parameters (α j , β j), j = 1, · · · , p; (3) : x j is type-2 beta
distributed with parameters (α j , β j), j = 1, · · · , p. Evaluate the density ofu in (1),(2) and
(3).

Solution: Taking the (s− 1)th moment ofu or the Mellin transform of the density
of u we have the following:

E(us−1) = E(x1 · · · xp)
s−1
= E(xs−1

1 · · · xs−1
p ) = E(xs−1

1 ) · · ·E(xs−1
p )

due to independence

=

p
∏

j=1

E(xs−1
j ) =

p
∏

j=1

Γ(α j + s− 1)

Γ(α j)
,ℜ(α j + s− 1) > 0, j = 1, · · · , p

for case (1)

=

p
∏

j=1

Γ(α j + s− 1)

Γ(α j)

Γ(α j + β j)

Γ(α j + β j + s− 1)
,ℜ(α j + s− 1) > 0, j = 1, · · · , p

for case (2)

=

p
∏

j=1

Γ(α j + s− 1)

Γ(α j)

Γ(β j − s+ 1)

Γ(β j)
,ℜ(α j + s− 1) > 0,ℜ(β j − s+ 1) > 0,

j = 1, · · · , p for case (3).
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Let the densities be denoted byg1(u), g2(u) andg3(u) respectively. They are avail-
able from the respective inverse Mellin transforms which can be written as G-
functions as follows:

g1(u) =
1

2πi

∫ c+i∞

c−i∞















p
∏

j=1

Γ(α j − 1+ s)

Γ(α j)















u−sds

=
1

{

∏p
j=1 Γ(α j)

}Gp,0
0,p[u

∣

∣

∣

α j−1, j=1,··· ,p], for u > 0,ℜ(α j) > 0, j = 1, · · · , p

(1.6.4)

and zero elsewhere.

g2(u) =
1

2πi

∫ c+i∞

c−i∞















p
∏

j=1

Γ(α j + s− 1)

Γ(α j)

Γ(α j + β j)

Γ(α j + β j + s− 1)















u−sds

=















p
∏

j=1

Γ(α j + β j)

Γ(α j)















Gp,0
p,p[u

∣

∣

∣

α j+β j−1, j=1,··· ,p
α j−1, j=1,··· ,p ], 0 < u < 1, (1.6.5)

ℜ(α j) > 0,ℜ(β j) > 0, and zero elsewhere .

g3(u) =
1

2πi

∫ c+i∞

c−i∞















p
∏

j=1

Γ(α j + s− 1)

Γ(α j)

Γ(β j − s+ 1)

Γ(β j)















u−sds (1.6.6)

=
1

{

∏p
j=1 Γ(α j)Γ(β j)

}Gp,p
p,p[u

∣

∣

∣

−β j , j=1,··· ,p
α j−1, j=1,··· ,p], u > 0,

ℜ(α j) > 0,ℜ(β j) > 0, j = 1, · · · , p and zero elsewhere.

Example 1.6.3. Evaluate the following integral, a particular case of whichis the reaction
rate integral in astrophysics.

I (α, a, b, ρ) =
∫ ∞

0
xα−1e−ax−bx−ρdx, a > 0, b > 0, ρ > 0. (1.6.7)

Solution: Since the integrand can be taken as a product of positive integrable
functions we can apply statistical distribution theory to evaluate this integral or such
similar integrals. The procedure to be discussed here is suitable for a wide variety of
problems. Letx1 andx2 be two real scalar random variables with density functions
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f1(x1) and f2(x2). Let u = x1x2 and letx1 andx2 be independently distributed. Then
the joint density ofx1 andx2, denoted byf (x1, x2), is the product of the marginal
densities due to statistical independence ofx1 andx2. That is,

f (x1, x2) = f1(x1) f2(x2).

Consider the transformationu = x1x2 andν = x1 ⇒ dx1 ∧ dx2 =
1
ν
du∧ dν. Hence

the joint density ofu andν, denoted byg(u, ν), is available as,

g(u, ν) =
1
ν

f1(ν) f2(
u
ν

). (1.6.8)

Then the density ofu denoted byg1(u), is available by integrating outν from g(u, ν). That
is,

g1(u) =
∫

ν

1
ν

f1(ν) f2(
u
ν

)dν. (1.6.9)

Here (1.6.8) and (1.6.9) are general results and the method described here is called the
method of transformation of variablesfor obtaining the density ofu = x1x2. Now, consider
(1.6.7). Let

f1(x1) = c1xα1e−ax1 and f2(x2) = c2e−zxρ2 , 0 ≤ x1 < ∞, 0 ≤ x2 < ∞ (1.6.10)

a > 0, z > 0, wherec1 andc2 are the normalizing constants. These normalizing constants
can be evaluated by using the property.

1 =
∫ ∞

0
f1(x1)dx1 and 1=

∫ ∞

0
f2(x2)dx2.

Since we do not need the explicit forms ofc1 andc2 we will not evaluate them here. With
the f1 and f2 in (1.6.10) let us evaluate (1.6.9). We have

g1(u) = c1c2

∫ ∞

ν=0

1
ν
ναe−aνe−z( u

ν )ρdν = c1c2

∫ ∞

ν=0
να−1e−aνe−(zuρ)ν−ρdν. (1.6.11)

Note that withb = zuρ, (1.6.11) is (1.6.7) multiplied byc1 andc2. Thus, we have identified
the integral to be evaluated as a constant multiple of the density of u. This density ofu is
unique. Let us evaluate the density through Mellin and inverse Mellin transform technique.

E(us−1) = E(xs−1
1 )E(xs−1

2 )

due to statistical independence ofx1 andx2. But
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E(xs−1
1 ) = c1

∫ ∞

0
xα+s−1

1 e−ax1dx1 = c1a−(α+s)
Γ(α + s),ℜ(α + s) > 0 (1.6.12)

and

E(xs−1
2 ) = c2

∫ ∞

0
xs−1

2 e−zxρ2dx2 =
c2

ρzs/ρ

∫ ∞

0
y

s
ρ
−1e−ydy =

c2

ρzs/ρ
Γ(

s
ρ

),ℜ(s) > 0. (1.6.13)

Hence

E(us−1) = c1c2
a−α

ρ
(az

1
ρ )−s
Γ(α + s)Γ(

s
ρ

), (1.6.14)

Therefore, the density ofu, denoted byg1(u), is available from the inverse Mellin transform.

g1(u) = c1c2
a−α

ρ

1
2πi

∫ c+i∞

c−i∞
Γ(α + s)Γ(

s
ρ

)(az
1
ρ u)−s ds. (1.6.15)

Now, compare (1.6.15) with (1.6.11) to obtain the following:

∫ ∞

0
να−1e−aνe−(zuρ)ν−ρdν =

a−α

ρ

1
2πi

∫ c+i∞

c−i∞
Γ(α + s)Γ(

s
ρ

)(az
1
ρu)−s ds. (1.6.16)

On the right side in (1.6.15) the coefficient of s in Γ( s
ρ
) is 1

ρ
, 1. Hence (1.6.15) is not a

G-function but it can be written as an H-function, which willbe considered next. In reaction
rate theory in physicsρ = 1

2 and then

Γ(
s
ρ

) = Γ(2s) = π
1
2 22s−1

Γ(s)Γ
(

s+
1
2

)

by using the duplication formula for gamma functions. Then the right side of (1.6.16)
reduces to

1

2ρaαπ
1
2

1
2πi

∫ c+i∞

c−i∞
Γ(α + s)Γ(s)Γ

(

s+
1
2

)(auz1/ρ

4

)−ρ
ds

=
1

2ρaαπ
1
2

G3,0
0,3

[auz1/ρ

4

∣

∣

∣

α,0, 12

]

, u > 0.

But

b = zuρ ⇒ auz1/ρ

4
=

ab1/ρ

4
.

Hence, forρ = 1
2,
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∫ ∞

0
να−1e−aν−bν−ρdν =

1

2ρaαπ
1
2

G3,0
0,3

[ab1/ρ

4

∣

∣

∣

α,0, 12

]

for ρ =
1
2

=
1

aαπ
1
2

G3,0
0,3

[ab2

4

∣

∣

∣

α,0, 12

]

, u > 0. (1.6.17)

Exercises 1.6.

Write down the Mellin-Barnes representations in Excercises 1.6.1.- 1.6.5 where the series
forms are given. Here is an illustration.

1F0(α; ; x) =
∞
∑

r=0

(α)r
xr

r!
=

1
Γ(α)

∞
∑

r=0

Γ(α + r)
xr

r!

=
1
Γ(α)

1
2πi

∫ c+i∞

c−i∞
Γ(α − s)Γ(s)(−x−s)ds.

The last expression is the Mellin-Barnes representation for the series form1F0(α; ; x).

1.6.1. 0F0(; ;−z) = e−z
=

∑∞
r=0

(−z)r

r ! (Exponential Series)

1.6.2. 2F1(a, b; c; z) =
∑∞

r=0
(a)r (b)r

(c)r

(z)r

r ! (Gauss’ hypergeometric series)

1.6.3. 1F1(a; b; z) =
∑∞

r=0
(a)r
(b)r

(z)r

r ! (Confluent hypergeometric series)

1.6.4.
∑∞

r=0
(−1)r

r !
(z/2)ν+2r

Γ(ν+r+1) ( Bessel functionJν(z))

1.6.5.
∑∞

r=0
(z/2)ν+2r

r !Γ(ν+r+1) ( Bessel functionIν(z)).

Write the series forms from the Mellin-Barnes representation in Excercise 1.6.6 and list the
conditions for convergence and existence also.
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1.6.6. Γ(1+2ν)
Γ( 1

2+ν−µ)
e−z/2zν+

1
2 1

2πi

∫ c+i∞
c−i∞

Γ(s)Γ( 1
2+ν−µ−s)

Γ(1+2ν−s) (−z)−sds (Whittaker function Mµ,ν(z))

Represent the following in Excercises 1.6.7 to 1.6.10 as G-functions and write down the
conditions.

1.6.7. zβ(1+ azα)−1

1.6.8. zβ(1+ azα)−γ

1.6.9. (a) sinz; (b) cosz; (c) sinhz; (d) coshz

1.6.10. (a) ln(1± z); (b) ln
(1+z

1−z

)

.

1.7. The H-function
This function is a generalization of the G-function. This was available in the literature

as a Mellin -Barnes integral but Charles Fox made a detailed study of it in 1960’s and hence
the function is called Fox’s H-function. The Mellin-Barnesrepresentation is the following:

Notation 1.7.1. H-function

Hm,n
p,q [z

∣

∣

∣

(a1,α1),··· ,(ap,αp)
(b1,β1),··· ,(bq,βq) ] = Hm,n

p,q [z
∣

∣

∣

[(ap,αp)]
[(bq,βq)]q

] = Hm,n
p,q (z) = H(z).

Definition 1.7.1.

Hm,n
p,q [z

∣

∣

∣

(a1,α1),··· ,(ap,αp)

(b1,β1),··· ,(bq,βq)
] =

1
2πi

∫

L

{

∏m
j=1 Γ(b j + β j s)

} {

∏n
j=1 Γ(1− a j − α j s)

}

{

∏q
j=m+1 Γ(1− b j − β j s)

} {

∏p
j=n+1 Γ(a j + α j s)

}z−sds

(1.7.1)

whereα1, · · · , αp, β1, · · · , βq are real positive numbers (integers, rationals or irrationals),
a j ’s andb j ’s are, in general, complex quantities,i =

√
−1 and the contourL seperates the

poles ofΓ(b j + β j s), j = 1, · · · ,m from those ofΓ(1− a j − α j s), j = 1, · · · , n. Three paths
L, similar to the ones for a G-function, can be given for the H-function also. Details of
the existence conditions, various properties and applications may be seen from Mathai and
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Saxena (1978) and Mathai (1993). A simplified set of existence conditions is the following:
Let,

µ =

q
∑

j=1

β j −
p

∑

j=1

α j andβ =



















q
∏

j=1

α
α j

j





































q
∏

j=1

β
−β j

j



















. (1.7.2)

The H-function exists for the following cases:

(i) q ≥ 1, µ > 0, for all z, z, 0

(ii) q ≥ 1, µ = 0, for |z| < β−1

(iii) p ≥ 1, µ < 0, for all z, z, 0

(iv) p ≥ 1, µ = 0, for |z|, z> β−1. (1.7.3)

Two special cases, which follow from the definition itself, may be noted. Whenα1 =

1 = · · · = αp = β1 = 1 = · · · = βq then the H-function reduces to a G-function. When
all the α j ’s andβ j ’s are rational numbers, that is ratios of two positive integers since by
definition theα j ’s andβ j ’s are positive real numbers, we may make a transformations

u = s1

whereu is the common denominator for all theα j , j = 1, · · · , p and β j , j = 1, · · · , q.
Under this transformation each coefficient ofs1 in each gamma in (1.7.1) becomes a positive
integer. Then we may expand all the gammas by using the multiplication formula for gamma
functions. Then the coefficients ofs in every gamma becomes±1 and then the H-function
becomes a G-function. An illustration of this aspect was seen in Example 1.6.3.

Example 1.7.1. Evaluate the following reaction rate integral in physics and write it as an
H-function.

I (α, a, b, ρ) =
∫ ∞

0
xα−1e−ax−bx−ρdx.

Solution: From (1.6.16) in Example 1.6.3 we have

∫ ∞

0
xα−1e−ax−bx−ρdx =

a−α

ρ

1
2πi

∫ c+i∞

c−i∞
Γ(α + s)Γ(

s
ρ

)(ab1/ρ)−sds. (1.7.4)

Writing the right side with the help of (1.7.1) we have the following:

∫ ∞

0
xα−1e−ax−bx−ρdx =

1
ρaα

H2,0
0,2

[

ab
1
ρ

∣

∣

∣

(α,1),(0, 1
ρ
)

]

. (1.7.5)
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Example 1.7.2. Let x1, · · · , xk be independently distributed real scalar gamma random
variables with the parameters (α j , 1), j = 1, · · · , k. Let γ1, · · · , γk be real constants. Let

u = xγ1
1 xγ2

2 · · · x
γk

k .

Evaluate the density ofu.

Solution: Let us take the (s− 1)th moment ofu or the Mellin transform of the
density ofu.

E(us−1) = E[xγ1

1 · · · x
γk

k ]s−1
= E(xγ1(s−1)

1 ) · · ·E[xγk(s−1)
k ]

due to independence. But for a real gamma random variable, with parameters
(α j , 1), the [γ j(s− 1)]th moment is the following:

E[x
γ j (s−1)
j ] =

Γ(α j + γ j(s− 1))

Γ(α j)
=
Γ(α j − γ j + γ j s)

Γ(α j)
for ℜ(α j + γ j(s− 1)) > 0.

(1.7.6)
Then

E(us−1) =
k

∏

j=1

Γ(α j − γ j + γ j s)

Γ(α j)
.

The density ofu, denoted byg(u), is available from the inverse Mellin transform.
That is,

g(u) =
1

{

∏k
j=1 Γ(α j)

}

1
2πi

∫ c+i∞

c−i∞















k
∏

j=1

Γ(α j − γ j + γ j s)















u−sds

=















1
{

∏k
j=1 Γ(α j )

}Hk,0
0,k

[

u
∣

∣

∣

(α j−γ j ,γ j ), j=1,··· ,k
]

, u > 0,

0, elsewhere.

This is the density function for the product of arbitrary powers of independently
distributed real scalar gamma random variables.

By using similar procedures one can obtain and write in termsof H-functions,
products of arbitrary powers of real scalar type-1 beta and type-2 beta random vari-
ables or arbitrary powers of products and ratios of real scalar gamma, type-1, type-2
beta or other such positive variables. Some details may by seen from Mathai (1993)
and Mathai and Saxena (1978).
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Exercises 1.7.

1.7.1. Prove that

Hm,n
p,q [z

∣

∣

∣

(a1,α1),··· ,(ap,αp)
(b1,β1),··· ,(bq,βq) ] = Hn,m

q,p [
1
z

∣

∣

∣

(1−b1,β1),··· ,(1−bq,βq)
(1−a1,α1),··· ,(1−ap,αp)].

1.7.2. Prove that

zσHm,n
p,q [z

∣

∣

∣

(a1,α1),··· ,(ap,αp)
(b1,β1),··· ,(bq,βq) ] = Hm,n

p,q [z
∣

∣

∣

(a1+σα1,α1),··· ,(ap+σαp,αp)
(b1+σβ1,β1),··· ,(bq+σβq,βq) ].

1.7.3. Evaluate the Mellin-Barnes integral

Eα(z) =
1

2πi

∫ c+i∞

c−i∞

Γ(s)
Γ(1− αs)

(−z)−sds (1.7.7)

and show thatEα(z) is the Mittag-Leffler series

Eα(z) =
∞
∑

r=0

zr

Γ(αr + 1)
. (1.7.8)

1.7.4. Evaluate the Laplace transform ofEα(zα) of Excercise 1.7.3, in (1.7.8), with
parameterp.

1.7.5. A generalization of Mittag-Leffler function Eα,β(z) =
∑∞

r=0
zr

Γ(αr+β) . Evaluate the

Laplace transform oftβ−1Eα,β(zα).

1.7.6. If α = m,m= 1, 2, · · · in (1.7.8) show that

Eα(z) = (2π)
m−1

2 m−
1
2 0Fm−1(;

1
m
,

2
m
, · · · , m− 1

m
;

z
mm

)
1

Γ( 1
m), Γ( 2

m), · · · Γ(m−1
m )

.

1.7.7. Write Eα(z) as an H-function.

1.7.8. If α = m,m= 1, 2, · · · write downEα(z) as a G-function.

1.7.9. Let x1 andx2 be independently distributed real gamma random variables with the
parameters (α, 1), (α + 1

2, 1) respectively. Letu = x1x2. Evaluate the density ofu and show
that the density ofu, denoted byg(u), is given by the following:

g(u) =
22α−1

Γ(2α)
uα−1e−2u

1
2
, u ≥ 0 and zero elsewhere.
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1.7.10. Let x1, x2, x3 be independently distributed real gamma random variables with the
parameters (α, 1), (α + 1

3 , 1), (α+ 2
3, 1) respectively. Letu = x1x2x3. Evaluate the density of

u and show that it can be written as an H-function of the following type, whereg(u) denotes
the density ofu.

g(u) =
27
Γ(3α)

H1,0
0,1[27u

∣

∣

∣

(3α−3,3)], u ≥ 0 and zero elsewhere.

1.8. Dirichlet Integrals and Dirichlet Densities
A multivariate integral, which is a generalization of a betaintegral, is the Dirichlet in-

tegral. We looked at type-1 and type-2 beta integrals. Here we consider type-1 and type-2
Dirichlet integrals and their generalizations. Analogously we will also define the corre-
sponding statistical densities.

Notation 1.8.1. Dirichlet Function: D(α1, · · · , αk;αk+1) (real scalar case)

Definition 1.8.1.

D(α1, · · · , αk;αk+1) =
Γ(α1)Γ(α2) · · ·Γ(αk+1)
Γ(α1 + · · · + αk+1)

for ℜ(α j) > 0, j = 1, · · · , k+ 1.

(1.8.1)
Note that fork = 1 we have the beta function in the real scalar case. Consider the
following integral:

D1 =

∫

Ω

· · ·
∫

xα1−1
1 , · · · , xαk−1

k (1− x1 − · · · − xk)
αk+1−1dx1 ∧ · · · ∧ dxk (1.8.2)

whereΩ = {(x1, · · · , xk)|0 ≤ xi ≤ 1, i = 1, · · · , k, 0 ≤ x1 + · · · + xk ≤ 1}. Since 1−
x1 − · · · − xk ≥ 0 we have 0≤ x1 ≤ 1− x2 − · · · − xk. Integration overx1 yields the
following:

∫ 1−x2−···−xk

x1=0
xα1−1

1 (1− x1 − x2 − · · · − xk)
αk+1−1dx1

= (1− x2 − · · · − xk)
αk+1−1

×
∫ 1−x2−···−xk

x1=0
xα1−1

1

[

1− x1

1− x2 − · · · − xk

]αk+1−1

dx1.

Put
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y1 =
x1

1− x2 − · · · − xk
⇒ dx1 = (1− x2 − · · · − xk)dy1.

Then the integral overx1 yields,

(1− x2 − · · · − xk)
α1+αk+1−1

∫ 1

0
y
α1−1
1 (1− y1)

αk+1−1dy1

= (1− x2 − · · · − xk)
α1+αk+1−1Γ(α1)Γ(αk+1)

Γ(α1 + αk+1)

for ℜ(α1) > 0, ℜ(αk+1) > 0. Integral overx2 yields,

Γ(α1)Γ(αk+1)
Γ(α1 + αk+1)

Γ(α2)Γ(α1 + αk+1)
Γ(α1 + α2 + αk+1)

=
Γ(α1)Γ(α2)Γ(αk+1)
Γ(α1 + α2 + αk+1)

.

Proceeding like this, we have the final result:

D1 = D(α1, · · · , αk;αk+1) =
Γ(α1)Γ(α2) · · ·Γ(αk+1)
Γ(α1 + · · · + αk+1)

, ℜ(α j) > 0, j = 1, · · · , k+ 1.

(1.8.3)
Here, (1.8.2) is the type-1 Dirichlet integral. Hence by normalizing the integrand in
(1.8.2) we have the type-1 Dirichlet density.

Definition 1.8.2. Type-1 Dirichlet density f1(x1, · · · , xk).

f1(x1, · · · , xk) =
1

D(α1, · · · , αk;αk+1)
xα1−1

1 · · · xαk−1
k (1− x1 − · · · − xk)

αk+1−1,

0 ≤ xj ≤ 1, j = 1, · · · , k, 0 ≤ x1 + · · · + xk ≤ 1, ℜ(α j) > 0, (1.8.4)

j = 1, · · · , k+ 1, and f1(x1, · · · , xk) = 0 elsewhere.

Consider the type-2 Dirichlet integral

D2 =

∫ ∞

0
· · ·

∫ ∞

0
xα1−1

1 · · · xαk−1
k (1+ x1+ · · ·+ xk)

−(α1+···+αk+1)dx1∧ · · ·∧dxk. (1.8.5)

This can be integrated by writing

(1+ x1 + · · · + xk) = (1+ x2 + · · · + xk)
[

1+
x1

1+ x2 + · · · + xk

]
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and then integrating out with the help of type-2 beta integrals. The final result will
agree with the Dirichlet function

D2 = D(α1, · · ·αk;αk+1). (1.8.6)

Thus, we can define a type-2 Dirichlet density.

Definition 1.8.3. Type-2 Dirichlet density.

f2(x1, · · · , xk) =
1

D(α1, · · · , αk;αk+1)
xα1−1

1 · · · xαk−1
k (1+ x1 + · · · + xk)

−(α1+···+αk+1),

0 ≤ xj < ∞, j = 1, · · · , k, ℜ(α j) > 0, j = 1, · · · , k+ 1, (1.8.7)

and f2(x1, · · · , xk) = 0 elsewhere.

It is easy to observe that if (x1, · · · , xk) has ak - variate type-1 Dirichlet density
then any subset ofr of the variables have ar - variate type-1 Dirichlet density for
r = 1, · · · , k. Similarly if (x1, · · · , xk) have a type-2 Dirichlet density then any
subset of them will have a type-2 Dirichlet density.

Example 1.8.1. Evaluate the marginal densities from the following bivariate density:

f (x1, x2) =
Γ(α1 + α2 + α3)
Γ(α1)Γ(α2)Γ(α3)

xα1−1
1 xα2−1

2 (1− x1 − x2)α3−1, 0 ≤ x j ≤ 1, j = 1, 2, 3,

0 ≤ x1 + x2 + x3 ≤ 1, ℜ(α j) > 0, j = 1, 2, 3, and f (x1, x2) = 0 elsewhere.

Solution: Let the marginal densities be denoted byf1(x1) and f2(x2) respectively.

f1(x1) =
∫

x2

f (x1x2)dx2 =
Γ(α1 + α2 + α3)
Γ(α1)Γ(α2)Γ(α3)

xα1−1
1

×
∫ 1−x1

x2=0
xα2−1

2 (1− x1 − x2)
α3−1dx2

=
Γ(α1 + α2 + α3)
Γ(α1)Γ(α2)Γ(α3)

xα1−1
1 (1− x1)

α3−1

∫ 1−x1

x2=0
xα2−1

2

[

1− x2

1− x1

]α3−1

dx2.

Put
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y2 =
x2

1− x1
⇒ dx2 = (1− x1)dy2.

f1(x1) =
Γ(α1 + α2 + α3)
Γ(α1)Γ(α2)Γ(α3)

xα1−1
1 (1− x1)

α2+α3−1

∫ 1

0
y
α2−1
2 (1− y2)

α3−1dy2.

Evaluating they2-integral with the help of a type-1 beta integral we obtainΓ(α2)Γ(α3)
Γ(α2+Γα3) .

Hence,

f1(x1) =
Γ(α1 + α2 + α3)
Γ(α1)Γ(α2 + α3)

xα1−1
1 (1− x1)

α2+α3−1, 0 ≤ x1 ≤ 1,

and zero elsewhere. From symmetry,

f2(x2) =
Γ(α1 + α2 + α3)
Γ(α2)Γ(α1 + α3)

xα2−1
2 (1− x2)

α1+α3−1 0 ≤ x2 ≤ 1,

and zero elsewhere. Thus, the marginal densities ofx1 andx2 are type-1 beta densi-
ties.

Example 1.8.2. Evaluate the normalizing constantc if the following is a density function:

f (x1, x2) = cxα1−1
1 (1− x1)β1 xα2−1

2 (1− x1 − x2)α3−1, 0 ≤ x j ≤ 1, (1.8.8)

0 ≤ x1 + x2 ≤ 1, j = 1, 2, ℜ(α j) > 0, j = 1, 2, 3 and f (x1, x2) = 0 elsewhere.

Solution: Let us integrate outx2 first.

∫ 1−x1

x2=0
xα2−1

2 (1− x1 − x2)
α3−1dx2

= (1− x1)
α2+α3−1

∫ 1

0
y
α2−1
2 (1− y2)

α3−1dy2, y2 =
x2

1− x1

= (1− x1)
α2+α3−1Γ(α2)Γ(α3)

Γ(α2 + α3)
, ℜ(α2) > 0, ℜ(α3) > 0.

Now, integrating outx1 we have,

∫ 1

0
xα1−1

1 (1− x1)
β1+α2+α3−1dx1 =

Γ(α1)Γ(β1 + α2 + α3)
Γ(α1 + α2 + α3 + β1)

ℜ(α1) > 0, ℜ(β1 + α2 + α3) > 0. Hence
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c =
Γ(α2 + α3)Γ(α1 + α2 + α3 + β1)
Γ(α1)Γ(α2)Γ(α3)Γ(α2 + α3 + β1)

, ℜ(α j) > 0, j = 1, 2, 3,ℜ(α2 + α3 + β1) > 0.

A generalization tok variable case is one of the generalizations of type-1 Dirichlet density
and the corresponding type-1 Dirichlet function.

Example 1.8.3. Evaluate the normalizing constant if the following is a density function:

f (x1, x2, x3) = cxα1−1
1 (x1 + x2)β2 xα2−1

2 (x1 + x2 + x3)β3 xα3−1
3 (1− x1 − x2 − x3)α4−1,

0 ≤ x1 + · · · + x j ≤ 1, j = 1, 2, 3, 4, ℜ(α j) > 0, j = 1, 2, 3, 4, (1.8.9)

ℜ(α1 + · · · + α j + β2 + · · · + β j) > 0, j = 1, 2, 3, 4

and f (x1, x2, x3) = 0 elsewhere.

Solution: Let u1 = x1, u2 = x1 + x2 u3 = x1 + x2 + x3 and let the joint density of
u1, u2, u3 be denoted byg(u1, u2, u3). Then

g(u1, u2, u3) = c uα1−1
1 uβ2

2 (u2 − u1)
α2−1uβ3

3 (u3 − u2)
α3−1(1− u3)

α4−1,

0 ≤ u1 ≤ u2 ≤ u3 ≤ 1.

Note that 0≤ u1 ≤ u2. Integration overu1 yields the following:

∫ u2

u1=0
uα1−1

1 (u2 − u1)
α2−1du1 = uα2−1

2

∫ u2

u1=0
uα1−1

1 (1− u1

u2
)α2−1du1

= uα1+α2−1
2

∫ 1

0
y
α1−1
1 (1− y1)

α2−1dy1, y1 =
u1

u2

= uα1+α2−1
2

Γ(α1)Γ(α2)
Γ(α1 + α2)

, ℜ(α1) > 0,ℜ(α2) > 0.

Integration overu2 yields the following:

∫ u3

u2=0
uα1+α2+β2−1

2 (u3 − u2)
α3−1du2 = uα1+α2+α3+β2−1

3

Γ(α3)Γ(α1 + α2 + β2)
Γ(α1 + α2 + α3 + β2)

for ℜ(α3) > 0,ℜ(α1 + α2 + β2) > 0.

Finally, integral overu3 yields the following:
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∫ 1

u3=0
uα1+α2+α3+β2+β3−1

3 (1− u3)
α4−1du3 =

Γ(α4)Γ(α1 + α2 + α3 + β2 + β3)
Γ(α1 + · · · + α4 + β2 + β3)

,

ℜ(α4) > 0,ℜ(α1 + α2 + α3 + β2 + β3) > 0.

Hence

c−1
= Γ(α1)Γ(α2)Γ(α3)Γ(α4)

Γ(α1 + α2 + β2)
Γ(α1 + α2 + α3 + β2)

× Γ(α1 + α2 + α3 + β2 + β3)
Γ(α1 + α2 + α3 + α4 + β2 + β3)

for ℜ(α j) > 0, j = 1, 2, 3, 4, ℜ(α1 + · · · + α j + β2 + · · · + β j) > 0, j = 2, 3.

Note that one can generalize the function in (1.8.9) to ak- variables situation.
This will produce another generalization of the type-1 Dirichlet function as well
as the type-1 Dirichlet density. Corresponding situationsin the type-2 case will
provide generalizaions of the type-2 Dirichlet integral and density.

Exercises 1.8.

1.8.1. Let f (x1, x2, x3) = cxα1−1
1 (1 + x1)−(α1+β1)xα2−1

2 (1 + x1 + x2)−(α2+β2)xα3−1
3 (1 + x1 +

x2 + x3)−(α3+β3), 0 ≤ x j < ∞, j = 1, 2, 3 and f (x1, x2, x3) = 0 elsewhere. Iff (x1, x2, x3) is a
density function then evaluatec and write down the conditions on the parameters.

1.8.2. Generalize the density in Excercise 1.8.1 tok-variables case, evaluate the corre-
spondingc and write down the conditions.

1.8.3. Write down thek-variables situation in Example 1.8.3 and evaluate the normalizing
constant, and give the conditions on the parameters.

1.8.4. Write down the general density corresponding to Example 1.8.2 and evaluate the
normalizing constant, and give the conditions on the parameters.

1.8.5. By using the gamma structure in the normalizing constant in Exercise 1.8.4 show
that the joint density in Exercise 1.8.4 can also be obtainedas the joint density ofk mu-
tually independently distributed real scalar type-1 beta random variables, and identify the
parameters in these independent type-1 beta random variables.
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1.9. Lauricella Functions and Appell’s Functions
Another set of multivariable functions in frequent use in applied areas is the set of Lau-

ricalla functions, and special cases of those are the Appell’s functions. Lauricella functions
fA, fB, fC, and fD are the following:

Definition 1.9.1. Lauricella function fA

fA(a, b1, · · · , bn; c1, · · · , cn; x1, · · · , xn)

=

∞
∑

m1=0

· · ·
∞
∑

mn=0

(a)m1+···+mn(b1)m1 · · · (bn)mn

(c1)m1 · · · (cn)mn

xm1
1 · · · x

mn
n

m1! · · ·mn!
(1.9.1)

for |x1| + · · · + |xn| < 1.

Definition 1.9.2. Lauricella function fB

fB(a1, · · · , an, b1, · · · , bn; c; x1, · · · , xn)

=

∞
∑

m1=0

· · ·
∞
∑

mn=0

(a1)m1 · · · (an)mn(b1)m1 · · · (bn)mn

(c)m1+···+mn

xm1
1 · · · x

mn
n

m1! · · ·mn!
(1.9.2)

for |x1| < 1, |x2| < 1, · · · , |xn| < 1.

Definition 1.9.3. Lauricella function fC

fC(a, b; c1, · · · , cn; x1, · · · , xn)

=

∞
∑

m1=0

· · ·
∞
∑

mn=0

(a)m1+···+mn(b)m1+···+mn

(c1)m1 · · · (cn)mn

xm1
1 · · · x

mn
n

m1! · · ·mn!
(1.9.3)

for | √x1| + · · · + |
√

xn| < 1.

Definition 1.9.4. Lauricella function fD

fD(a, b1, · · · , bn; c; x1, · · · , xn)

=

∞
∑

m1=0

· · ·
∞
∑

mn=0

(a)m1+···+mn(b1)m1 · · · · · · (bn)mn

(c)m1+···+mn

xm1
1 · · · x

mn
n

m1! · · ·mn!
(1.9.4)



48 1. PRELIMINARIES OF SPECIAL FUNCTIONS AND STATISTICAL DISTRIBUTIONS

for |x1| < 1, |x2| < 1, · · · , |xn| < 1.

Whenn = 2 we have Appell’s functionsF1, F2, F3, F4. Also whenn = 1 all these functions
reduce to a Gauss’ hypergeometric function2F1. We will list some of the basic properties
of Lauricella functions.

1.9.1. Some properties of fA

∫ 1

0
· · ·

∫ 1

0
ub1−1

1 · · ·ubn−1
n (1− u1)c1−b1−1 · · · (1− un)cn−bn−1

× (1− u1x1 − · · · − unxn)−a du1 ∧ · · · ∧ dun

=



















n
∏

j=1

Γ(b j)Γ(c j − b j)

Γ(c j)



















fA(a, b1, · · · , bn; c1, · · · , cn; x1, · · · , xn),

(1.9.5)

for ℜ(b j) > 0, ℜ (c j − b j) > 0, j = 1, · · · , n.

The result can be easily established by expanding the factor(1 − u1x1 − · · · − unxn)−a by
using a multinomial expansion and then integrating outu j , j = 1, · · · , n with the help of
type-1 beta integrals.

∫ ∞

0
e−tta−1

1F1(b1; c1; x1t)1F1(b2; c2; x2t) · · · 1F1(bn; cn; xnt)dt (1.9.6)

= Γ(a) fA(a, b1, · · · , bn; c1, · · · , cn; x1, · · · , xn), for ℜ(a) > 0.

This can be established by taking the series forms for1F1’s and then integrating outt.

1
(2πi)n

∫

· · ·
∫

Γ(a+ t1 + · · · + tn)Γ(b1 + t1) · · · Γ(bn + tn)
Γ(c1 + t1) · · · Γ(cn + tn)

× Γ(−t1) · · · Γ(−tn)(−x1)t1 · · · (−xn)tn dt1 ∧ · · · ∧ dtn (1.9.7)

= Γ(a)
Γ(b1) · · · Γ(bn)
Γ(c1) · · · Γ(cn)

fA(a, b1, · · · , bn; c1, · · · , cn; x1, · · · , xn), i =
√
−1.

This can be established by evaluating the integrand as the sum of the residues at the poles
of Γ(−t1), · · · , Γ(−tn), one by one.
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1.9.2. Some properties of fB

∫

· · ·
∫

ta1−1
1 · · · tan−1

n (1− t1 − · · · − tn)c−a1−···−an−1 (1.9.8)

× (1− t1x1)−b1 · · · (1− tnxn)−bn dt1 ∧ · · · ∧ dtn

=
Γ(a1) · · · Γ(an)Γ(c− a1 − · · · − an)

Γ(c)
fB(a1, · · · , an, b1, · · · , bn; c; x1, · · · , xn),

for ℜ(a j) > 0, j = 1, · · · , n,ℜ(c− a1 − · · · − an) > 0, t j > 0, j = 1, · · · , n, and
1− t1 − · · · − tn > 0.

This result can be established by opening up (1−t j x j)−bj , j = 1, · · · , nby using binomial
expansions and then integrating outt1, · · · , tn with the help of a type-1 Dirichlet integral of
Section 1.8.

∫ ∞

0
· · ·

∫ ∞

0
sa1−1
1 · · · san−1

n tb1−1
1 · · · tbn−1

n e−s1−···−sn−t1−···−tn (1.9.9)

× 0F1 (; c; s1t1x1 + · · · + sntnxn) ds1 ∧ · · · ∧ dsn ∧ dt1 ∧ · · · ∧ dtn

=



















n
∏

j=1

Γ(a j)Γ(b j)



















fB(a1 · · · , an, b1, · · · , bn; c; x1, · · · , xn),

for ℜ(a j) > 0, ℜ(b j) > 0, j = 1, · · · , n.

First, open up the0F1 as a power series in (s1t1x1 + · · · + sntnxn)k. Sincek is a posi-
tive integer open up by using a multinomial expansion. Then integrate outs1, · · · , sk and
t1, · · · , tk by using gamma functions, to see the result.

1
(2πi)n

∫

· · ·
∫

Γ(a1 + t1) · · · Γ(an + tn)Γ(b1 + t1) · · · Γ(bn + tn)
Γ(c+ t1 + · · · + tn)

(1.9.10)

× Γ(−t1) · · · Γ(−tn)(−x1)t1 · · · (−xn)tn dt1 ∧ · · · ∧ dtn, i =
√
−1

=



















n
∏

j=1

Γ(a j)Γ(b j)

Γ(c)



















fB(a1, · · · , an, b1, · · · , bn; c; x1, · · · , xn).

Assume thata j − b j , ±ν, ν = 0, 1, · · · . Then evaluate the integrand as the sum of the
residues at the poles ofΓ(−t1), · · · , Γ(−tn) , one by one, to obtain the result.



50 1. PRELIMINARIES OF SPECIAL FUNCTIONS AND STATISTICAL DISTRIBUTIONS

1.9.3. Some properties of fC
∫ ∞

0
· · ·

∫ ∞

0
sa−1tb−1e−s−t

0F1 (; c1; x1st) · · · 0F1 (; cn; xnst)ds∧ dt (1.9.11)

= Γ(a)Γ(b) fC(a, b; c1, · · · , cn; x1, · · · , xn), for ℜ(a) > 0,ℜ(b) > 0.

Open up the0F1’s, then integrate outt andswith the help of gamma integrals to see the
result.

1
(2πi)n

∫

· · ·
∫

Γ(a+ t1 + · · · + tn)Γ(b+ t1 + · · · + tn)
Γ(c1 + t1) · · · Γ(cn + tn)

× Γ(−t1) · · · Γ(−tn)(−x1)t1 · · · (−xn)tndt1,∧ · · · ∧ dtn

=
Γ(a)Γ(b)

Γ(c1) · · · Γ(cn)
fC(a, b; c1, · · · , cn; x1, · · · , xn), i =

√
−1. (1.9.12)

Evaluate the integrand as the sum of the residues at the polesof Γ(−t1), · · · , Γ(−tn), one
by one, to obtain the result.

1.9.4. Some properties of fD
∫

· · ·
∫

ub1−1
1 · · · ubn−1

n (1− u1 · · · un)c−b1−···−bn−1 (1.9.13)

× (1− u1x1 − · · · − unxn)−adu1 ∧ · · · ∧ dun

=
Γ(b1) · · · Γ(bn)Γ(c− b1 − · · · − bn)

Γ(c)
fD(a, b1, · · · , bn; c; x1, · · · , xn), for

0 < u j < 1, j = 1, · · · , n, 0 < u1 + · · · + un < 1, 0 < x1u1 + · · · + xnun < 1,

ℜ(b j) > 0, j = 1, · · · , n, ℜ(c− b1 − · · · − bn) > 0.

Open up (1− u1x1 − · · · − unxn)−a by using a multinomial expansion and then integrate
out u1, · · · , un by using a type-1 Dirichlet integral of Section 1.8.

∫ 1

0
ua−1(1− u)c−a−1(1− ux1)−b1 · · · (1− uxn)−bndu (1.9.14)

=
Γ(a)Γ(c− a)
Γ(c)

fD(a, b1, · · · , bn; c; x1, · · · , xn) for ℜ(a) > 0, ℜ(c− a) > 0.

Expand (1− uxj)−bj , j = 1, · · · , n by using binomial expansions and then integrate out
u by using a type-1 beta integral to see the result.
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∫ ∞

0
· · ·

∫ ∞

0
tb1−1
1 · · · tbn−1

n e−t1−···−tn
1F1(a; c; x1t1 + · · · + xntn)dt1 ∧ · · · ∧ dtn (1.9.15)

= Γ(b1) · · · Γ(bn) fD(a, b1, · · · , bn; c; x1, · · · , xn), for ℜ(b j) > 0, j = 1, · · · , n.
Expand1F1 as a series, then open up the general term with the help of a multinomial

expansion for positive integral exponent, then integrate out t1, · · · , tn to see the result.

1
(2πi)n

∫

· · ·
∫

Γ(a+ t1 + · · · + tn)Γ(b1 + t1) · · · Γ(bn + tn)
Γ(c+ t1 + · · · + tn)

(1.9.16)

× Γ(−t1) · · · Γ(−tn)(−x1)t1 · · · (−xn)tndt1,∧ · · · ∧ dtn

=
Γ(a)Γ(b1) · · · Γ(bn)

Γ(c)
fD(a, b1, · · · , bn; c; x1, · · · , xn), i =

√
−1.

Follow through the same method of evaluation of the contour integrals as infA, fB and
fC to see the result.

fD(a, b1, · · · , bn; c; x, · · · , x) = 2F1(a, b1 + · · · + bn; c; x). (1.9.17)

Use the integral representaion in (1.9.14) and putx1 = · · · = xn = x to see the result.

fD(a, b1, · · · , bn; c; 1, 1 · · · , 1) =
Γ(c)Γ(c− a− b1 − · · · − bn)
Γ(c− a)Γ(c− b1 − · · · − bn)

. (1.9.18)

Evaluate (1.9.17) atx = 1 to see the result.

There are other functions in the category of multivariable hypergeometric functions
known as Humbert’s functions, Kampé de Fériet functions and so on. These will not be
discussed here. For a brief description of these, along withsome of their properties, see for
example Mathai (1993, 1997) and Srivasthava and Karlsson (1985).

Example 1.9.1. Show that

fA(a, b1, · · · , bn; c1; · · · , cn; x1, · · · , xn) (1.9.19)

=

∞
∑

m1=0

· · · ,
∞
∑

mn−1=0

(a)m1+···+mn−1(b)m1 · · · (bn)mn

(a)m1 · · · (cn)mn

×
xm1

1 · · · x
mn−1
n−1

m1! · · ·mn−1! 2F1(a+m1 + · · · +mn−1, bn; cn; xn), |x1| + · · · + |xn| < 1.

Solution: This can be seen by summing up with respect tomn by observing that
(a)m1+···+mn = (a+m1 + · · · +mn−1)mn. Then the sum is the following:
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∞
∑

mn=0

(a+m1 + · · · +mn−1)mn(bn)mn

(cn)mn

xmn

mn!
= 2F1(a+m1 + · · · +mn−1, bn; cn; xn).

Example 1.9.2. Show that

Γ(a) fC
(a
2
,
a+ 1

2
; c1, · · · , cn; x1, · · · , xn

)

(1.9.20)

=

∫ ∞

0
ta−1e−t

0F1

(

; c1;
t2x1

4

)

· · · 0F1

(

; cn;
t2xn

4

)

dt.

Solution: Expand the0F1’s. Then the right side becomes,

∞
∑

m1=0

· · · ,
∞
∑

mn=0

∫ ∞
0

ta+2m1+···+2mn−1

(c1)m1 · · · (cn)mn

e−t x
m1
1

4m1
· · · x

mn
n

4mn

1
m1! · · ·mn!

dt.

Integral overt yields

∫ ∞

0
ta+2m1+···+2mn−1e−tdt = Γ(a+ 2m1 + · · · + 2mn).

ExpandingΓ(a+2m1+ · · ·+2mn) = Γ[2(a
2 +m1+ · · ·+mn)] by using the duplication

formula, we have,

Γ

[

2
(a
2
+m1 + · · · +mn

)]

= π−
1
2 2a+2m1+···+2mn−1

Γ

(a
2
+m1 + · · · +mn

)

× Γ
(a+ 1

2
,m1 + · · · +mn

)

= π−
1
2 2a−1

Γ

(a
2

)

Γ

(a+ 1
2

)

×
(a
2

)

m1+···+mn

(a+ 1
2

)

m1+···+mn

(4)m1+···+mn

= Γ(a)
(a
2

)

m1+···+mn

(a+ 1
2

)

m1+···+mn

(4)m1+···+mn

(duplication formula is again applied onΓ(a) = Γ[2(a
2)] ). Now, substituting and

interpreting as afC the result follows.
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Example 1.9.3. Show thatfB(a1, · · · , an, b1, · · · , bn; c; x1, · · · , xn)

=
Γ(c)

Γ(d1) · · · Γ(dn)Γ(c− d1 − · · · − dn)

∫

· · ·
∫

ud1−1
1 · · · udn−1

n (1.9.21)

× (1− u1 − · · · − un)c−d1−···−dn−1

× 2F1(a1, b1; d1; u1x1) · · ·2 F1(an, bn; dn; unxn)du1 ∧ · · · ∧ dun

for ℜ(d j) > 0, 1, · · · , n, ℜ(c− d1 − · · · − dn) > 0, |x j | < 1, j = 1, · · · , n.

Solution: Expand the product of2F1’s first.

2F1(a1, b1; d1; u1x1) · · ·2 F1(an, bn; dn; unxn) (1.9.22)

=

∞
∑

m1=0

· · ·
∞
∑

mn=0

(a1)m1 · · · (an)mn(b1)m1 · · · (bn)mn

(d1)m1 · · · (dn)mn

(u1x1)m1 · · · (unxn)mn

m1! · · ·mn!
.

Now, evaluate the integral overu1, · · · , un by using a type-1 Dirichlet integral.

∫

· · ·
∫

ud1+m1−1
1 · · ·udn+mn−1

n (1− u1 − · · · − un)
c−d1−···−dn−1du1 ∧ · · · ∧ dun

=
Γ(d1 +m1) · · ·Γ(dn +mn)Γ(c− d1 − · · · − dn)

Γ(c+m1 + · · · +mn)

=
Γ(c− d1 − · · · − dn)Γ(d1) · · ·Γ(dn)

Γ(c)
(d1)m1 · · · (dn)mn

(c)m1+···+mn

(1.9.23)

forℜ(d j) > 0, j = 1, · · · , n,ℜ(c−d1− · · · −dn) > 0. Now, substituting (1.9.23) and
(1.9.22) on the right side of (1.9.21) the result follows.

Exercises 1.9.

1.9.1. Establish the result in (1.9.5)

1.9.2. Establish the result in (1.9.6)

1.9.3. Establish the result in (1.9.7)

1.9.4. Establish the result in (1.9.8)

1.9.5. Establish the result in (1.9.9)
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1.9.6. Establish the result in (1.9.10)

1.9.7. Establish the result in (1.9.11)

1.9.8. Establish the result in (1.9.12)

1.9.9. Establish the result in (1.9.13)

1.9.10. Establish the result in (1.9.14)
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