CHAPTER 3

MITTAG-LEFFLER FUNCTIONS AND FRACTIONAL
CALCULUS

[This chapter is based on the lectures of Professor R. K. Saxena of Jai Narain Vyas Univer-
sity, Jodfipur, Rajasthan.]

3.0. Introduction

This section deals with Mittag-ltger function and its generalizations. Its im-
portance is realised during the last one and a half decadesadiis direct in-
volvement in the problems of physics, biology, engineeangd applied sciences.
Mittag-Leffier function naturally occurs as the solution of fractionaley diferen-
tial equations or fractional order integral equations.idas properties of Mittag-
Leffler functions are described. Among the various results ptedeby various
researchers, the important ones deal with Laplace transdiod asymptotic expan-
sions of these functions, which are directly applicablédhmgolution of diferential
equations and behavior of the solution for small and lardeegof the argument.
Hille and Tamarkin [14, p.86] in 1920 have presented a smtutif Abel-Volterra
type integral equation

A X p(t)dt
d(X) F(a)j(; RN f(x),0<x<1
in terms of Mittag-LéHer function. Dzherbashyan [2] has shown that both the func-
tions defined by (3.1.1) and (3.1.2) are entire functionsrdéop = % and type

o = 1. A detailed account of the basic properties of these fanstis given in
the third volume of Bateman Manuscript Project written byExdeélyi et al [3]
and published by McGraw-Hill in the year 1955 under the hegdMiscellaneous
Functions”.
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72 3. MITTAG-LEFFLER FUNCTIONS AND FRACTIONAL CALCULUS
3.1. Mittag-Leffler Functions
Notation 3.1.1. E,(x): Mittag-Le fller function

Notation 3.1.2. E,p(x): Generalized Mittag-Leffler function

Note 3.1.1.: According to Erdélyi, A. et alE,(x) and E, z(X) are called Mittag-Lé&ler
functions.

Definition 3.1.1.

E.(2) : Z = (ak Iy (@ € C, R(a) > 0). (3.1.1)

Definition 3.1.2.

- X
E.s(2): = Z ok a) (@, €C, R(a) >0, R(B) > 0). (3.1.2)

The functionE,(2) was defined and studied by Mittag{ler in the year 1903. Itis a
direct generalization of the exponential function. Thection defined by (3.1.2) gives a
generalization of (3.1.1). This generalization was stuidig Wiman in 1905, Agarwal in
1953 and Humbert and Agarwal in 1953, and others.

Example 3.1.1. Prove thatE;(z) = € = E11(2). It readily follows from (3.1.1) and
(3.1.2).

Example 3.1.2. Prove thaE;,(2) = &1

Solution: We have

S IS R
El’Z(Z):;F(k+2):;(k+l)!:Eém:E(ez_l)'

Definition 3.1.3.  Hyperbolic function of order n.

o znk+r—1

h(zn): = kZO T Z7'En(2Y), (r € N). (3.1.3)
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Definition 3.1.4.  Trigonometric function of order n.

k —kn+r-1
k(z,n): :Z% 1Enr( Zn)

(kn+r —1)!
Ei, (9 = i _z Eerfc(-2)
21 i1k +1) ’

where erfc is complementary to the error function efc.

Definition 3.1.5. Error function.

e¥du=1-erf(2),zeC,

z

erfc@ : = =
To derive (3.1.5), we see that [ [1], p,297, Eq.7.1.] reads as
w(2) = e? erfc(-i2)

whereas [ [1],p. 297, EQ.7.1.8] is

o (@
w(2) = ;r(gu)‘
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(3.1.4)

(3.1.5)

(3.1.6)

(3.1.7)

(3.1.8)

From (3.1.7) and (3.1.8), we easily obtain (3.1.5). In pagswe note thaty(2) is also an

error function [1].
Definition 3.1.6.  Mellin-Ross function.

E0.a) Z @ _ v, )
v, . = v .
! T(v+K+ 1) Lot
Definition 3.1.7. Robotov’s function.

. o0 ﬁktk(a/+l) £ "
)=t =1"Eqr10+1(Bt7).
a(ﬁ ) kZO r((l + a’)(k + 1)) +1, +1(ﬁ )

Example 3.1.3.  Prove thaEy 3(2) = &£2.

(3.1.9)

(3.1.10)
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Solution:  We have

S SR
E13(d = Z rk+3) 2 Z k+2)

= §(ez—z—l).

Example 3.1.4.  Prove that
1
Eir(2 = F{ez -

The proof is similar to that in Example 3.1.3

3.1. Revision Exercises

3.1.1. Prove that

Hll[ @A) ]_ Al i (—1)kxk+a)/A
@A).01)| LT[L+ (k+a)A]’

3.1.2. Prove that

d 11| |@A) 11| (a-AA)
ax [X(aA)(Ol)] Hy [(a A,A)(Ol)]

3.1.3. Prove that

k+l-a

11[lja-aman] D) A
i ['ﬂaA) ] A ZF[l (k+1-a)/Al"

3.2. Basic Properties of Mittag-LdHer Function

As a consequence of the definitions (3.1.1) and (3.1.2) thenfimg results hold:

Theorem 3.2.1. There holds the following relations:



Solutions:

(i) We have

(i) We have

(iii)

since

3.2. BASIC PROPERTIES OF MITTAG-LEFFLER FUNCTION

. 1
() Ea,ﬁ(z) =z Ea,a+ﬁ(z) + l"_(ﬂ)

d
(") Eaﬁ(z) :3 Ewﬁ+l(z) + a'zd aﬁ+l(z)

i) () [ Eus@)] = 2™ Evpmi)
R(B-m) >0, (meN).

zk+1

> v
ELol) = Zm iy

=z Ea a+ﬁ(z) + == s)%(B) > 0.

F(ﬁ)

v
RH.S = BE,5:1(2) + “Zd Z T(ak + B+ 1)

) (ak + B - B)Z
= BEupa(d + kZ; Tak+5 +1)

= E.4(2) = LH.S.

m oo k+g-1
LHS = (d) z

dz) £iT(ak+p)
Zak+ﬂ m-1

_ZF(ak+,B m)’

E " vk+B-1\ _ 1—‘(ak +ﬁ) k+B-m-1
(dz) (z‘ )_ F(ak+ﬁ—m)za

=Z"™ E,pm(Z), (MeN)
= RH.S.

R(B-m) >0,
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(3.2.1)

(3.2.2)

(3.2.3)



76 3. MITTAG-LEFFLER FUNCTIONS AND FRACTIONAL CALCULUS

Following special cases of (3.2.3) are worth mentioningvéfsete = ', (m,ne IN)
then

(8) 4 {aF)] = 2 ol

00 mk
- pm1 Zn

k=0 F(mTk +B- m)
for R(B— m) > 0. ( Replacing by k + n)

=27Eg, (Znﬁ) +27 k; ﬁ (Mmn=123). (3.2.4)
(dgz)m[zg_lEW(zm)] - 26_1'5"%(2"”) + F(;—_mm) for R(8 —m) > 0. (3.2.5)

Puttingz = tm in (3.2.4) it yields

(Ttl‘nﬂw E)m[t(ﬂ‘l)nﬂw Enm (t)] =t DREm 4(t) + tVm
_sﬂ - _vﬁ
n dt n n
n —tk
x Y ————, Re(B-m)>0,(mneN). (3.2.6)
mk
& rfp- )
Whenm = 1 (3.2.6) reduces to
tl—n d n t—k
— —|tE-InE, (¢ ] =t U E, () +tEDN ,
wal e w0 kz;ir(ﬂ—g)
n
R(B) > 1, which can be written as
lﬂ[t(ﬂ—””lzl (t)] =L EL (t) + P2 ot R(E) > 1 (3.2.7)
n dt nh nh K\’ ' o

i)
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3.2.1. Mittag-LefHler functions of rational order

Now we consider the Mittag-LfBer functions of rational ordex = g with p,g e N
relatively prime. The following relations readily followdm the definitions (3.1.1) and
(3.1.2).

p

0 (d%) Ex() = Ep(@) (3.2.8)
d p p R Z_%

(i)  LEp(z9) =Ep(zo)+ ; (3.2.9)
e N

g=123,---. We now derive the relation
(- £
(i) El(zq) ez[l Z r(1-'-<)] (3.2.10)

whereq = 2,3, --- andy(a, 2) is the mcomplete gamma function, defined by

Y4
(@, 2) = f e'u*tdu.
0

To prove (3.2.10), sep = 1 in (3.2.9) and multiply both sides by %and use the
definition ofy(a, 2). Thus we have

w-1 -k
dﬂz[e—zE%(za )] e > r(l— _) (3.2.11)

Integrating (3.2.11) with respect mwe obtain (3.2.10).

3.2.2. Euler transform of Mittag-LefHler function
By virtue of beta function formula it is not ficult to show that

1 1 1 (o:1),(1.1)
[ 22 0tz = 1) e | q
0 (B.0).(+py)

whereR (a) > 0, R(B) > 0, R(p) > 0,R(c) > 0,y > 0. Herexy, is the generalized Wright
function andw, 8, p, o € C.

(3.2.12)

Special cases of (3.2.12):
() Whenp =8,y = «, (3.2.12) yields.
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f 1 27 1-27 Eap(x2)dz = T(0)Eq o).
wherea > 0;8,0 € C, O‘R(,B) >0, R(o) > 0and,
(ii)
f 1(2)“‘1(1 - 2P EpplX(L - 2°]dz = T(0)Ea o459,
wherea > 0;8, 0 eOC, R(B) >0, R(o) >0.
(iii) Whena =8 =1, we have

(o). (L1)
g

1
f 2741~ 27 expla)dz = I(0) o0 |
0 (L1).(oc+p.y)

(0,y)
=I(0) 11 [ |X]
(o+p,y)

wherey > 0,p,0 € C, R(p) >0, R(c) > 0.

3.2.3. Laplace transform of Mittag-Leffler function
By the application of Laplace integral, it follows that

LD x ]

w0 1
1
fo #-1e % E, 4(x2')dz = 52%”1[ =

)

(3.2.13)

(3.2.14)

(3.2.15)

(3.2.16)

wherep,a,a,5 € C, R(a) > 0, R(8) > 0,R(y) > 0,R(a) > 0, R(p) > 0andZ| <L

Special cases of (3.2.16) are worth mentioning.

() Forp =8,y = a,R(a) >0, (3.2.16) gives

arh

’

* —az- -1 _
fo e
wherea, . € C,R(e) > 0, R(8) > 0, R(a) > 0 |X| < L

Whena = 1, (3.2.17) yields a known result.

0 1
f e 2A1 Eop(x2)dz= —, X < 1,
0 1-X

where®R (@) > 0, R(B) > 0. If we further takes = 1, (3.2.18) reduces to

(3.2.17)

(3.2.18)
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00 1
_Z _
fo e‘E,(x2*)dz = 1% X < 1.

(i) Wheng =1, (3.2.17) gives

00 a—1
fe‘aZE(,(xz")dz= a -, (3.2.19)
0

aa_

whereR(a) > 0,R(a) > 0, |X]| < 1.

3.2.4. Application of Laplace transform
From (3.2.17), we find that

9 i
L{¥ " Eyp(ax?)) = s (3.2.20)
where®R (e) > 0, R(8) > 0
L{f(t); s} = fom e S f(t)dt, R(s) > 0. (3.2.21)
We also have
1 s
L{¥ ™ Eq,(-ax)} = e (3.2.22)
Now
r—, — a—(B+y)
s ][ s 7] U RS > R(a). (3.2.23)

v-allsral ~ -2
By virtue of the convolution theorem of the Laplace transfpit readily follows that

t
j(; WLE, sau®)(t — u)? ™t E,p(-a(t — u)¥)du
= t#*771 Epy g1y (2527, (3.2.24)
where’R(B) > 0, R(y) > 0. Further, if we use the identity

-B
é 5_1 [33‘2—38‘“‘2] (3.2.25)
and the relation
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L{t"™; s} = T(p)s, (3.2.26)
whereR (o) > 0, R(s) > 0, we obtain
N )1 -3 )a—ﬁ+l _
fug LE,p(u )[ G B F(a/ ) du=t, (3.2.27)

where 0< 8 < 2, R(a) > 0.

Next we note that the following result (3.2.29) can be detiog the application of Laplace
transform of the identity

Pb B g l
[sza-l] [s¥]=-gi 7t e-q OrRE)>1 (3.2.28)
We have
i fX(X— t)a—l E (tZa/)t,B—ldt
I'(@) Jo 20p

= X071 Epy s(x%) + ¥ B, 5(x), (3.2.29)
whereR(a) > 0,R(B) > 0. If we setg =1in(3.2.29), it reduces to

1 § a-1 2a _ B 2
@fo (X =7 Ba (™) dit = Eq (x") — Bao(x™) (3.2.30)
where®R (a) > 0.

3.2.5. Contour integral representation

Lemma 3.2.1. Contour integral representation for E,(2) is given by

a-1
EAZ):%Lt etdt, (3.2.31)

a t0—2
where the path of integration Ha is a loop starting and ending at —oco, and encircling the
circular disk |t| < |2Y? in the positive sense : —r < argt < 7 on Ha.

To establish the representation (3.2.31) we expand thgrand in powers of, integrate
term by term and apply the Hankel integral for the recipra¢éhe gamma function, namely

2ri
e’sids= —. 3.2.32
S e (3.2.32)

Similarly we can establish
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Lemma 3.2.2.

1 t*-Aeldt
E, = — . 3.2.33
#@ 2ri fHa tv -z ( )
where a,8 > 0.
Y
Q=" .
X' 5 X
§=-7
Ha
YI

Figure 3.1: Showing Hankel contour Ha

3.2.6. Relation between Mittag-LéHer functions and the H-function

Both the Mittag-Léfler functionskE,(2) andE, g(2) belong to H-function family. We
derive their relations with thel function.

Lemma 3.2.3. Leta € R = (0,). Then E,(2) is represented by the Mellin-Barnes
integral

1 rera--s(-z-s
E.(2 = %fL Fi-as ds, (larg4 < ), (3.2.34)

where the contour of integration L, beginning at —ico and ending at +ico, separates all poles
s= -k (k € Ng) to theleft and all poles s= 1+ n (n € Np) to the right.

Proof. We now evaluate the integral (3.2.34) as the sum of the resid the points
s=0,-1,-2,---. We find that
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1 rera-s(-z2-s = rera-s(-zs
o f ds= Z Reg;_k[

r(d-as r'lA-as) (3.2.35)

(~1FT(L + o
Z KIT(L + oK)

= Ea(Z),

(-2

which yields (3.2.34) in accordance with the definition (B)1 It readily follows from the
definition of theH - function and (3.2.34) thd,(2) can be represented in the form

11f_,(01)
Ea(d = H13|~Zoa) o] (3.2.36)

whereHy; is the H-function, which is studied in Chapter 1.

Lemma3.2.4. LetaeR, =(0,),8 € C, then

_ [(r(l-s)(-2°
Eos(2 = If TG a9 ds. (3.2.37)

The proof of (3.2.37) is similar to that of (3.2.34). Hence fiioof is omitted. From (3.2.37)
and the definition of the H-function we obtain the relation

11 (0.1)
E,s(2) = Hl’z[—z o W)]. (3.2.38)

In particular,E,(2) can be expressed in terms of generalized Wright functiadherform

w1
E,(2) = 1‘/’1[(1 )|z]. (3.2.39)

Similarly, we have
(1,1)
E..B(2) = 1‘“[«f )|z]. (3.2.40)

Next if we calculate the residues at the poles of the gammetibmI'(1 — s) at the points
s=1+n(n=0,1,2,---)it gives



3.2. BASIC PROPERTIES OF MITTAG-LEFFLER FUNCTION 83

F(rd-9(-2*

1 [Tr-9, s, <
EE;[ nl—ag(_ads‘ggRe%””[ rd—a9

N (D) TA+ (-
- nZ:c:) nl T'(1-a(l+n)

(o8] Z_n
- HZ:; Ao’ (3.2.41)

Similarly for E,, 8(2), if we calculate the residues at=1+n (n = 0,1,2,---), we

obtain
1 (Ora-9, s _ 2"
ﬁ ﬁ m(—Z) ds = nzz; —F(,B — a/n) (3242)
Exercises 3.2.
3.2.1. Let
Ui(t) = tﬂ_lE“ﬁ“,ﬁ(t%)
Ua(t) = ¥ Emp(t™)
Us(t) = t¢-DnEm 4(t)
and

Ug(t) = t('B_l)nE;ﬁ(t).

Then show that these functions respectively satisfy thewviahg differential equations of
Mittag-Leffier functions.

. dm _4p-1 o tak
O gm0 -0 =0 o
RB) >m(mn=1,23,---)

m —m+B-1

.o d t
(i) Y20~ U2lt) = s

REB)>m(m=123,---)
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1ad _ (-1 n _
(iii) ( t dt) Us(t) — Us(t) =t kZ:; T
(mn=123,--)
-
(v) | SUa)] - Ua00 = €71 Z v

(N=123-).

3.2.2. Prove that

1 (X Ey(At)dt
I'(@) Jo (x-t)t

= E,(1x*) -1, R(a)>0.
3.2.3. Prove that
Q0 p@x)| = X 2B pa@x) + by~ X B plax). B4
3.2.4. Prove that
Z
% f tﬁ‘l(z—t)“‘lEaﬁ(/lt")dt = 26+”‘1Ea,5+v(/lz“), R(EPB) >0, R)>0R(a)>0.
v) Jo
3.2.5. Prove that
F( ) f (z-t)* 1cosh(\/_ At)dt = z“Echl(Azz) R(a) > 0.
3.2.6. Prove that
1 Z
-—1[éﬁ—w*m:fawmmxmm>o
(@) Jo

3.2.7. Prove that

smk(\/_ t)
[(a )f (-9 = 7"Ey,2(17), R(a) > 0.
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3.2.8. Prove that

“ — -1 (0% _ s'
fo eH P o) = o RS> 1

3.2.9. Prove that

« 1
e YE,(t%)dt = ———, R(s) > 1.
[ et - = k>

3.2.10. Prove that

X
fo W () (X — U Eq pl2(X — 1)*]du

- yEa,,B+y(yXa) - ZEa,,B+y(ZXa) )(ﬁ+7_1
y—2

wherey,ze C;y #z y>0,8>0.

3.3. Generalized Mittag-LdHer Function

Notation 3.3.1. Eg’y(z) : Generalized Mittag-Leffler function

Definition 3.3.1.
o (0)n 2
ES = _ 3.1
52) nZO (Bn+y)n!’ (3.3.1)

whereg,y,6 € C with R(B) > 0. Foré = 1, it reduces to Mittag-Liéer function
(3.1.2). This function was introduced by T. R. Prabhakar9@1L It is an entire
function of orderp = [R(B)] .

3.3.1. Special cases (Hg,y(z)

() Es(d = E;,(2. (3.3.2)
(i) Es¥(2 =E;,(2 (3.3.3)
(iii) ¢(y,6;2) = 1F1(y; 6,2 = T()E] 4(2), (3.3.4)

whereg(y, §; 2) is Kummer’s confluent hypergeometric function.
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3.3.2. Mellin-Barnes integral representation

Lemma 3.3.1. LetpBeR, =(0,0);y,6 € C(y # 0). Then Eg,’y(z) is represented by the
Mellin-Barnes integral

5 (N _ (96 - 9)
%@ =5 ) 079
where |arg )| < m; the contour of integration beginning at —ico and ending at +ico, sepa-

rates all the polesat s = —k (k € INp) to the left and all the polesat s=n+ 6 (h € Np) to
the right.

(-2)~Sds, (3.3.5)

Proof. We will evaluate the integral on the R.H.S of (3.3.5) as tha sfi the residues at
the poless=0,-1,-2,---. We have

1 (TOr6-9, o _\ rre-s, s
2nifL fo-pg (2% ZRe‘“’F‘k[ fo-p9 2

=10 ok Z = r9EL, @

which proves (3.3.5).

3.3.3. Relations with theH function and Wright hypergeometric
function

It follows from (3.3.5) thatEg,y(z) can be represented in the form

0 (2) = H“[ 7 ] (3.3.6)

() (0.1).(1-7.5)

where le(z) is the H function, the theory of which can be found in Chapter 1. This
function can also be represented by

D)
Esy(2) = r(lé) 1!#1[ IZ], (3.3.7)

whereyy, is the Wright hypergeometric functhjwq(z).
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3.3.4. Cases of reducibility

In this subsection, we present some interesting cases ati@lity of the function
Eg’y(z). The results are given in the form of five theorems. The tesare useful in the
investigation of the solutions of certain fractional-ardiifferential and integral equations.
The proof of the following theorems can be developed on sintihes to that of equation
(3.2.1).

Theorem 3.3.1. IfB,y,6 € Cwith R(B) > 0, R(y) > 0, R(y — B) > 0, then there
holdstherelation

(2 = B, ,( - E}.L(. (3.3.8)

Corollary 3.3.1. IfB,v,6 € C, R(y) > R(B) > 0, then we have

1
z Eg’y(Z) = Eﬁ’),_ﬁ(Z) - m (339)

Theorem 3.3.2. IfB,7,6 € C, R(B) > 0, R(y) > 1, then there holds the formula
BE; (2 = Egya(d + (1 + B - 7)Ep,y (. (3.3.10)

Theorem 3.3.3. If R(B) > 0, R(y) > 2 + R(B), then there holds the formula

ZES,V(Z) = % Eﬁyy—B—Z(z) - (27 - 3ﬁ - 3)E,6,y—,6—1(2)
+(268% +y* = 3By + 30y — 2y + 1) Eg,, 5(2) |- (3.3.11)

Theorem 3.3.4. If R(B) > 0, R(y) > 2, then there holds the formula

Eg,y(z) = % Eﬁ,),_z(Z) +(83+38-2y) Eﬁ,y—l(z)

+ (2682 +y* + 38 - 38y — 2y + 1)E;(2)|. (3.3.12)



88 3. MITTAG-LEFFLER FUNCTIONS AND FRACTIONAL CALCULUS

3.3.5. Dfferentiation of generalized Mittag-Leffler function

Theorem 3.3.5. LetB,vy,6,p,w € C. Then for any n € N, there holds the formula,
for R(y) > n,

(dﬂz)”[zy_lEg’y(ng )] =2 (w?). (3.3.13)
In particular for R(y) > n,
(dgz)n[zy_lEﬁv(wzg )] = 27" By n(w?) (3.3.14)
and for R(y) > n,
(dgz)n[zy_lﬁb(fs; Y, wZ)] = %Zy_n_lﬂ@ Yy — N, wz). (3.3.15)

Proof. Using (3.3.1) and taking term by termfifirentiation under the summation sign,
which is possible in accordance with uniform convergencéhefseries in (3.3.1) in any
compact set of’, we obtain

n R n wk +y-1
(@ e0) - 5 (el [
= 27"E],_(w?’) for R(y) > n,

which establishes (3.3.13). Note that (3.3.14) followsrfr(8.3.13) whens = 1 due to
(3.3.3) and (3.3.15) follows from (3.3.13) whgnr= 1 on account of (3.3.4).

3.3.6. Integral property of generalized Mittag-Lefller function
Corollary 3.3.2.  LetB,v,6,w e C, R(y) > 0,R(B) > 0, R(5) > 0. Then

Y4
fo v E) (wtf)dt = 2E],,(w?) (3.3.16)
and (3.3.16) follows from (3.3.13). In particular,

V4
fo 1 Eg, (wtf)dt = ZEg 11 (wtf) (3.3.17)

and

f t7_1¢()/, o; wt)dt = %z%(y,& + 1; wX) (3.3.18)
0
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Remark 3.3.1. The relations (3.3.15) and (3.3.18) are well known.

3.3.7. Integral transform of Eg’y(z)

By appealing to the Mellin inversion formula (3.3.5) yieltt® Mellin-transform of the
generalized Mittag-L#éer function.

~ s-1p6 (_ _ F(S)F(&—S)
fo t51 ES (-wt)dt = %) 0Tl —) (3.3.19)

If we make use of the integral

. T3 +u+0)[(3-p+0)
fo Wi (et = =2 (3.3.20)

whereR (v + u) > —3, we obtain the Whittaker transform of the Mittag{ter function

(61)v(%iﬂ+pva/) w]

T e W, (pOES, (ut)dt = £ g [ P @520
fo Ap By r(&) 3 rB).(1-+p.0) P*

wheresy(.) is the generalized Wright function, afRi(p) > I‘R(,u)l—%, R(p) > o, %l <1
WhenA = 0 andu = 3, then by virtue of the identity

t
W.10(t) = expt3), (3.3.22)
the Laplace transform of the generalized Mittagflex function is obtained:
o0 w4 (6,1),(0,)
[erereg rd = Rl 3329
0 () wp P

whereR(B) > 0,R(y) > 0,R(p) > 0, R(p) >0,p > |w|ﬁ. In particular, foro = y and
a = B we obtain a result given by Prabhakar [ p.8, Eq. 2.5].

L‘ ty_le_ptEg’y(wtﬁ)dt =p7’L-wp?)? (3.3.24)

whereR (8) > 0,R(y) > 0, R(p) > 0 andp > [u| <.

The Euler transform of the generalized Mittagfiler function follows from the beta func-
tion:

G @a)
o . [ x] (3.3.25)

1
21— 1)t B (xt7)dt =
fo (=07 B3, () () "% L) (arba)
whereR(a) > 0, R(b) > 0, R(5) > 0,R(B) > 0,R(y) >0, > 0.
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Theorem 3.3.6. We have

00 ~ - k| pa—ﬁ
ptyak+8-1 (k) @ _
fo e Pt Eaﬁ(iat )dt, = o :La)'<+1’
where R(p) > [al¥?, R(e) > 0, R(8) > 0, and EY) (1) = $xEas(y).

Solution: We will use the following result:

* 1
f e E,p(zt)dt = —— (12 < 1).
0 1-z
The given integral

k

" dak

f e P IE, 4(+at”)dt

d p*-p Kl p*#
dak (p" F a) (pa F a)k+1’ 9%(ﬁ) > 0.

Corollary 3.3.3.

00 3 kl
e PtS EM (zavi)dt =
I el =

where R(p) > a°.

Exercises 3.3.

3.3.1. prove that

(3.3.26)

(3.3.27)

(3.3.28)

F(a/) f w- 1(1 u)*” 1 (ZUB)dU = ﬁym(z) R(@) > 0,R(B) > 0,R(y) > 0.

3.3.2. Prove that

I(a)
where R(a) > 0,R(y) > 0.

f (x= 9" Hs—ty'E} [As—tflds = (x—t)** "t E}, [A(x -

ty’]
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3.3.3. Prove that

ﬁ ft (s— 0" (x— 9 7'E) [A(x - 9flds = (x— )L E} [AX—1)/]
where R(e) > 0,R(y) > 0, R(8) > 0.

3.3.4. Prove thatfon=1,2,---

n-1 1
mznz?’

I'(y)
r+1 7+n—1_

where A(n;y) represents the sequencengfarameters:, &=, £

En, (2 = 1Fn(8; A(; ), n"2),

3.3.5. Show that forR(B) > 0, R(y) >0,

(&) €@ = i@

3.3.6. Prove thatforR(B) >0, R(y) >0,

d
(zd—z + 6) E;,(d =6 E}f (D).

3.3.7. Prove that forR(y) > 1,
(y-p5-1)E} (2= E}, ,(2 - BSES: (.

3.3.8. Prove that

,u+v

X
f U x = P B (wlx — 1) E7 (wtf)dt = X HEN LT (),
0
wherep, u,v,v, o, w € C; R(p), R(u), R(v) > 0.
3.3.9. Find

1) Z\ o
L {s -2 }
and give the conditions of validity.
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3.3.10. Prove that

t/l—l

Z Z
LY st - gl)“”(l - —SZ)‘“Z] "t Do[a1, az; 4; zut, 2],

whereR (1) > 0,R(s) > max[Q R(z), R(z)] and ®,(.) is the confluent hypergeometric
function of two variables defined by

o (b)k(b')ukZ ‘

®,(b,b’;ciu,2) =
3 )= 24 O

3.3.11. From the above result deduce the formula

A-1

L s 0= 2197 = s ol 1)

whereR (1) > 0, R(s) > max[Q |Z].

3.4. Fractional Integrals

This section deals with the definition and properties ofaasioperators of fractional
integration and fractional fierentiation of arbitrary order. Among the various opersator
studied, it involves the Riemann-Liouville fractionalegral operators, Riemann-Liouville
fractional diferentiation operators, Weyl operators and Kober operatorBesides the ba-
sic properties of these operators, their behaviours undplace, Fourier and Mellin trans-
forms are also presented. Application of Riemann-Lioevdperators in the solution of
fractional order dierential and fractional order integral equations is dertrated.

3.4.1. Riemann-Liouville fractional integrals of arbitrary order
Notation 3.4.1.  ,l},aD;",n € N U {0} : Fractional integral of integer order n

Definition 3.4.1.
aly f(X) = aD"F(X) = %f (x- t)”‘lf(t)dt (3.4.1)

wheren € IN U {0}.

We begin our study of fractional calculus by introducingacfronal integral of integer
ordern in the form (Cauchy formula):
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D (X) = % fa X(x— ™1 (). (3.4.2)

It will be shown that the above integral can be expresseding®fn-fold integral, that

X X1 X2 Xn-1
aDY"f(X) :f dxlf dxzf dx3---f f(t)dt. (3.4.3)
a a a a

Proof. Whenn = 2, then using the well-known Dirichlet formula, namely

Lbde‘xf(X,y)dy = L‘bdyfy‘b f(x, y)dx (3.4.4)
faxczlxlf:lf(t)dt=faxo|tf(t)ftxdx1

- f X(x—t)f(t)dt. (3.4.5)

This shows that the two-fold integral can be reduced to aleiimgegral with the help of
Dirichlet formula. Fom = 3, the integral in (3.4.3) gives

D2F(x) = fa " dxg fa " i, fa  f et
_ fa del[ fa " %, fa Xzf(t)dt]. (3.4.6)

Using the result (3.4.5) the integrals within big bracketspdify to yield

is,

(3.4.3) becomes

D3 (%) = f " dxl[ f " % - t)f(t)dt]. (3.4.7)

If we use (3.4.4), then the above expression reduces to

X t X (X _ t)2
aD 2 f(X) = f dtf(t) f (X —t)dxq = f f(t)dt. (3.4.8)
a X a 2'
Continuing this process, we finally obtain

1
(n-121)!

aD;"f(X) = f X(x — )" f(t)dt. (3.4.9)
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It is evident that the integral in (3.4.9) is meaningful folyaaumbem provided its real
part is greater than zero.

3.4.2. Riemann-Liouville fractional integrals of order a

Notation 3.4.2. 1%, aD?, 15,; Riemann-Liouville left-sided fractional integral of
order a.

Notation 3.4.3. Xlg, XDB", Ig_; Riemann-Liouville right-sided fractional integral of
order a.

Definition 3.4.2.  Let f(X) € L(a,b),a € C (R(a) > 0), then

X f(t)dt
r() a (x=t)’

is called Riemann-Liouville left-sided fractlonal intedof ordera.

A7) = aDx" (X = 12, F(X) =

(3.4.10)

Definition 3.4.3.  Let f(X) € L(a,b), @ € C (R(a) > 0), then

f(t)d
i 09 =05 F( =15 £09 = o )f 7 (t))lta <b (3.4.11)

is called Riemann-Liouville right-sided fractional intagof ordera.

Example 3.4.1. If f(X) = (x—a)’1, then find the value ofl ¢ f(X).

Solution: We have

1 X
Illf - _t a-1 t_ —1dt
5109 = 75 [ x-vri-ay
If we substitutd = a+ y(x — a) in the above integral, it reduces to

I'(8)
I'(a +p)

(X _ a)a+ﬁ—l

whereR(B) > 0. Thus

I'(B)
[(a +p)

A2 f(X) = (x—a)rF 1, (3.4.12)
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Example 3.4.2. It can be similarly shown that
e o _ _LB)
whereR (8) > 0 andg(x) = (b — x)*~L.

(b— %P1 x<b, (3.4.13)

Note 3.4.1. It may be noted that (3.4.12) and (3.4.13) give the Riemaiomlile integrals
of the power functiond (x) = (x — @)’ andg(x) = (b - x)’~1, R(B) > 0.

3.4.3. Basic properties of fractional integrals
Property 3.4.1. Fractional integrals obey the following property:

alg alxﬁ ¢ = alxMﬁ ¢ = alxﬁ alxa¢,
xlp” xlbﬁ = xlba+'8 = xlb'6 xlp” é. (3-4-14)
Proof. By virtue of the definition (3.4.10), it follows that

¢(Wdu
aliahd'0 r(@f (x- t)l wrw) 2 T

F( )r(ﬂ)f du ¢( )f (x—t)1- "(t u)LA (3.4.15)

If we use the substltutlog = the value of the second integral is

1 a-1 (X uyeA-1
r(a)rwxx o a—ﬁf O o)

which, when substituted in (3.4.15) yields the first part#(14). The second part can be
similarly established. In particular,

XU’

alyt o f = al"alx*f, (ne N, R(e) > 0) (3.4.16)
which shows that tha-fold differentiation
dn
pvg alx™ ¥ f(X) = alx" f(X), (n€eN,R(a)>0) (3.4.17)

for all x. Whena = 0, we obtain

A %F(X) = F(X); al"f(X) = dd—;f(x) = f0(x). (3.4.18)

Note 3.4.2. The property given in (3.4.14) is called semigroup propeftfractional inte-
gration.
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Notation 3.4.4. L(a,b), space of Lebesgue measurable real or complex valued
functions.

Definition 3.4.4. L(a, b), consists of Lebesgue measurable real or complex
valued functions f(x) on [a, b]:

b
L(a,b) = {f |f||1_f If()ldt < +oo). (3.4.19)

Note 3.4.3. The operatorgly andly are defined on the spatga, b).
Property 3.4.2. The following results holds.

f f(X)(al %g)dx = f g()(xI¢ F)dx. (3.4.20)

(3.4.20) can be established by interchanging the ordertefiation in the integral on the
left-hand side of (3.4.20) and then using the Dirichlet faltan(3.4.4).

The above property is called the property of “integrationplayts” for fractional inte-
grals.

3.4.4. A useful integral

We now evaluate the following integral given by Saxena anshiioto PJournal of
Fractional calculus, Vol.6, (1994), 65 -75].

b
f (t—a)* (b -t)’(ct + d)?dt = (ac + d)? (b — a)*#*

(a—Db)c

X B(a,,@)zFl a/,—y;a/+ﬂ; <crd |

(3.4.21)
whereR(e) > 0, R(8) > 0,|arg 3| < 7, a, c andd are constants.

Solution: Let

| = f b(t - a)* }(b -ty (ct + d)dt

= (ac + d)” Z CL N (;)Ck( z;ick f b(t — a)**L(b — Lt

— (ac+ d)” (b — a)**1B(, B) zFl(—y, —aia+B (ZC_+b()j°).
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In evaluating the inner integral, the modified form of thegbieinction, namely

b
f (t—a)* (b -ty dt = (b — a)**1B(x, ), (3.4.22)
where®R (a) > 0, R(B) > 0, is used.

Example 3.4.3. As a consequence of (3.4.21), it follows that

I'(B)
I'(a+p)

(a—x)c
<o d ), (3.4.23)

Al 2[(x - @ Y(ex + d)’] = (ac + d)? (x — a)*+F~1

x 2F1(8, —y; a + 3

whereR (@) > 0,R(B) > 0, |arg %| < m;a ¢ andd being constants. In a similar manner

we obtain the following result.

Example 3.4.4. We also have

xlp [(b— X)ﬁ_l(CX +d)?] = (cx+d)’(b- X)a+ﬁ—1 r(l;(,i)ﬁ)
X 2F1(a, —y; a + ; (:x_+b()jc)’ (3.4.24)

where®R(a) > 0, R(B) > 0, Jarg &€ < 7.

cx+d

Example 3.4.5. On the otherhand if we set = —a — 8 in (3.4.21) it is found that

D I(x— @y’ Hex + d) ]

== (l;@ﬂ) (ac+ d)™(x— a)***1(d + cx) P, (3.4.25)
whereR (@) > 0, R(B) > 0.

Example 3.4.6. Similarly, we have

EI(b = X Hex + d) )

- r(lc;(f)ﬂ) (cx+d)P(bc+d) (b —x)*#* (3.4.26)

whereR (a) > 0, R(B) > 0.
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3.4.5. The Weyl integral
Notation 3.4.5. W2, 12, Weyl integral of order a.

Definition 3.4.5.  The Weyl fractional integral of f(x) of order «, denoted by
W | is defined by

v _ y\e-1 00 00 4.
waf(X)—r( )f (t—x)*f(t)dt, (-0 < X < 00) (3.4.27)
wherea € C, R(a) > 0. (3.4.27) is also denoted by f(x).

Example 3.4.7. Prove that

e—/lX
W e X = - whereR(a) > 0. (3.4.28)

Solution:  We have

1 00
Wee X = — t—x)*tedt, 2> 0
e = s [ a-x

o o~
= f u*teldu
(@)1 Jo

—AX
-2 —, R(a) > 0.

Notation 3.4.6. D%, D*: Weyl fractional derivative.

Definition 3.4.6. : The Weyl fractional derivative of order «, denoted by,D,
is defined by

D% (%) = D 1(x) = (—1)m(3)m(xw;?“ ()

m f(t)dt
=) (dx) '(m- a)f (t- E())l+a —, (-0 < X< o) (3.4.29)

wherem—-1<a<mmeN,x €cC.

Example 3.4.8. Find4D%e*, 1> 0.



3.4. FRACTIONAL INTEGRALS 99

Solution:  We have

a—/lX__mEm a ;= AX

m
- (—1)’“(0%X ) pRUSUISIE (3.4.30)

— /la e—/lX.

3.4.6. Basic properties of Weyl integral
Property 3.4.3: Thefollowing relation holds.

fow ¢(X)(°'g‘” (X))dx = fo m(xWé’oqb(X))t//(x)dx. (3.4.31)

(3.4.31) is called the formula for fractional integration pparts. It is also caled Parseval
equality. (3.4.31) can be established by interchangingtter of integration.

Property 3.4.4: Wyl fractional integral obeys the semigroup property. That is,
(W W £) = (e ) = (W £ (3.4.32)

Proof. We have

AN WA () = Tla) f it — %!

i * _ne-1
XF(,B)I (u=t)*f(wdu.

Using the modified form of Dirichlet formula (3.4.4), namely

f adt(t - x)et f a(u —ty~1f(u)du
X t

a
= B(a, ) f (u—t)**#1f(u)du, (3.4.33)
t
and lettinga — o0, (3.4.33) yields the desired result

(Xwgg waof) - (vag’:ﬁ f). (3.4.34)
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Notation 3.4.7. _ Wy, 1¢: Weyl integral with lower limit —co.

Definition 3.4.7.  Another companion to the operator (3.4.27) is the following

—WET(X) = 19F(X) = f (x—t)* " f(t)dt, (—o0 < X< o)  (3.4.35)

I(a)

wherea € ¢, (R(a) > 0).

Note 3.4.4 : The operator defined by (3.4.34) is useful in fractiondiiudiion problems of
physics and related areas.

Example 3.4.9. Prove that

e
WO = - (3.4.36)
Solution:  We have, by setting — t = u.
Note 3.4.5: An alternative form of (3.4.34) in terms of convolution izven by
WY f(X) = 1 f B 271 (x — t)dt (3.4.37)
T @ )T -
where
ta—l t>0
o ~ (3.4.38)
0,t<0
Example 3.4.10. Prove that
_ 1
xW (cosax) = a™’ cos@x + Em)) (3.4.39)
wherea > 0,0 < R(v) < 1.
Solution:  The result follows from the known integral
f (x— u)* "t cosax dx = ( ) cos@u + ?) (3.4.40)
u

wherea > 0,0 < R(v) < 1.
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Example 3.4.11. Prove that

. . 1
xWY (sinax) = a™’ sin(ax + Eﬂv) (3.4.41)
Hint : Use the integral

f(x u)’!sinax dx = —* ()

wherea > 0,0 < R(v) < 1.

sin(@u + 7) (3.4.42)

Exercises 3.4.

3.4.1. Prove that

o I'(B) afi-
(al (x—af ) g A1 R(B) > O,

3.4.2. Prove that

+ 1
(alg(x + C)y—l) _ %

whereR(B) >0,y e C,a< x< h.

a— X
(x —a)"zFl(ll v a+1; m)

3.4.3. Prove that
F(ﬂ) (X a)a+ﬁ—1
T@+8) (b- a)l—V

xoFa(B.1-yia+ i)

(al"[(x at(b-x" 1])

whereR(B) >0,y e C,a< x< h.

3.4.4. Prove that

o (X= iy _ T (x-arrt
(a X [(b - x)a+ﬂ]) [(a +B) (b—a)2(b - X)8

R(B) >0,a< x<h.



102 3. MITTAG-LEFFLER FUNCTIONS AND FRACTIONAL CALCULUS

3.4.5. Prove that

e 55

a- X
X F(,l— ; —)
2F1B.1-yia+B azc
whereR(B) > 0,y e C,axc> 0.

3.4.6. Prove that

( a[(x - a)ﬁ‘l]) _ I (x-art
xl(x£)*B]) " T(@+p) (@) (x+c)

3.4.7. Prove that

(al16™) = (x- " Exua(ix - 1a).

wherex > a.

3.4.8. Prove that

(a1 x- 2 11) = e (x4 (i + i ax - da),

where’R (B) > 0.

3.4.9. Prove that

(alg [(x —af ! In(x— a)])

_ arp-1 _L(B)
= (x-a)"” lm[ln(x—a)+lﬁ(ﬂ)—w(a+ﬁ)]-

whereR (B) > 0, wherey(.) is the logarithmic derivative of the gamma function.
3.4.10. Prove that

(a|>y<[(x —a)z J(AVx- a)D = (%) (X-a)% Jan(AVX-a),
whereR (v) > -1.
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3.4.11. Prove that

(aI§ [(x —af Tt oF (v B A(X - a))])

)
I'(a + B)

(x—a)"P L oFy (u,v; v + B; AX — A4),
whereR(B) > 0.

3.4.12. Prove that
(al; [(x _apt E,,ﬁ((x - a)/‘)]) — (x—a)*h 1 E,mﬂ[(x - a)/‘].

3.4.13. Show that

(aI;[x“‘l sinax]) = #(m
X [1F1(/1;,u +v;iax) — 1F1(u; p + v; —iax)|,

wherea > 0, R(v) > 0, R(u) > 0.

3.4.14. Establish the formula

Xy+v—lr('u)

(alx[xﬂ‘l cosax]) = STy

X [1F1(ﬂ;,u + v;iax) — 1F1(u; p + v; —iax)|,
wherea > 0, R(v) > 0, R(u) > 0.
3.4.15. Prove the following results:

y [sinA(x-a) i~(xby2 v
(alx {cos/l(x—a)}) - m(x ~¥

x[lFl(l;v + LA - a)) F 1 F1(Lv + 1;—iA(x - a))
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3.4.16. Prove the following results:

y -1 fcosavx-a
J 7% (4 \/X—a)}

-l o
- VT2 V)

3.4.17. Prove that

(O|;[Xa—12|:1(a, b; c; —wX)])
_ B(a,v)
- TV)
wherex, R(a), R(v) > 0, |arg (1+ wy)| < 7.

X 13F5(a b, a; ¢, + v; —wX),

3.4.18. Prove that

1 X(a,v—l) c, c-a-b, a,v
Iv[x"‘ Fi(a b;c; 1—wx]):—l‘[ ]

(O x 2 l( ) F(V) c-a, c-b, a+v

x3Fa2(ab,a; a+b-c+1, a+v; wx)

wc—a—b

I'(v) a, b, c-a-b+a+v
xgFy(c—a, c-b,c—a-b+a;c—-a-b+1,c—a-b+a+v;, wx

b 1 c, atb—c, c—a—b+a
yC-a-braty— r[ ]

abc

wherex, R(a), R(v), R(c—-a-b+a) > 0, Jargu| < « andl“[
product of gamma function§3 a7

3.4.19. Prove that

] stands for the ratio of
def

(ot a7 2Faa b)) = r(z(?c) L1 - x)

XZ
xF3(p,av,b,c+v; ——, wx),
3 (o, av. Vigo1 WX

wherex, R(c), R(v) > 0; |arg (1- wX)| < mandlarg (1- 2)| < n; F3 is the Appell's
hypergeometric function of two variables, defined by

. o (@ @) () ()7
Fa(aa:bb;cuy.2) = KIZZZO T :
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3.4.20. Prove that

y (X —a a-1 _ (X _ a)a+v—1l—~(a/)
ax[ X—y ]_ X=y)I'(a+v)
whereR (@), R(B) > 0; y <a< X

X—a
ZFl(l, Vv,a + v, )

X—y

3.4.21. Prove that

(ol)‘g[x‘l‘l(l —ux)P(1- vx)"‘]) = X?é_—TyFl(a,p, A, @ + v, UX, vX),

Xul <1, |larg Ul < m;larg v| < @, Xv| < 1;

wherex, R(a), R(v) > 0. F1 is the Appell's hypergeometric function of the two variable
defined by

O (@ (B)1 (0147
Fi(ab,b;cy,2) =
1 %.2) MZ::O (O kll!
3.4.22. Prove that
X1 (@) o" XC
et innex+ o)) = = oFs(-pasa v -2 )|
(Ox n"(cx + d) Ta+y) 97 oF1l—p,a;a+v )l
wherex, R(a), R(B) > 0;larg tx+ d)] < rand 0< t < x.
3.4.23. Prove that
l X
(ol;[ln(cx ; d)]) -0 f L In(ex + d — ctydx
V) Jo
whereR (v) > 0.
3.4.24. Prove that
X1 (@)
v -1 _
(alx[x" In(cx + d)]) = Ty nd
-1 a+v F(a,+l) . ._2(
+cd ™ x* —r(a+v+1)3F2(a+1,1,1,2,a+v+1, ] ),

wherex, R(a), R(v) > 0;larg cx+ d)| < rand 0<t < X
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3.4.25. Prove that
(012]e]) = X Evsnaax. (R(0) > 0).

3.4.26. Prove that

L[ sinh Vax
o

_vﬁ_bzﬂﬂaﬁiuﬁ(%mpm)

3.4.27. Prove that

@%LBMHD=BMH—L%M>O

3.4.28. Prove that

(o'%[xp_l(x + a)(r]) = a ¥t F(l;(i)v) 2F1(—U,p; v+p; —g),

whereR(v) > 0;R(p) > 0, arg §)I < 7.

3.4.29. Prove that

(le[xp—l(xk N ak)o']) _ ak(rxv+p—1r(;(f_)v)

K
x k+1Fk(—a, Atk 2); AK; p + v); —%)

wherek € N, R(v) > 0;R(p) > 0, larg §)I < %, andA(k; a) represents the sequence of

parameterg, &1 ... axcl

3.4.30. Prove that

(o1z]p¢exp@x]) = L2 e Ly Ak p); Al p + ) )

B T'(o+v)
whereR(v) > 0;R(p) > 0,k=2,3,4,---.
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3.4.31.
Xp+v—lr(p)

(o'X[W_lqu(al,-" ,8p; p, b2, -+ ,bq;ax)]) = To1p)

><DFq(al,'-- ,ap;p+v,b2,... ,bq;ax)
wherep < q+1,R(v) > 0;R(p) > 0,lax| < 1if p=q+ 1.

3.4.32.
v ..a - 1op oy a
e ot 2 - o
whereGpg(.) is Meiger's G-Function;
P q
m+n> 2 (p+Q) largal < m+n-2 - )t

Rp+bj)>0,j=1---,mR()>0.

3.4.33. Prove that

m,n (apaAp) +a—1pgymn+1 (1-p.1), (ap.Ap)
(ot (axiran )] = 2= MR o Xy G

where‘R[p + minlsjsm(gjj)] > 0,R(a) > 0,largal < %nc*;

Z:; :Z:: Zjl Zq:Bj>0

j=m+1

andu* = ZleAj - Zj:l Bj <Ooru* =0and0< |ax < 7%

oA Here|

=1 =1
3.4.34. Prove that

—1lpymn A (avap) —+ 1, ymn+1 A (l_psA)s(avap)
(Olg[xp Hp’q (ax |(bquq))]) X Hp+1Q+1[ X |(bquq)v(1—p—a,/l)]

where‘R[p + /lm|n1<1<m(b )] > 0,R(a) > 0,1 > 0argal < 27rc c* is defined in Exercise

3.4.33 above,
c'>0;u" <0 org* =0 and O< |ax!| < g7%;
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p q
B= l—[(Aj)Aj H(Bj)_Bj; u* is given in Exercise 3.4.33
i-1 i-1

3.4.35. Prove that

XA PN+ A+ p—a —v)
I'l+2+p-a)
XFil+A+p—-a—-v,p, 4,1+ A+ p—a;u/Xv/X),

(¥ tox=w e 07 =

wherex > 0; |argu] < rand|u| < x; |argv] <7 andfp] < X; 0 < R(») < R(A+p-a)+ 1

3.4.36. Prove that

(le [x“‘l Incx + d)])

= x*” 1%%(0@ +y(l-a)-y(l-a-v)
o l2—a-v) _ .
+dc 1Xa ZW?:FZ(Z a-—v, 1,1,2,2—0’,—0—)()

wherex, R(8) > 0, R(a + v) < 1;larg X+ d)| < 7r andx <t < oo.

3.4.37. Prove that

(Wi s+ ) = Xﬂ;a(:,ﬁ[ =)

where 0< R(v) < R(1 —p); larg @/X)| <mor|(@/x)| <1, R(v) > 0.

X oFa(—p, A —p = v; A —p;-a/x)

3.4.38. Prove that

(x\/\/ovo[xy‘le‘ax]) = n‘%(x/a)y‘%e‘%aXKV_%(%ax)
whereR(v) > 0,R(ax) > 0.
3.4.39. Prove that

(XWV[ g ax]) aB2x B2e 2% W) g(ax)
where A=1-1-v,2B=21-v;R(ax) > 0,R(v) > 0.
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3.4.40. Prove that

Nl

epeet])= )

o2 (2)
2x) -3\ 2x /)

whereR (v) > 0.
3.4.41. Prove that

(XWDVO[X‘”exp(;)]) = Mxy‘/llFl A—v; A; ;),

()
where 0< R(v) < R(1).
3.4.42. Prove that
(x\/\/;[exq—ax% )]) = 2V+%n‘%a%‘yx%v+%Kv+%(ax% )

whereR (axz) > 0, R(v) > O.

3.4.43. Prove that

(e texf -axt ) | = 2+ b ity ()

where‘R(ax%) >0,R(v) > 0.

3.4.44. Prove that

ria-v)

o X Tog X+ y() ~y( -]

o)
where 0< R(v) < R(A).

3.4.45. Prove that

(xW;,[x"‘é Jﬂ(ax% )]) = 2Va‘Vx%V‘%“J,,_y(ax% )
ax>0; 0<R() < 3R + 3.
3.4.46. Prove that

2
(o) = 2w G )

4 -, A+ %;1,/1— %u

wherea > 0,x > 0, 0 < R(») < 2 - R(A).

109
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3.4.47. Prove that

(W xRy b 1 - wx)]) = %

A+a—a-1

¢, b—a, a, a-1-a+1
et

b, c-a, a—1+1
1

x3F2(@ c—-b,a-1-a+1,a-1+1 a-b+1, —X)
w

-b
/l+a—b—11—~[

¢, a-b, a, b-a—a+1
+ X
(@) ]

a, c-b, b—A+1

1
xgF2(b,c—a b-a-a+1,b-a+1 b-A+1; —X)
w

wherex, R(a) >0, R(1+a—-a)>1 RA+a-b)<1; |largu| < 7.
3.4.48. Prove that

1

+v-1 3
_F(V)XQ B(v,1-1-v)

(Xwgo[xl‘lel(a, b; c; —wx)])

1-A-v c, a—A-v+1, b—A-v+1, A+v-1

x3F2 (@ b, 4;c,A+ v, —wX) + g
F(V) a, b, c—1-v+1

xgFo(l-v,a-A-v+1lb-A1-v+1 2-A-v,c—A-v+1;,—-wX),

wherex, R(v) > 0;R(1+v-a), R(v—b) <1; larguw| < 7.

3.4.49. Prove that
—1~mn ap,.ap _ yat+tv=1~m+ln a,,ap,l-a
(XW;[XQ G (ax|b1,~-,bq)]) =X Gp+l,q+1[ax|1—a—v,b1,m,bq]
whereR(v) > 0, R[a + v + max<j<n(a;)] < 2 largal < %nc*, c* > 0. ¢* is defined in

Exercise 3.4.33

3.4.50. Prove that
~1ymnf 4u1]@AR Y] _ —1ym+1n 11@p,Ap),(1-a,1)
(sl trma(axtfran)|) = xerr-tHmet x|t ed |

whered > 0, R(v) > 0O, |arga < %nc*, ¢ > 0, ¢ is defined in Exercise 3.4.33;
o (a-1)
Rla+v+ maxlsjgn—Aj ]<l
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3.5. Derivatives of Fractional Order

In this section, we study various fractional order derixedi which occur in certain
reaction (relaxation) and filusion problems.

3.5.1. Riemann - Liouville fractional derivatives of arbitrary or-
der

Notation 3.5.1. {a} means the fractional part of number «, 0<{a} <1

Notation 3.5.2. [a] means the integral part of number a.

Note 3.5.1 We note that

a = {a}+[a]. (3.5.1)

Notation 3.5.3. D%,, aD%¢(x), Riemann - Liouville derivative of the function ¢(x)
of order «, (left - hand).

Notation 3.5.4. Dy _, pD%#(X), Riemann - Liouville derivative of the function ¢(x)
of order «, (right-hand).

Definition 3.5.1.  The left-hand Riemann - Liouville derivative of order @ > 0
is defined by

D ¢(X) = aDyp(X) = m f x ¢(tt))ftn+l =[e] +1). (3.5.2)

Example 3.5.1. Prove that

I'iy+1)

DY =
0L X I'y+1-a)

X @20, y>-1 x> 0. (3.5.3)

Solution:  We have
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D?(X') = 1 & f ' (x — )" it
0% T(n-a)dx" J,

B I'ly+1)
" I(y+1+n-a)
fory+1>0,y+1+n-a>0
_ T+1)
Iy+1-a) ’
fory+1>0, (y—a+1),#0.

(y—a+1)x*

Note 3.5.2 Itis interesting to observe that for= 0, We obtain

—

X
0 x()_r(l o a#1,2--. (3.5.4)

which is a remarkable result and indicates that fractiopaldtive of a constant is not zero.

Definition 3.5.2.  The right - hand Riemann - Liouville fractional derivative
of order a, of the function ¢(x) is defined by

o e (= 1)” _¢at
0 909 = D00 = re (&) [ sy @5
In short, we can express (3.5.2) in the form
dn
aDx¢(¥) = 45 aly “o(x) (3.5.6)
and (3.5.3) as
xDpo(X) = pva g (X). (3.5.7)

We shall also employ the notations

-1
aDy¢ = aly "¢ = (alﬁ) ¢,a > 0. (3.5.8)
Similarly, we have

-1
(DIg =l = (blg) > 0. (3.5.9)
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Example 3.5.2. Prove that

24

I'iv+1)

oly Inx= [InXx—vy—y((+1)

Solution:  We have

1 X
Ivl - y_:I-l
oly InX (V)fo(x t)"Int dt

If we make the change of varialtie= xu, then

1% 1 ! v y-1
oly Inx_mfo X'(1—u)"(In X+ Inu)du

X x ! .
_F(v+1)+F(v)fo(l_u) Yinu du.

We know that

fl 1~ Int dt = Bla, Aly(a) - ¢la +B)],
0

where®R (a) > 0, R(B) > 0. Applying the above formula fax = 1 , and noting that
(1) = —y, we see that

4

IV Inx = X
Ox T (v + 1)

[INx—y—-y(v+1)].
Similarly we can establish the result in the next exercise.

Example 3.5.3. Prove that

—V

a —_ X — —_ —_
oDy (Inx) = F(l—v)[ln X—y—y(-v+1)]
Example 3.5.4. Prove that
oD (6¥) = mﬂ:l(li 1-«;ax)

Solution:  We have
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[Se] ar ]
0D (6%) = > =oD5(X)
r=0 °

— i ir (r + 1) Xl'—a

! I'r-a+1)
XY F@1-ax)
= 1 al
r1-o)"*

Example 3.5.5. Prove that

aPx @ X
(4 p — N o
oDX (x+a) —F(l—a)ZFl(l’ p,l a, a).

Solution:  We have

ODa (X+a)p apZ( 1) ( p)rODa(Xr)

! a

Z LRI+,
rrar(r—a+1)

apr“ X
=—HF(L,-p;1—a,—-).
rl-a)’ 1(L-p @ a)

In above expression, the following result has been used:

I'(p+ 1)xP

D ) = e r D)

Exercises 3.5.

3.5.1. Prove that

(OD" [smax]) m[ﬂ:l(l 1-ajiax) —1F1(1;1- a; —iax)|.
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3.5.2. Prove that

(OD‘; [cosax] = Zn)i;icﬁ[lFl(l; 1-a;iaX) + 1F1(L;1— a; —iax) .
3.5.3. Prove that
I(p+1
(OD‘; [X°In x]) - %xp‘“[ln x+y(p+1)—v(p-a+1)

wherey () is the digamma function.

3.5.4. Prove that

p-a 40

for(p—a+1)n#0,p#-1,-2-3,--- |3 <1

X
2F1(-g. p+Lp-a+1; _5)’

3.5.5. Prove that

_I(p+1)xP~
B I'p-a+1)
for(p—-a+1+Kkn,#0k=0,1,---,p#-1,-2,-3,---,

(oDC; [xpeaX]) (Fi(p+1p—a+1;a%)

Special functions can be expressed as fractional derdgtiVhis can be seen from the
following exercises.

3.5.6. Prove that

. _@ 1-c_b-cpyb-1/97 _ \\-a
oF1(ab;c; x) = r(b)x oDy [X (1 - X7
for R(c—-b) > 0, R(b) > 0.
3.5.7. Prove that
1F1(@cx) = ¢(acx = %xl‘coDi‘C(exxa‘l)

for R(a-c) > 0,R(c) > 0.
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3.5.8. Prove that

o) |- eore el )
for R(c—d) > 0, R(d) > 0.
3.5.9. Prove that
3,03 = 7325 x oD 2 (sin).
3.5.10. Prove that
Y(X) = —y + Inz—T(X)Z DI *(In 2.

3.5.11. Prove that

y(a,2) = T(a)e oD, ()
wherey(a, 2) is incomplete gamma function.

3.5.12. Prove that

(QD;[X% Jﬂ(x%)]) = 2‘Vx%(“‘V)Jﬂ_y(x%),
where®R (u) > —1.

3.5.13. Prove that

(OD;[sinx

Nl
.
N —

Il
N

N
Nl
~—~
N
X
Nl
N
Nl
|
<
LI
Nl
|
<
—~
X

NI

~

3.5.14. Prove that
(OD;[X‘% cosx%]) = (ZX%)_V_%J_V_%(X%).
3.5.15. Prove that

(OD;[X% Iﬂ(x%)]) = 27 EI L (x3).
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3.5.16. Show that

(oD3]sinh?|) = % Vi (@381 ()

and
(OD;[coshx%]) = i (23831 ().

3.5.17. Prove that

(oD;’([xﬂlFo(a; - x)]) = % A=V

XoF1(A+La,A-v+1;X).

3.5.18. Establish the result

ra+1)
D[ x> F1(a, b;c; X)| = ————2_x*”
oDxx2Fi@bieN| = 7T

x3F2(1+1,abcAl—-v+1;X
whereR(1) > -1, R1+1-v)>0, andc#0,-1,-2,--- and|x < 1.

3.5.19. Prove that

_ I(a+1) !
T T(A-v+1)

whereR(1) > -1, R(1-v+1)>0.

=

A . .
oDy X" pFq(as, - - - ap; by, - - - bog; X)

3.5.20. Prove that

y : . r(A+1) .,

1 1 1 1
X p+2|:q+2[§(/1 +1), 5(/1 +2),a1,---,ap; by, -+, by, 5(/1 -v+1), 5(/1 —v+2);ax

whereR(1) > -1, R(A — v + 1) > 0 andax?| < 1;b; # 0,-1,-2,--- (j=1,---, p).
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3.5.21. Show that

[

v et ooy 0 T2+ 1) (@)
(ODX [ ])‘X nZ::l)l"(Zn—v+l)n!'

3.5.22. Show that

XY

(0D>V< Ju[X]) = M=y D)

x ng[%(y L 1), %(p )+, %(,1 —y+1),
do-ren ()

3.5.23. Prove that
—Na@1, ,ap;X F(ﬂl) .. 'F(ﬁ ) B
p+1Fq[ ] = X!
Br By [(a1) - T(ap)

x oD‘x""ﬂq(x"p-ﬁqfl)oD‘i“‘l‘ﬁ‘*'l(w—rﬂq—z) .

x X2 gD DA X - x|,

3.5.24. Prove thapl}(e'x) = X’Ey,+1(1X) where®R(a) > 0.

3.5.25. Prove tha(ol;[cosh Va x]) = X'Ez,41(1%?), whereR(a) > 0.

3.5.26. Prove tha(ol v fo“]) = X"y, 2(1%).
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