CHAPTER 2

DENSITY ESTIMATION AND ORTHOGONAL
POLYNOMIALS

[This chapter is based on the lectures of Professor Serge B. Provost of the Department of
Statistical and Acturial Sciences, The University of Western Ontario, Canada.)

2.0. Abstract

It is often the case that the exact moments of a continuoashiison can be
explicitly determined, while its exact density functioriheir does not lend itself
to numerical evaluation or proves to be mathematicallyartable. The density ap-
proximants proposed in this article are entirely specifigthle first few moments of
a given distribution. First, it is shown that the densitydtions of random variables
confined to closed intervals can be approximated in termge&i combinations
of Legendre polynomials. In an application, the densityction of a mixture of
two beta distributions is approximated. It is also explditigat the density func-
tions of many statistics whose support is the positive hiaéf-can be approximated
by means of sums involving Laguerre polynomials; this apphois applied to a
mixture of three gamma random variables. It is then showhdbasity approxi-
mants that are based on orthogonal polynomials such as tegdraguerre, Jacobi
and Hermite polynomials can be equivalently obtained byisgla linear system
involving the moments of a so-called base density function.

2.1. Introduction

This lecture is concerned with the problem of approximagrgnsity function
from the theoretical moments (or cumulants) of the corredpw distribution. Ap-
proximants of this type can be obtained for instance by ntpkise of Pearson or
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56 2. DENSITY ESTIMATION AND ORTHOGONAL POLYNOMIALS

Johnson curves [Solomon and Stephens 1978; Elderton andamf969], or sad-
dlepoint approximations [Reid 1988]. These methodologaes provide adequate
approximations in a variety of applications involving umidal distributions. How-
ever, they may prove flicult to implement and their applicability can be subject to
restrictive conditions. The approximants proposed hesecapressed in terms of
relatively simple formulae and apply to a very wide arrayistributions; moreover,
their accuracy can be improved by making use of additionaherds. Interest-
ingly, another technique called the inverse Mellin transfowhich is based on the
complex moments of certain distributions, provides repmégtions of their exact
density functions in terms of generalized hypergeometnctions; for theoretical
considerations as well as various applications, the raadeferred to [Mathai and
Saxena 1978] and [Provost and Rudiuk 1995].

First, it should be noted that theth moment of a statistia)(xy, . . ., Xn), whose
exact density is unknown, can be determined exactly or nigaiBr by integrat-
ing the product(Xy, . .., %) g(X4, . . ., X,) over the range of integration of the's
whereg(xy, ..., X,) denotes the joint density of th¢s, n= 1,2, .... Alternatively,
the moments of a random varialbkecan be obtained from the derivatives of its
moment-generating function or by making use of a relatignbletween the mo-
ments and the cumulants when the latter are known, see [39@56]. Moments
can also be derived recursively as for instance is the casminection with certain
gueueing models. Once the moments of a statistic are alagilaibe can often ap-
proximate its density function in terms of sums involvinghagonal polynomials.
The approximant obtained for nonnegative random variathégeends on two pa-
rameters that are determined so as to produce the bestgaitrana approximation
on the basis of the first two moments of the distribution. emnore, it was de-
termined that for commonly encountered unimodal distrdng, twelve moments
usually siifice to produce reasonably accurate approximations.

The approximant proposed for distributions defined on sefmite intervals
applies to a wide class of statistics which includes thosesshasymptotic distri-
bution is chi-square, such a2nA wherea denotes a likelihood ratio statistic, as
well as those that are distributed as quadratic forms in abvariables, such as the
sample serial covariance. It should be noted that an indefiuadratic form can
be expressed as thefldirence of two independent nonnegative definite quadratic
forms whose cumulants, incidentally, are well-known. Asdstributions having
compact supports, one has for example the Durbin-Watstiet&tathe sample cor-
relation codicient, as well as many other useful statistics that can beeegpd as
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the ratio of two quadratic forms, as discussed for instand@liovost and Cheong
2000].

In Section 2.4, we propose a unified approach for approxmgatensity func-
tions, which turns out to be mathematically equivalent t&imguuse of orthogonal
polynomials. This semiparametric methodology is also thasethe moments of a
distribution and only requires solving a linear system Iavg the moments of a
so-called base density function.

Several illustrative examples are presented. For congrapsirposes, each of
them involves a distribution whose exact density functian be determined. First,
the distribution of a mixture of two beta distributions imnstdered. The approxi-
mation technique presented in Section 2.3 is applied to aum@of three gamma
random variables. A mixture of three Gaussian random viasais considered in
Section 2.4.

For results on the convergence of approximating sums tleaegpressed in
terms of orthogonal polynomials, the reader is referredamgone 1959], [Alexits
1961], [Devroye and Gyorfi 1985] and [Jones and Ranga 1%8te the proposed
methodology allows for the use of a large number of theasktitoments and the
functions being approximated are nonnegative, the apmpraxis can be regarded
as nearly exact bona fide density functions, and quantileghereupon easily be
estimated with great accuracy. As well, the polynomial @spntations of the ap-
proximants make them easy to report and amenable to comalexiations.

Up to now, orthogonal polynomials have been scarcely dssuligh the statis-
tical literature in connection with the approximation o$tlibutions. This state of
affairs might be due to fliculties encountered in deriving moments of high orders
or in obtaining accurate results from high degree polyntsnla any case, given the
powerful computational resources that are widely avadlabkese days, such com-
plications can hardly any longer be viewed as impedimeritshduld be pointed
out that the simple semiparametric technique proposed atidde2.4 eliminates
some of the complications associated with the use of orthalgmlynomials while
yielding identical density approximants.

2.2. Approximants Based on Legendre Polynomials

A polynomial density approximation formula is obtainedhistsection for dis-
tributions having compact supports. This approximant rsvdd from an analytical
result stated in [Alexits 1961], which is couched below iatistical nomenclature.
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It should be pointed out that no a priori restrictions on thape of the distribution
need to be made in this case.

The density function of a random variab{¢hat is defined on the intervat], 1]
can be expressed as follows:

il = ) AP (2:2.1)
k=0

whereP,[X] is a Legendre polynomial of degree k, that is,

1 o kXA gy x2itk (22 4+ 2K)!
PdA = Fg a1+ X) = L il (21 +K)! (i + K (2.2.2)
Floor[k/2] denoting the largest integer less than or equél/®&) and
Lo lr2k FOE/2 (_1)' (=2 + 2K)! (=21 + K)
T2 4 20 (R2i+ k) (Hi+ k)
1+ 2k
% (2:2.3)

with P*(X) = P(X) whereinx¥?' is replaced by thek(— 2i)th moment of x:

1

u[-2i + K] = E (x2*) = f X< (x)dx, (2.2.4)
-1

see also [Devroye 1989]. Legendre polynomials can also teedeby means of a

recurrence relationship, available for example in [Sarsi®#59, p. 178]. Given the

first n moments ok, u[1], ..., u[n], and settingu[0] = 1, the following truncated

sum denoted by, (X) can be used as a polynomial approximatiori,{o):

f [X] = Z AP(X). (2.2.5)
k=0

As explained in [Burden and Faires 1997, Chapter 8], thignhial turns
out to be the least-squares approximating polynomial thatmizes f_ ll(fx(x) -
fy,(X))?dx, the integrated squared error. As stated in [Rao 1965, p. , 106]
moments of any continuous random variable whose supporiclesed interval,
uniquely determine its distribution, and as shown by [Ale#i961, p. 304], the rate
of convergence of the supremum of the absolute effdr) — f« (X)|, depends on
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fx(X) andn, the degree of,_(x), via a continuity modulus. Therefore, more accurate
approximants can always be obtained by making use of higégred polynomials.

We now turn our attention to the more general case of a comfimuandom
variabley defined on the closed interval [a,b], whddk moment is denoted by

b
Wl = EGY = [ 40y k=01 (2.2.6)

where f,(y) denotes the density function gf As pointed out in Section 2.1, there
exist several alternative methods for evaluating the masnafa distribution when
the exact density is unknown. On mappingntox by means of the linear transfor-
mation

_2y—(a+b)
~ b-a
one has the desired range fqrthat is, the interval41, 1]. The jth moment ofx,

expressed as the expected value of the binomial expans{@yef(a+b))/(b—a))’
is then given by

(2.2.7)

i
ud il = Z( )20,[K] (-1)™ (a + b) ™ (2.2.8)

1
(b—a)l £
and (2.2.5) can then be used to provide an approximant to ehsity function
of x. On transformingx back toy with the dfine change of variables specified in
(2.2.7) and noting thatxddy = 2/(b — a), one obtains the following polynomial
approximation for the density function gf

2y — (a+ b)

fuly] = [2/(b-a)] Zm( ). (2.2.9)

Example 2.2.1. Approximate density of a mixture of beta random variables

Consider a mixture of two equally weighted beta distribogiavith parameters (3,2)
and (2,30), respectively. A fifteenth-degree polynomigiragimation was obtained from
(2.2.9). The exact density function of this mixture and ipmximant, both plotted in
Figure 2.1, are manifestly in close agreement. Obviouglgr@aches that are based on a
few moments would fail to provide satisfactory approxirogs in this case.
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Figure 2.1: Exact & Approximate (dashed) PDF's
As will be mentioned in Section 2.4, beta-shaped densitgtfans defined on closed in-

tervals can be approximated in terms of Jacobi polynomkddsvever, it should be pointed

out that approximants expressed in terms of Legendre poliale can accomodate a much
wider class of distributions defined on closed intervals.

2.3. Approximants Based on Laguerre Polynomials

As mentioned in Section 2.1, the density functions of numegrstatistics dis-
tributed on the positive half-line can be approximated ftbgir exact moments by
means of sums involving Laguerre polynomials. It should beted out that such
an approximant should only be used when the underlyingigion possesses the
tail behaviour of a gamma random variable; thankfully, tki®ften the case for
statistics whose support is semi-infinite. Note that foreottypes of distributions
whose support is the positive half-line, such as the logabrthe moments may

not uniquely determine the distribution; see for instarRad 1965, p. 106] for
conditions ensuring that they do.

Consider a random variabjedefined on the intervab( «), whosejth moment
is denoted by, [j]. ] =0,1,2,...,and let

_,uy[:l-]2 + :uy[z]
C= e+ ] (2.3.1)
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1 —
b = ‘#_1 (2.3.2)
and
X = %‘ (2.3.3)

As will be explained later, when the parameteendv are so chosen, the lead-
ing term of the resulting approximating sum will in fact beangma density func-
tion whose first and second moments agree with thoge Nbte that althougta
can be any finite real number, it is often equal to zero. Degdtie jth moment of
x by

il = El(y = /9], (2.3.4)

the density function of the random variablelefined on the interval (G) can be
expressed as

£ = x”e‘xiéij(v, X) (2.3.5)
=0
where
i k ; j—k
B r@+j+ov)x
Lile. X = ;r(u i —k+0)(j - KK (2.36)

is a Laguerre polynomial of ordgrwith parameter and

IR D di - K
6j_kZ:;F(1+j—k+u)(j—k)!k! (2.3.7)

which also can be represented pyI'(v+ j + 1) timesL;[v, X] whereinx is replaced
with u,[K], see for example [Szegd 1959] and [Devroye 1989]. Then,worcating
the series given in (2.3.5) and making the change of vaisabtecx+a, one obtains
the following density approximant foy.

(y —a)’

fyn [y—] = oy

e—(y—a)/c n
T Z oiLj(. (y — @)/0).
=0

Remark 2.3.1. On observing thaf,,(y) is a shifted gamma density function with
parameters = v+1 = (u[1]-a)?/(u[2]-p[1]?) andg = ¢ = (u[2]-u[1]?)/(u[1]-4&),
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one can expres§, (x) as the product of an initial shifted gamma density approxi-
mation whose first two central momentg,+ a = u[[1]] and a? = u[[2]] —u[[1]]2,
match those of;, times a polynomial adjustment; that is,

n

Z a L T(@)(a - 1, (y - a)/0). (2.3.8)
j=0

&y _ -1+a
=&

The following example is relevant as nonnegative definidgatic forms in normal
variables which happen to be ubiquitous in Statistics caexpeessed as mixtures
of chi-square random variables, see for instance [Matr@Paavost 1992, Chapters
2&7].

Example 2.3.1. Approximate density of a mixture of gamma random variables

Let the random variablgbe a mixture of three equally weighted shifted gamma random
variables with parameters{ = 8,81 = 1),(a2 = 16,52 = 1) and (3 = 64,83 = 1/2),
all defined on the interval (bo). The hth moment of this distribution is determined by
evaluating thenth derivative of its moment-generating functidv,(t), with respect td at
t=0.
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Figure 2.2: Exact Density & Initial Gamma Approximant

Figure 2.2 shows the exact density function of the mixturevals as the initial gamma
density approximation given bfy,[y]. Clearly, traditional approximants such as those men-
tioned in Section 2.1, could not capture adequately all thindtive features of this partic-
ular distribution.
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The exact density functionf,[y] and its polynomial approximanti,.[y], are plotted

in Figure 2.3. (Once such an approximant is obtained, onkldouinstance approximate
it with a spline composed of third-degree polynomial arnsrder to reduce the degree of

precision required in further calculations.)
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Figure 2.3: Exact & Approximate (dashed line) PDF’s

This example illustrates that the proposed methodologyatsm accomodate
multimodal distributions and that calculations involvinigih order Laguerre poly-
nomials will readily produce remarkably accurate apprations when performed
in an advanced computing environment such as that provigédabhematica.

2.4. A Unified Methodology

The remark made in the previous section suggests the follpgeneral semi-
parametric approach to density approximation, which &tasif approximating the
density function of a distribution whose firatmoments are known by means of
a base density function whose parameters are determinecatshimg moments,
times a polynomial of degree whose co#icients are also obtained by matching

moments.
Result 2.4.1 Let f,[y] be the density function of a continuous random variaple

defined on the interval (a,bE(y’) = p,[j], X = (y—u)/swhereuandsare constants,
a = (@-u)/shy = (b-u)/s KX = |df,[u+ sx],E(X) = E[((y - u)/9)]] =
ux[j], and the base density function,[x], be an initial density approximant for
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defined on the intervabg, by), whosejth momentm,[j], exists forj = 1,---,2n.
Assuming that the tail behavior ¢f,[X] is similar to that off,[x], fy[X] can be
approximated by

falX = Us[X] ) & (2.4.1)
i=0

with (&, ..., &) = M7L(u[0], ..., u[n])’ whereM is an fi+1)x(n+1) matrix whose
(h+ Lthrowis fn[h],...,m[h+n])’,h=0,1,...,n and whenevef,|x] depends
onr parameters, these are determined by matchgg] to u[j] for j = 1,...,r.
The corresponding density fgris then

fiulyl = fl(y —u)/8]/s. (2.4.2)

The codficientsé;, can easily be determined by equating the firshoments
obtained fromf, [X] to those ofx:

bo n bo
f xhwx[x]Zaxidx:f X'f[x]dx, h=0,1,...,n, (2.4.3)
i=0

o o
which is equivalent to

(my[h],....mJh+n]).(,.... &) =ux[h], h=0,1,....n; (2.4.4)
this linear system can be represented in matrix form as

M (o, .. €n)" = (ux[O], . ..., px[N])’

whereM is as defined in Result 2.4.1.

2.5. Approximants Expressed in terms of Orthogonal
Polynomials

By making use of the same notation, we now show that the urgfgatoach
described above provides approximants that are matheatipiguivalent to those
obtained from orthogonal polynomials whose weights ar@@rional to a certain
base density function.

Let {Ti[x] = ZLZO six¥, i = 0,1,...,n} be a set of orthogonal polynomials on
the interval &g, by) such that
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bo
f w[X] Ti[X]Th[X]dX = ywheni = h, h=10,1,...,n, and zero otherwise

o
(2.5.1)
wherew[X] is a weight function, and letr be a normalizing constant such that
crw[X] = Y[ X] integrates to one over the intervah(bp). On noting that the orthog-
onal polynomialdT; are linearly independent (Burden and Faires (1993), Campoll
8.8), one can write (2.4.1) as

fx.[X] = crw[X] Z i Tip[X] (2.5.2)

where they's are obtained from equatir@:0 Th[X] fx [X]dX to fa:" Th[X] f[X]dx for
h=0,1,...,n, which yields the following linear system:

bo n bo
chaO Th[x]w[x];niTi[X]dX:L Tu[X] f[X]dx, h=0,1,...,n, (2.5.3)

which is equivalent to

n bo h
Z niCr f w[X] Ti[X] Th[X]dx = Z Siix[Kl, h=0,1,...,n, (2.5.4)
i=0 % k=0

wheredyy is the codficient ofx< in T;,. Thus, by virtue of the orthogonality property
givenin (2.5.1), one has

h Zéhk,ux[k] h=0,1,. (2.5.5)

CTQh
and
il = ¥ Z( 5 D O KT, (25.6)
''k=0
Now, lettingy = u+sx, a = u+ sag, b = u+ shy, and denoting the density functions
of y andy, corresponding to those afandx, by f,[y] and f, [y], respectivelyf,[y]
whose support is the interval (a,b) can be approximated by

fnly] = wi(y - u)/s]Z(—Za.kux[k])T[(y u)/sl. (25.7)

'kO
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It is apparent that several complications associated Weluse of orthogonal poly-
nomials can be avoided by resorting to the direct approastrieed in Result 2.4.1.
Density approximants expressed in terms of Laguerre, Lérgedacobi and Her-
mite polynomials are discussed below.

2.5.1. Approximants based on Laguerre polynomials

Consider the approximants based on Laguerre polynomsdsisised in Section
2.3. Inthat casegy = cx+a,sothatu=a,s=c,ag = 0,bg = oo, w[X] = X’e %, Ti[X]
is the Laguerré.[v, X] orthogonal polynomial ané, = Gamma[v + h+ 1]/h!. Itis
easily seen that the density expressions given in (2.5dJ28.8) coincide.

In this case, the base density functigg|X] is that of a gamma random variable
with parameters + 1 and 1. Note that after the transformation, our base density
is a shifted gamma distribution with parameters 1 andc, whose support is the
interval @, o).

Alternatively, one can obtain an identical density appmoeat by making use
of Result 2.4.1 where igy[X] is a Gamma(d + 1, 1) density function whosgth
moment,m,[ j], which is needed to determine tkies, is given byGammalv + 1 +
jl/Gammalv + 1], j =0,1,...,2n.

2.5.2. Approximants based on Legendre polynomials

First, we note that whenever the finite intenallf) is mapped onto the interval
(ap, bp), the requisite fiine transformation is

X="— (2.5.8)
with u = (abo — ah)/(bo — @) ands = (b — @)/ (o — a).

Consider the approximants based on Legendre polynomistsised in Section
2.2, which are defined on the intervall(1). In that caseu = &2 s = (b -
a)/2, w[X] = 1, Ti[X] is the Legendre orthogonal polynomi[x] and6, = 2

(2h+1)*
It is easily seen thaf, [y] given in (2.5.7) yieldsf,, [y] of (2.2.9).
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2.5.3. Approximants based on Jacobi polynomials

In order to approximate densities for which a beta type dgnsisuitable as
a base density, we shall make use of the following alteradtwvm of the Jacobi
polynomials

| Gamma[n + «a]
"Gamma[2n + «]

defined on the interval (0, 1), whedacobiP[n, a;, b,, Z] denotes a standard Jacobi
polynomial of ordem in z with parametersa; andb;. In this case, the weight
function isx?(1 — x)’ and the base density is that oBata(a + 1,5 + 1) random
variable, that is,

Ghla,B,X] =n

JacobiP[n,a - B,8-1,2x - 1] (2.5.9)

1
Yu[X] = Betala + LA T l]x"(l - X, 0<x<1, (2.5.10)

whosejth moment is given by

_ Gammala + S + 2]Gammala + 1 + ]

1] = . . 2.5.11
M) = Gammala + 1jGammala + [+ 5+ 2] (2.5.11)
The parameters andg can be determined as follows:
@ = px[1](uxl1] — puxl2]) /(uxl2] - /lx[l]z) -1
B = (1-mll])(e+1)/(ux1] - 1), (2.5.12)
see Johnson and Kotz (1970). Moreover, in this case,
2
- (2k+a+ b+ 1)Gamma2k + a+ b + 1] (2.5.13)

~ KiGammalk + a + 1]JGammalk + a + b + 1]JGammalk + b + 1]

2.5.4. Approximants based on Hermite polynomials

Densities of random variables for which a normal density peovide a rea-
sonable initial approximation can be expressed in term&i®iodified Hermite
polynomials given by

H:[X] = (-1)*2%2HermiteH[k, x V2] (2.5.14)

whereHermiteH[k, Z] denotes a standard Hermite polynomial of orkler z. H;[X]
is also defined on the interval o, o), and its associated weight functiornugx] =
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eX/2_ Clearly,x = (y — u)/swith u = (1] ands = +/y,[2] — 1, [1]2. In this case,
the base density is that of a standard normal random vayitaleis,

1
UuX] = —=€7/%,  —o0 < X< oo, (2.5.15)
\or

whosejth moment is given by
2:C1(1 + (1)) Gamma[ 4

Tom :

my[j] = i=0,1,..., (2.5.16)

and
6 = V2rkl. (2.5.17)

Example 2.5.1. Consider an equally weighted mixture o3, 4) and aN(1, 1) distri-
butions. The exact and approximate densities are showrmguréR.4.

-10 5 10 15 2

Figure 2.4: Exact & Approximate (dashed line) PDF’s
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