
CHAPTER 3

MITTAG-LEFFLER FUNCTIONS AND FRACTIONAL
CALCULUS

[This chapter is based on the lectures of Professor R .K . Saxena of Jai N arain Vyas Univer-
sity, Jodhpur, Rajasthan.]

3.0. Introduction

This section deals with Mittag-Leffler function and its generalizations. Its im-
portance is realised during the last one and a half decades due to its direct in-
volvement in the problems of physics, biology, engineeringand applied sciences.
Mittag-Leffler function naturally occurs as the solution of fractional order differen-
tial equations or fractional order integral equations. Various properties of Mittag-
Leffler functions are described. Among the various results presented by various
researchers, the important ones deal with Laplace transform and asymptotic expan-
sions of these functions, which are directly applicable in the solution of differential
equations and behavior of the solution for small and large values of the argument.
Hille and Tamarkin [14, p.86] in 1920 have presented a solution of Abel-Volterra
type integral equation

φ(x) − λ

Γ(α)

∫ x

0

φ(t)dt
(x − t)1−α = f (x), 0 < x < 1

in terms of Mittag-Leffler function. Dzherbashyan [2] has shown that both the func-
tions defined by (3.1.1) and (3.1.2) are entire functions of order p = 1

α
and type

σ = 1. A detailed account of the basic properties of these functions is given in
the third volume of Bateman Manuscript Project written by A.Erdélyi et al [3]
and published by McGraw-Hill in the year 1955 under the heading “Miscellaneous
Functions”.
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72 3. MITTAG-LEFFLER FUNCTIONS AND FRACTIONAL CALCULUS

3.1. Mittag-Leffler Functions

Notation 3.1.1. Eα(x): Mittag-Leffler function

Notation 3.1.2. Eα,β(x): Generalized Mittag-Leffler function

Note 3.1.1. : According to Erdélyi, A. et al,Eα(x) and Eα,β(x) are called Mittag-Leffler
functions.

Definition 3.1.1.

Eα(z) : =
∞
∑

k=0

zk

Γ(αk + 1)
, (α ∈ C, ℜ(α) > 0). (3.1.1)

Definition 3.1.2.

Eα,β(z) : =
∞
∑

k=0

zk

Γ(αk + β)
, (α, β ∈ C, ℜ(α) > 0, ℜ(β) > 0). (3.1.2)

The functionEα(z) was defined and studied by Mittag-Leffler in the year 1903. It is a
direct generalization of the exponential function. The function defined by (3.1.2) gives a
generalization of (3.1.1). This generalization was studied by Wiman in 1905, Agarwal in
1953 and Humbert and Agarwal in 1953, and others.

Example 3.1.1. Prove thatE1(z) = ez
= E1,1(z). It readily follows from (3.1.1) and

(3.1.2).

Example 3.1.2. Prove thatE1,2(z) = ez−1
z

Solution: We have

E1,2(z) =
∞
∑

k=0

zk

Γ(k + 2)
=

∞
∑

k=0

zk

(k + 1)!
=

1
z

∞
∑

k=0

zk+1

(k + 1)!
=

1
z
(ez − 1).

Definition 3.1.3. Hyperbolic function of order n.

hr(z, n) : =
∞
∑

k=0

znk+r−1

(nk + r − 1)!
= zr−1En,r(z

n), (r ∈ N). (3.1.3)
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Definition 3.1.4. Trigonometric function of order n.

kr(z, n) : =

∞
∑

k=0

(−1)k zkn+r−1

(kn + r − 1)!
= zr−1En,r(−zn). (3.1.4)

E 1
2 ,1

(z) =

∞
∑

k=0

zk

Γ( k
2 + 1)

= ez2
erfc(−z), (3.1.5)

where erfc is complementary to the error function efc.

Definition 3.1.5. Error function.

erfc(z) : =
2
π1/2

∫ ∞

z
e−u2

du = 1− erf(z), z ∈ C, (3.1.6)

To derive (3.1.5), we see that [ [1], p,297, Eq.7.1.] reads as

w(z) = e−z2
erfc(−iz) (3.1.7)

whereas [ [1],p. 297, Eq.7.1.8] is

w(z) =
∞
∑

n=0

(iz)n

Γ(n
2 + 1)

. (3.1.8)

From (3.1.7) and (3.1.8), we easily obtain (3.1.5). In passing, we note thatw(z) is also an
error function [1].

Definition 3.1.6. Mellin-Ross function.

Et(v, a) : = tv
∞
∑

k=0

(at)k

Γ(v + k + 1)
= tvE1,v+1(at). (3.1.9)

Definition 3.1.7. Robotov’s function.

Fa(β, t) : = tα
∞
∑

k=0

βktk(α+1)

Γ((1+ α)(k + 1))
= tαEα+1,α+1(βtα+1). (3.1.10)

Example 3.1.3. Prove thatE1,3(z) = ez−z−1
z2 .
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Solution: We have

E1,3(z) =
∞
∑

k=0

zk

Γ(k + 3)
=

1
z2

∞
∑

k=0

zk+2

(k + 2)!

=
1
z2

(ez − z − 1).

Example 3.1.4. Prove that

E1,r(z) =
1

zr−1

{

ez −
r−2
∑

k=0

zk

k!

}

, r ∈ �.

The proof is similar to that in Example 3.1.3

3.1. Revision Exercises

3.1.1. Prove that

H1,1
1,2

[

x
∣

∣

∣

(a,A)
(a,A),(0,1)

]

= A−1
∞
∑

k=0

(−1)k x(k+a)/A

Γ[1 + (k + a)A]
.

3.1.2. Prove that

d
dx

H1,1
1,2

[

x
∣

∣

∣

(a,A)
(a,A),(0,1)

]

= H1,1
1,2

[

x
∣

∣

∣

(a−A,A)
(a−A,A),(0,1)

]

.

3.1.3. Prove that

H1,1
2,1

[1
x

∣

∣

∣

(1−a,A),(1,1)
(1−a,A)

]

= A−1
∞
∑

k=0

(−1)k(1
x )

k+1−a
A

Γ[1 − (k + 1− a)/A]
.

3.2. Basic Properties of Mittag-Leffler Function

As a consequence of the definitions (3.1.1) and (3.1.2) the following results hold:

Theorem 3.2.1. There holds the following relations:
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(i) Eα,β(z) = z Eα,α+β(z) +
1
Γ(β)

(3.2.1)

(ii) Eα,β(z) = β Eα,β+1(z) + αz
d
dz

Eα,β+1(z) (3.2.2)

(iii)
( d
dz

)m[

zβ−1 Eα,β(z
α)

]

= zβ−m−1 Eα,β−m(zα),

ℜ(β − m) > 0, (m ∈ �). (3.2.3)

Solutions:

(i) We have

Eα,β(z) =
∞
∑

k=0

zk

Γ(αk + β)
=

∞
∑

k=−1

zk+1

Γ(α + β + αk)

= z Eα,α+β(z) +
1
Γ(β)

, ℜ(β) > 0.

(ii) We have

R.H.S = βEα,β+1(z) + αz
d
dz

∞
∑

k=0

zk

Γ(αk + β + 1)

= βEα,β+1(z) +
∞
∑

k=0

(αk + β − β)zk

Γ(αk + β + 1)

= Eα,β(z) = L.H.S .

(iii)

L.H.S =

(

d
dz

)m ∞
∑

k=0

zαk+β−1

Γ(αk + β)

=

∞
∑

k=0

zαk+β−m−1

Γ(αk + β − m)
, ℜ(β − m) > 0,

since
(

d
dz

)m
(

zαk+β−1
)

=
Γ(αk + β)
Γ(αk + β − m)

zαk+β−m−1

= zβ−m−1 Eα,β−m(zα), (m ∈ �)

= R.H.S .
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Following special cases of (3.2.3) are worth mentioning. Ifwe setα = m
n , (m, n ∈ �)

then
( d
dz

)m[

zβ−1E m
n ,β

(

z
m
n

)]

= zβ−m−1E m
n ,β−m

(

z
m
n

)

= zβ−m−1
∞
∑

k=0

z
mk
n

Γ

(

mk
n + β − m

)

forℜ(β − m) > 0. ( Replacingk by k + n)

= zβ−m−1
∞
∑

k=−n

z
mk
n

Γ

(

β + mk
n

)

= zβ−1E m
n ,β

(

z
m
n

)

+ zβ−1
n

∑

k=1

z−
mk
n

Γ

(

β − mk
n

) (m, n = 1, 2, 3). (3.2.4)

( d
dz

)m[

zβ−1Em,β

(

zm
)]

= zβ−1Em,β

(

zm
)

+
z−m

Γ(β − m)
for ℜ(β − m) > 0. (3.2.5)

Puttingz = t
n
m in (3.2.4) it yields

(m
n

t1−
n
m

d
dt

)m[

t(β−1) n
m E m

n ,β
(t)

]

= t(β−1) n
m E m

n ,β
(t) + t(β−1) n

m

×
n

∑

k=1

−tk

Γ

(

β − mk
n

) , Re(β − m) > 0, (m, n ∈ �). (3.2.6)

Whenm = 1 (3.2.6) reduces to

t1−n

n
d
dt

[

t(β−1)nE 1
n ,β

(t)
]

= t(β−1)n E 1
n ,β

(t) + t(β−1)n
n

∑

k=1

t−k

Γ

(

β − k
n

) ,

ℜ(β) > 1, which can be written as

1
n

d
dt

[

t(β−1)nE 1
n ,β

(t)
]

= tβn−1 E 1
n ,β

(t) + tβn−1
n

∑

k=1

t−k

Γ

(

β − k
n

) ,ℜ(β) > 1. (3.2.7)
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3.2.1. Mittag-Leffler functions of rational order

Now we consider the Mittag-Leffler functions of rational orderα = p
q with p, q ∈ �

relatively prime. The following relations readily follow from the definitions (3.1.1) and
(3.1.2).

(i)
(

d
dz

)p
Ep(zP) = Ep(zP) (3.2.8)

(ii) dp

dzp E p
q
(z

p
q ) = E p

q
(z

p
q ) +

q−1
∑

k=1

z−
kp
q

Γ(1− kp
q )

; (3.2.9)

q = 1, 2, 3, · · · . We now derive the relation

(iii) E 1
q

(

z
1
q

)

= ez
[

1+
q−1
∑

k=1

γ(1− k
qz)

Γ(1− k
q )

]

; (3.2.10)

whereq = 2, 3, · · · andγ(α, z) is the incomplete gamma function, defined by

γ(α, z) =
∫ z

0
e−uuα−1du.

To prove (3.2.10), setp = 1 in (3.2.9) and multiply both sides by e−z and use the
definition ofγ(a, z). Thus we have

d
dz

[

e−zE 1
q

(

z
1
q

)]

= e−z
w−1
∑

k=1

z−
k
q

Γ

(

1− k
q

) . (3.2.11)

Integrating (3.2.11) with respect toz, we obtain (3.2.10).

3.2.2. Euler transform of Mittag-Leffler function

By virtue of beta function formula it is not difficult to show that

∫ 1

0
zρ−1(1− z)σ−1Eα,β(xzγ)dz = Γ(σ) 2ψ2

[(ρ,γ),(1,1)

(β,α),(σ+ρ,γ)

∣

∣

∣x
]

(3.2.12)

whereℜ(α) > 0,ℜ(β) > 0,ℜ(ρ) > 0,ℜ(σ) > 0, γ > 0. Here2ψ2 is the generalized Wright
function andα, β, ρ, σ ∈ C.

Special cases of (3.2.12):

(i) Whenρ = β, γ = α, (3.2.12) yields.
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∫ 1

0
zβ−1(1− z)σ−1 Eα,β(xzα)dz = Γ(σ)Eα,σ+β(x), (3.2.13)

whereα > 0;β, σ ∈ C, ℜ(β) > 0, ℜ(σ) > 0 and,

(ii)
∫ 1

0
(z)σ−1(1− z)β−1 Eα,β[x(1− z)α]dz = Γ(σ)Eα,σ+β(x), (3.2.14)

whereα > 0;β, σ ∈ C, ℜ(β) > 0, ℜ(σ) > 0.

(iii) When α = β = 1, we have

∫ 1

0
zρ−1(1− z)σ−1 exp(xzγ)dz = Γ(σ) 2ψ2

[(ρ,γ),(1,1)

(1,1),(σ+ρ,γ)

∣

∣

∣x
]

= Γ(σ) 1ψ1

[(ρ,γ)

(σ+ρ,γ)

∣

∣

∣x
]

, (3.2.15)

whereγ > 0, ρ, σ ∈ C, ℜ(ρ) > 0, ℜ(σ) > 0.

3.2.3. Laplace transform of Mittag-Leffler function

By the application of Laplace integral, it follows that

∫ ∞

0
zρ−1e−az Eα,β(xzγ)dz =

1
aρ 2ψ1

[(1,1),(ρ,γ)

(β,α)

∣

∣

∣

x
aγ

]

, (3.2.16)

whereρ, a, α, β ∈ C, ℜ(α) > 0,ℜ(β) > 0,ℜ(γ) > 0,ℜ(a) > 0, ℜ(ρ) > 0 and
∣

∣

∣

z
aγ

∣

∣

∣ < 1.

Special cases of (3.2.16) are worth mentioning.

(i) For ρ = β, γ = α,ℜ(α) > 0, (3.2.16) gives

∫ ∞

0
e−azzβ−1 Eα,β(xzα)dz =

aα−β

aα − x
, (3.2.17)

wherea, α, β ∈ C,ℜ(α) > 0, ℜ(β) > 0,ℜ(a) > 0
∣

∣

∣

x
aα

∣

∣

∣ < 1.

Whena = 1, (3.2.17) yields a known result.
∫ ∞

0
e−zzβ−1 Eα,β(xzα)dz =

1
1− x

, |x| < 1, (3.2.18)

whereℜ(α) > 0,ℜ(β) > 0. If we further takeβ = 1, (3.2.18) reduces to
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∫ ∞

0
e−z Eα(xzα)dz =

1
1− x

, |x| < 1.

(ii) Whenβ = 1, (3.2.17) gives

∫ ∞

0
e−az Eα(xzα)dz =

aα−1

aα − x
, (3.2.19)

whereℜ(a) > 0,ℜ(α) > 0,
∣

∣

∣

x
aα

∣

∣

∣ < 1.

3.2.4. Application of Laplace transform
From (3.2.17), we find that

L
{

xβ−1Eα,β(axα)
}

=
sα−β

sα − a
(3.2.20)

whereℜ(α) > 0,ℜ(β) > 0

L { f (t); s} =
∫ ∞

0
e−st f (t)dt,ℜ(s) > 0. (3.2.21)

We also have

L
{

xγ−1Eα,γ(−axα)
}

=
sα−γ

sα + a
(3.2.22)

Now

[ sα−β

sα − a

][ sα−γ

sα + a

]

=
s2α−(β+γ)

s2α − a2
for ℜ(s2) > ℜ(a). (3.2.23)

By virtue of the convolution theorem of the Laplace transform, it readily follows that

∫ t

0
uβ−1Eα,β(auα)(t − u)γ−1 Eα,γ(−a(t − u)α)du

= tβ+γ−1 E2α,β+γ(a
2t2α). (3.2.24)

whereℜ(β) > 0,ℜ(γ) > 0. Further, if we use the identity

1

s2
=

sα−β

sα − 1

[

sβ−2 − sβ−α−2
]

(3.2.25)

and the relation
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L
{

tρ−1; s
}

= Γ(ρ)s−ρ, (3.2.26)

whereℜ(ρ) > 0, ℜ(s) > 0, we obtain

∫ t

0
uβ−1 Eα,β(u

α)
[ (t − u)1−β

Γ(2− β)
− (t − u)α−β+1

Γ(α − β + 2)

]

du = t, (3.2.27)

where 0< β < 2,ℜ(α) > 0.

Next we note that the following result (3.2.29) can be derived by the application of Laplace
transform of the identity

[ s2α−β

s2α − 1

]

[s−α] = − s2α−β

s2α − 1
+

sα−β

sα − 1
for ℜ(sα) > 1. (3.2.28)

We have

1
Γ(α)

∫ x

0
(x − t)α−1 E2α,β(t

2α)tβ−1dt

= −xβ−1 E2α,β(x2α) + xβ−1 Eα,β(xα), (3.2.29)

whereℜ(α) > 0,ℜ(β) > 0. If we setβ = 1 in (3.2.29), it reduces to

1
Γ(α)

∫ x

0
(x − t)α−1 E2α(t2α) dt = Eα(xα) − E2α(x2α) (3.2.30)

whereℜ(α) > 0.

3.2.5. Contour integral representation

Lemma 3.2.1. Contour integral representation for Eα(z) is given by

Eα(z) =
1

2πi

∫

Ha

tα−1etdt
tα − z

, (3.2.31)

where the path of integration Ha is a loop starting and ending at −∞, and encircling the
circular disk |t| ≤ |z|1/α in the positive sense : −π < arg t ≤ π on Ha.

To establish the representation (3.2.31) we expand the integrand in powers ofz, integrate
term by term and apply the Hankel integral for the reciprocalof the gamma function, namely

∫

Ha
es s−zds =

2πi
Γ(z)

. (3.2.32)

Similarly we can establish
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Lemma 3.2.2.

Eα,β(z) =
1

2πi

∫

Ha

tα−βetdt
tα − z

. (3.2.33)

where α, β > 0.

Y

X

Y

X

= 

O = −

o

Ha

E
O

Figure 3.1: Showing Hankel contour Ha

3.2.6. Relation between Mittag-Leffler functions and the H-function

Both the Mittag-Leffler functionsEα(z) and Eα,β(z) belong to H-function family. We
derive their relations with theH function.

Lemma 3.2.3. Let α ∈ � = (0,∞). Then Eα(z) is represented by the Mellin-Barnes
integral

Eα(z) =
1

2πi

∫

L

Γ(s)Γ(1− s)(−z)−s

Γ(1− αs)
ds, (|arg z| < π), (3.2.34)

where the contour of integration L, beginning at −i∞ and ending at +i∞, separates all poles
s = −k (k ∈ �0) to the left and all poles s = 1+ n (n ∈ �0) to the right.

Proof. We now evaluate the integral (3.2.34) as the sum of the residues at the points
s = 0,−1,−2, · · · . We find that
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1
2πi

∫

L

Γ(s)Γ(1− s)(−z)−s

Γ(1− αs)
ds =

∞
∑

k=0

Ress=−k

[

Γ(s)Γ(1− s)(−z)−s

Γ(1− αs)

]

(3.2.35)

=

∞
∑

k=0

(−1)kΓ(1+ k)
k!Γ(1+ αk)

(−z)k

= Eα(z),

which yields (3.2.34) in accordance with the definition (3.1.1). It readily follows from the
definition of theH - function and (3.2.34) thatEα(z) can be represented in the form

Eα(z) = H1,1
1,2

[

−z
∣

∣

∣

(0,1)
(0,1), (0,α)

]

, (3.2.36)

whereH1,1
1,2 is the H-function, which is studied in Chapter 1.

Lemma 3.2.4. Let α ∈ �+ = (0,∞), β ∈ C, then

Eα,β(z) =
1

2πi

∫

L

Γ(s)Γ(1− s)(−z)−s

Γ(β − αs)
ds. (3.2.37)

The proof of (3.2.37) is similar to that of (3.2.34). Hence the proof is omitted. From (3.2.37)
and the definition of the H-function we obtain the relation

Eα,β(z) = H1,1
1,2

[

−z
∣

∣

∣

(0,1)
(0,1), (β,α)

]

. (3.2.38)

In particular,Eα(z) can be expressed in terms of generalized Wright function inthe form

Eα(z) = 1ψ1

[(1,1)

(1,α)
|z
]

. (3.2.39)

Similarly, we have

Eα, β(z) = 1ψ1

[(1,1)

(β,α)
|z
]

. (3.2.40)

Next if we calculate the residues at the poles of the gamma function Γ(1 − s) at the points
s = 1+ n (n = 0, 1, 2, · · · ) it gives
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1
2πi

∫

L

Γ(s)Γ(1− s)
Γ(1− αs)

(−z)sds =
∞
∑

n=0

Ress→1+n

[

Γ(s)Γ(1− s)(−z)−s

Γ(1− αs)

]

=

∞
∑

n=0

(−1)n

n1
Γ(1+ n)(−z)−n−1

Γ(1− α(1+ n))

= −
∞
∑

n=1

z−n

Γ(1− αn)
. (3.2.41)

Similarly for Eα, β(z), if we calculate the residues ats = 1 + n (n = 0, 1, 2, · · · ), we
obtain

1
2πi

∫

L

Γ(s)Γ(1− s)
Γ(β − αs)

(−z)−sds = −
∞
∑

n=1

z−n

Γ(β − αn)
(3.2.42)

Exercises 3.2.

3.2.1. Let

U1(t) = tβ−1E m
n ,β

(t
m
n )

U2(t) = tβ−1Em,β(t
m)

U3(t) = t(β−1) n
m E m

n ,β
(t)

and

U4(t) = t(β−1)nE 1
n ,β

(t).

Then show that these functions respectively satisfy the following differential equations of
Mittag-Leffler functions.

(i)
dm

dtm U1(t) − U1(t) = tβ−1
n

∑

k=1

t−
m
n k

Γ(β − mk
n )

ℜ(β) > m, (m, n = 1, 2, 3, · · · )

(ii)
dm

dtm U2(t) − U2(t) =
t−m+β−1

Γ(β − m)
,ℜ(β) > m, (m = 1, 2, 3, · · · )
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(iii)
(m

n
t1−

n
m

d
dt

)m
U3(t) − U3(t) = t(β−1) n

m

n
∑

k=1

t−k

Γ(β − mk
n )

(m, n = 1, 2, 3, · · · )

(iv)
1
n

[ d
dt

(U4(t))
]

− tn−1U4(t) = tβn−1
n

∑

k=1

t−k

Γ(β − k
n )

(n = 1, 2, 3, · · · ).

3.2.2. Prove that

λ

Γ(α)

∫ x

0

Eα(λtα)dt

(x − t)1−α = Eα(λxα) − 1, ℜ(α) > 0.

3.2.3. Prove that

d
dx

[

xγ−1Eα,β(axα)
]

= xγ−2Eα,β−1(axα) + (γ − β)xγ−2Eα,β(axα), β , γ.

3.2.4. Prove that

1
Γ(v)

∫ z

0
tβ−1(z − t)v−1Eα,β(λtα)dt = zβ+v−1Eα,β+v(λzα), ℜ(β) > 0, ℜ(v) > 0ℜ(α) > 0.

3.2.5. Prove that

1
Γ(α)

∫ z

0
(z − t)α−1 cosh(

√
λ t)dt = zαE2,α+1(λz2), ℜ(α) > 0.

3.2.6. Prove that

1
Γ(α)

∫ z

0
eλt(z − t)α−1dt = zαE1,α+1(λz), ℜ(α) > 0.

3.2.7. Prove that

1
Γ(α)

∫ z

0
(z − t)α−1

sinh
(√
λ t

)

√
λ

dt = zα+1E2,α+2(λz2), ℜ(α) > 0.
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3.2.8. Prove that

∫ ∞

0
e−sρρβ−1 Eα,β(ρ

α)dρ =
sα−β

sα − 1
, ℜ(s) > 1.

3.2.9. Prove that

∫ ∞

0
e−stEα(tα)dt =

1

s − s1−α , ℜ(s) > 1.

3.2.10. Prove that

∫ x

0
uγ−1Eα,γ(yuα)(x − u)β−1Eα,β[z(x − u)α]du

=
yEα,β+γ(yxα) − zEα,β+γ(zxα)

y − z
xβ+γ−1

wherey, z ∈ C; y , z, γ > 0, β > 0.

3.3. Generalized Mittag-Leffler Function

Notation 3.3.1. Eδ
β,γ

(z) : Generalized Mittag-Leffler function

Definition 3.3.1.

Eδ
β,γ(z) :=

∞
∑

n=0

(δ)n zn

Γ(βn + γ)n!
, (3.3.1)

whereβ, γ, δ ∈ C with ℜ(β) > 0. Forδ = 1, it reduces to Mittag-Leffler function
(3.1.2). This function was introduced by T. R. Prabhakar in 1971. It is an entire
function of orderρ = [ℜ(β)]−1.

3.3.1. Special cases ofEδ
β,γ

(z)

(i) Eβ(z) = E1
β,1(z). (3.3.2)

(ii) Eβ, γ(z) = E1
β,γ(z) (3.3.3)

(iii) φ(γ, δ; z) = 1F1(γ; δ; z) = Γ(δ)Eγ

1,δ(z), (3.3.4)

whereφ(γ, δ; z) is Kummer’s confluent hypergeometric function.
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3.3.2. Mellin-Barnes integral representation

Lemma 3.3.1. Let β ∈ �+ = (0,∞); γ, δ ∈ C(γ , 0). Then Eδ
β,γ

(z) is represented by the
Mellin-Barnes integral

Eδ
β,γ(z) =

1
2πi Γ(δ)

∫

L

Γ(s)Γ(δ − s)
Γ(γ − βs)

(−z)−sds, (3.3.5)

where |arg (z)| < π; the contour of integration beginning at −i∞ and ending at +i∞, sepa-
rates all the poles at s = −k (k ∈ �0) to the left and all the poles at s = n + δ (n ∈ �0) to
the right.

Proof. We will evaluate the integral on the R.H.S of (3.3.5) as the sum of the residues at
the poless = 0,−1,−2, · · · . We have

1
2πi

∫

L

Γ(s)Γ(δ − s)
Γ(γ − βs)

(−z)−sds =
∞
∑

k=0

Ress=−k

[

Γ(s)Γ(δ − s)
Γ(γ − βs)

(−z)−s
]

=

∞
∑

k=0

(−1)k

k!
Γ(δ + k)
Γ(γ + βk)

(−z)k

= Γ(δ)
∞
∑

k=0

(δ)k

Γ(βk + γ)
zk

k!
= Γ(δ)Eδ

β,γ(z)

which proves (3.3.5).

3.3.3. Relations with theH function and Wright hypergeometric
function

It follows from (3.3.5) thatEδ
β,γ

(z) can be represented in the form

Eδ
β,γ(z) =

1
Γ(δ)

H1,1
1,2

[

−z
∣

∣

∣

(1−δ,1)
(0,1),(1−γ,β)

]

(3.3.6)

where H1,1
1,2(z) is the H function, the theory of which can be found in Chapter 1. This

function can also be represented by

Eδ
β,γ(z) =

1
Γ(δ)1ψ1

[(δ,1)

(γ,β)

∣

∣

∣z
]

, (3.3.7)

where1ψ1 is the Wright hypergeometric functionpψq(z).
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3.3.4. Cases of reducibility

In this subsection, we present some interesting cases of reducibility of the function
Eδ
β,γ

(z). The results are given in the form of five theorems. The results are useful in the
investigation of the solutions of certain fractional-order differential and integral equations.
The proof of the following theorems can be developed on similar lines to that of equation
(3.2.1).

Theorem 3.3.1. If β, γ, δ ∈ C withℜ(β) > 0,ℜ(γ) > 0,ℜ(γ − β) > 0, then there
holds the relation

zEδ
β,γ(z) = Eδ

β,γ−β(z) − Eδ−1
β,γ−β(z). (3.3.8)

Corollary 3.3.1. If β, γ, δ ∈ C, ℜ(γ) > ℜ(β) > 0, then we have

z Eδ
β,γ(z) = Eβ,γ−β(z) −

1
Γ(γ − β)

. (3.3.9)

Theorem 3.3.2. If β, γ, δ ∈ C, ℜ(β) > 0,ℜ(γ) > 1, then there holds the formula

β E2
β,γ(z) = Eβ,γ−1(z) + (1+ β − γ)Eβ,γ(z). (3.3.10)

Theorem 3.3.3. Ifℜ(β) > 0,ℜ(γ) > 2+ℜ(β), then there holds the formula

zE3
β,γ(z) =

1
2β2

[

Eβ,γ−β−2(z) − (2γ − 3β − 3)Eβ,γ−β−1(z)

+ (2β2
+ γ2 − 3βγ + 3βγ − 2γ + 1) Eβ,γ−β(z)

]

. (3.3.11)

Theorem 3.3.4. Ifℜ(β) > 0,ℜ(γ) > 2, then there holds the formula

E3
β,γ(z) =

1
2β2

[

Eβ,γ−2(z) + (3+ 3β − 2γ)Eβ,γ−1(z)

+ (2β2
+ γ2
+ 3β − 3βγ − 2γ + 1)Eβ,γ(z)

]

. (3.3.12)
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3.3.5. Differentiation of generalized Mittag-Leffler function

Theorem 3.3.5. Let β, γ, δ, ρ, w ∈ �. Then for any n ∈ �, there holds the formula,
forℜ(γ) > n,

( d
dz

)n[

zγ−1Eδ
β,γ(wzβ)

]

= zγ−n−1Eδ
β,γ−n(wzβ). (3.3.13)

In particular forℜ(γ) > n,

( d
dz

)n[

zγ−1Eβ,γ(wzβ)
]

= zγ−n−1Eβ,γ−n(wzβ) (3.3.14)

and forℜ(γ) > n,

( d
dz

)n[

zγ−1φ(δ; γ;wz)
]

=
Γ(γ)
Γ(γ − n)

zγ−n−1φ(δ, γ − n;wz). (3.3.15)

Proof. Using (3.3.1) and taking term by term differentiation under the summation sign,
which is possible in accordance with uniform convergence ofthe series in (3.3.1) in any
compact set of�, we obtain

( d
dz

)n[

zγ−1Eδ
β,γ(wzβ)

]

=

∞
∑

k=0

(δ)k

Γ(βk + γ)

( d
dz

)n[wkzβγ+γ−1

k!

]

= zγ−n−1Eδ
β,γ−n(wzβ) for ℜ(γ) > n,

which establishes (3.3.13). Note that (3.3.14) follows from (3.3.13) whenδ = 1 due to
(3.3.3) and (3.3.15) follows from (3.3.13) whenβ = 1 on account of (3.3.4).

3.3.6. Integral property of generalized Mittag-Leffler function
Corollary 3.3.2. Let β, γ, δ, w ∈ �, ℜ(γ) > 0,ℜ(β) > 0,ℜ(δ) > 0. Then

∫ z

0
tγ−1 Eδ

β,γ(wtβ)dt = zγEδ
β,γ+1(wzβ) (3.3.16)

and (3.3.16) follows from (3.3.13). In particular,
∫ z

0
tγ−1 Eβ,γ(wtβ)dt = zγEβ,γ+1(wtβ) (3.3.17)

and
∫ z

0
tγ−1φ(γ, δ;wt)dt =

1
δ

zδφ(γ, δ + 1;wx) (3.3.18)
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Remark 3.3.1. The relations (3.3.15) and (3.3.18) are well known.

3.3.7. Integral transform of Eδ
β,γ

(z)

By appealing to the Mellin inversion formula (3.3.5) yieldsthe Mellin-transform of the
generalized Mittag-Leffler function.

∫ ∞

0
ts−1 Eδ

β,γ(−wt)dt =
Γ(s)Γ(δ − s)
Γ(δ) wsΓ(γ − sβ)

. (3.3.19)

If we make use of the integral

∫ ∞

0
tv−1e−

t
2 Wλ,µ(t)dt =

Γ(1
2 + µ + v)Γ(

1
2 − µ + v)

Γ(1− λ + v) (3.3.20)

whereℜ(v ± µ) > −1
2, we obtain the Whittaker transform of the Mittag-Leffler function

∫ ∞

0
tρ−1e−

1
2 ptWλ,µ(pt)Eδ

β,γ(wtα)dt =
p−ρ

Γ(δ) 3ψ2

[(δ,1),( 1
2±µ+ρ,α)

(γ,β),(1−λ+ρ,α)

∣

∣

∣

w

pα

]

(3.3.21)

where3ψ2(.) is the generalized Wright function, andℜ(ρ) > |ℜ(µ)|− 1
2 , ℜ(p) > o, | wpα | < 1.

Whenλ = 0 andµ = 1
2, then by virtue of the identity

W± 1
2 ,0

(t) = exp(− t
2

), (3.3.22)

the Laplace transform of the generalized Mittag-Leffler function is obtained:

∫ ∞

0
tρ−1e−ptEδ

β,γ(wtα)dt =
p−ρ

Γ(δ) 2ψ1

[(δ,1),(ρ,α)

(γ,β)

∣

∣

∣

w

pα

]

(3.3.23)

whereℜ(β) > 0,ℜ(γ) > 0,ℜ(ρ) > 0, ℜ(p) > 0, p > |w|
1
ℜ(α) . In particular, forρ = γ and

α = β we obtain a result given by Prabhakar [ p.8, Eq. 2.5].
∫ ∞

0
tγ−1e−ptEδ

β,γ(wtβ)dt = p−γ(1− wp−β)−δ (3.3.24)

whereℜ(β) > 0,ℜ(γ) > 0, ℜ(p) > 0 andp > |w|
1
ℜ(β) .

The Euler transform of the generalized Mittag-Leffler function follows from the beta func-
tion:

∫ 1

0
ta−1(1− t)b−1 Eδ

β,γ(xtα)dt =
Γ(b)
Γ(δ) 2ψ2

[(δ,1),(a,α)

(γ,β),(a+b,α)

∣

∣

∣x
]

, (3.3.25)

whereℜ(a) > 0, ℜ(b) > 0,ℜ(δ) > 0,ℜ(β) > 0,ℜ(γ) > 0, α > 0.
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Theorem 3.3.6. We have

∫ ∞

0
e−pttαk+β−1 E(k)

α,β
(±atα)dt,=

k!pα−β

(pα ∓ a)k+1
, (3.3.26)

whereℜ(p) > |a|1/α,ℜ(α) > 0,ℜ(β) > 0, and E(k)
α,β

(y) = dk

dyk Eα,β(y).

Solution: We will use the following result:

∫ ∞

0
e−ttβ−1 Eα,β(ztα)dt =

1
1− z

(|z| < 1). (3.3.27)

The given integral

=
dk

dak

∫ ∞

0
e−pttβ−1Eα,β(±atα)dt

=
dk

dak

pα − β
(pα ∓ a)

=
k!pα−β

(pα ∓ a)k+1
, ℜ(β) > 0.

Corollary 3.3.3.
∫ ∞

0
e−ptt

k−1
2 E(k)

1
2 ,

1
2

(±a
√

t)dt =
k!

(
√

p ∓ a)k+1
(3.3.28)

where ℜ(p) > a2.

Exercises 3.3.

3.3.1. prove that

1
Γ(α)

∫ 1

0
uγ−1(1− u)α−1Eδ

β,γ(zuβ)du = Eδ
β,γ+α(z), ℜ(α) > 0,ℜ(β) > 0,ℜ(γ) > 0.

3.3.2. Prove that

1
Γ(α)

∫ x

t
(x − s)α−1(s − t)γ−1Eδ

β,γ[λ(s − t)β]ds = (x − t)γ+α−1 Eδ
β,γ+α[λ(x − t)β]

where ℜ(α) > 0,ℜ(γ) > 0.
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3.3.3. Prove that

1
Γ(α)

∫ x

t
(s − t)α−1(x − s)γ−1Eδ

β,γ[λ(x − s)β]ds = (x − t)γ+α−1 Eδ
β,γ+α[λ(x − t)β]

where ℜ(α) > 0,ℜ(γ) > 0,ℜ(β) > 0.

3.3.4. Prove that forn = 1, 2, · · ·

Eδ
n,γ(z) =

π
n−1

2 n
1
2−γ

Γ(γ) 1Fn(δ;∆(n; γ); nnz),

where ∆(n; γ) represents the sequence ofn parametersγn ,
r+1

n ,
γ+n−1

n .

3.3.5. Show that forℜ(β) > 0, ℜ(γ) > 0,

( d
dz

)m
Eδ
β,γ(z) = (δ)mEδ+m

β,γ+mβ(z).

3.3.6. Prove that forℜ(β) > 0, ℜ(γ) > 0,

(

z
d
dz
+ δ

)

Eδ
β,γ(z) = δ Eδ+1

β,γ (z).

3.3.7. Prove that forℜ(γ) > 1,

(γ − βδ − 1) Eδ
β,γ(z) = Eδ

β,γ−1(z) − βδEδ+1
β,γ (z).

3.3.8. Prove that

∫ x

0
tv−1(x − t)µ−1 Eγ

ρ,µ(w[x − t]ρ) Eσ
ρ,v(wtρ)dt = xµ+v−1Eγ+σ

ρ,µ+v(wxρ),

whereρ, µ, γ, v, σ, w ∈ �;ℜ(ρ),ℜ(µ),ℜ(v) > 0.

3.3.9. Find

L−1
{

s−λ(1− z
s ρ

)−α
}

and give the conditions of validity.
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3.3.10. Prove that

L−1
[

s−λ(1− z1

s
)−α1(1− z2

s
)−α2

]

=
tλ−1

Γ(λ)
Φ2[α1, α2; λ; z1t, z2t],

whereℜ(λ) > 0,ℜ(s) > max[0,ℜ(z1),ℜ(z2)] andΦ2(.) is the confluent hypergeometric
function of two variables defined by

Φ2(b, b′; c; u, z) =
∞
∑

k,l=0

(b)k(b′)lukzl

(c)k+lk!l!
.

3.3.11. From the above result deduce the formula

L−1
{

s−λ(1− z/s)−α
}

=
tλ−1

Γ(λ)
φ(α, λ; zt),

whereℜ(λ) > 0,ℜ(s) > max[0, |z|].

3.4. Fractional Integrals

This section deals with the definition and properties of various operators of fractional
integration and fractional differentiation of arbitrary order. Among the various operators
studied, it involves the Riemann-Liouville fractional integral operators, Riemann-Liouville
fractional differentiation operators, Weyl operators and Kober operatorsetc. Besides the ba-
sic properties of these operators, their behaviours under Laplace, Fourier and Mellin trans-
forms are also presented. Application of Riemann-Liouville operators in the solution of
fractional order differential and fractional order integral equations is demonstrated.

3.4.1. Riemann-Liouville fractional integrals of arbitrary order
Notation 3.4.1. aIn

x , aD−n
x , n ∈ � ∪ {0} : Fractional integral of integer order n

Definition 3.4.1.

aIn
x f (x) = aD−n

x f (x) =
1
Γ(n)

∫ x

a
(x − t)n−1 f (t)dt (3.4.1)

wheren ∈ � ∪ {0}.

We begin our study of fractional calculus by introducing a fractional integral of integer
ordern in the form (Cauchy formula):
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aD−n
x f (x) =

1
Γ(n)

∫ x

a
(x − t)n−1 f (t)dt. (3.4.2)

It will be shown that the above integral can be expressed in terms ofn-fold integral, that
is,

aD−n
x f (x) =

∫ x

a
dx1

∫ x1

a
dx2

∫ x2

a
dx3 · · ·

∫ xn−1

a
f (t)dt. (3.4.3)

Proof. Whenn = 2, then using the well-known Dirichlet formula, namely

∫ b

a
dx

∫ x

a
f (x, y)dy =

∫ b

a
dy

∫ b

y

f (x, y)dx (3.4.4)

(3.4.3) becomes

∫ x

a
dx1

∫ x1

a
f (t)dt =

∫ x

a
dt f (t)

∫ x

t
dx1

=

∫ x

a
(x − t) f (t)dt. (3.4.5)

This shows that the two-fold integral can be reduced to a single integral with the help of
Dirichlet formula. Forn = 3, the integral in (3.4.3) gives

aD−3
x f (x) =

∫ x

a
dx1

∫ x1

a
dx2

∫ x2

a
f (t)dt

=

∫ x

a
dx1

[

∫ x1

a
dx2

∫ x2

a
f (t)dt

]

. (3.4.6)

Using the result (3.4.5) the integrals within big brackets simplify to yield

aD−3
x f (x) =

∫ x

a
dx1

[

∫ x1

a
(x1 − t) f (t)dt

]

. (3.4.7)

If we use (3.4.4), then the above expression reduces to

aD−3
x f (x) =

∫ x

a
dt f (t)

∫ t

x
(x1 − t)dx1 =

∫ x

a

(x − t)2

2!
f (t)dt. (3.4.8)

Continuing this process, we finally obtain

aD−n
x f (x) =

1
(n − 1)!

∫ x

a
(x − t)n−1 f (t)dt. (3.4.9)
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It is evident that the integral in (3.4.9) is meaningful for any numbern provided its real
part is greater than zero.

3.4.2. Riemann-Liouville fractional integrals of orderα
Notation 3.4.2. aIαx , aD−αx , Iαa+; Riemann-Liouville left-sided fractional integral of
order α.

Notation 3.4.3. xIαb , xD−αb , Iαb−; Riemann-Liouville right-sided fractional integral of
order α.

Definition 3.4.2. Let f (x) ∈ L(a, b), α ∈ C (ℜ(α) > 0), then

aIαx f (x) = aD−αx f (x) = Iαa+ f (x) =
1
Γ(α)

∫ x

a

f (t)dt
(x − t)1−α , x > a (3.4.10)

is called Riemann-Liouville left-sided fractional integral of orderα.

Definition 3.4.3. Let f (x) ∈ L(a, b), α ∈ C (ℜ(α) > 0), then

xIαb f (x) = xD−αb f (x) = Iαb− f (x) =
1
Γ(α)

∫ b

x

f (t)dt
(t − x)1−α , x < b (3.4.11)

is called Riemann-Liouville right-sided fractional integral of orderα.

Example 3.4.1. If f (x) = (x − a)β−1, then find the value ofaIαx f (x).

Solution: We have

aIαx f (x) =
1
Γ(α)

∫ x

a
(x − t)α−1(t − a)β−1dt

If we substitutet = a + y(x − a) in the above integral, it reduces to

Γ(β)
Γ(α + β)

(x − a)α+β−1

whereℜ(β) > 0. Thus

aIαx f (x) =
Γ(β)
Γ(α + β)

(x − a)α+β−1. (3.4.12)
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Example 3.4.2. It can be similarly shown that

xIαb g(x) =
Γ(β)
Γ(α + β)

(b − x)α+β−1, x < b, (3.4.13)

whereℜ(β) > 0 andg(x) = (b − x)β−1.

Note 3.4.1. It may be noted that (3.4.12) and (3.4.13) give the Riemann-Liouville integrals
of the power functionsf (x) = (x − a)β−1 andg(x) = (b − x)β−1, ℜ(β) > 0.

3.4.3. Basic properties of fractional integrals
Property 3.4.1. Fractional integrals obey the following property:

aIαx aIx
β φ = aIx

α+β φ = aIx
β

aIx
αφ,

xIb
α

xIb
β φ = xIb

α+β φ = xIb
β

xIb
α φ. (3.4.14)

Proof. By virtue of the definition (3.4.10), it follows that

aIαx aIx
βφ =

1
Γ(α)

∫ x

a

dt

(x − t)1−α
1
Γ(β)

∫ t

a

φ(u)du

(t − u)1−β

=
1

Γ(α)Γ(β)

∫ x

a
du φ(u)

∫ x

u

dt

(x − t)1−α(t − u)1−β (3.4.15)

If we use the substitutiony = t−u
x−u , the value of the second integral is

1

Γ(α)Γ(β)(x − u)1−α−β

∫ 1

0
yβ−1(1− y)α−1dy =

(x − u)α+β−1

Γ(α + β)
,

which, when substituted in (3.4.15) yields the first part of (3.4.14). The second part can be
similarly established. In particular,

aIn+α
x f = aIx

n
aIx

α f , (n ∈ �,ℜ(α) > 0) (3.4.16)

which shows that then-fold differentiation

dn

dxn aIx
n+α f (x) = aIx

α f (x), (n ∈ �,ℜ(α) > 0) (3.4.17)

for all x. Whenα = 0, we obtain

aI0
x f (x) = f (x); aI−n

x f (x) =
dn

dxn
f (x) = f (n)(x). (3.4.18)

Note 3.4.2. The property given in (3.4.14) is called semigroup propertyof fractional inte-
gration.
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Notation 3.4.4. L(a, b), space of Lebesgue measurable real or complex valued
functions.

Definition 3.4.4. L(a, b), consists of Lebesgue measurable real or complex
valued functions f (x) on [a, b]:

L(a, b) = { f : || f ||1 ≡
∫ b

a
| f (t)|dt < +∞}. (3.4.19)

Note 3.4.3. The operatorsaIαx andxIαb are defined on the spaceL(a, b).

Property 3.4.2. The following results holds.

∫ b

a
f (x)(aIαx g)dx =

∫ b

a
g(x)(xIαb f )dx. (3.4.20)

(3.4.20) can be established by interchanging the order of integration in the integral on the
left-hand side of (3.4.20) and then using the Dirichlet formula (3.4.4).

The above property is called the property of “integration byparts” for fractional inte-
grals.

3.4.4. A useful integral

We now evaluate the following integral given by Saxena and Nishimoto [Journal of
Fractional calculus, Vol.6, (1994), 65 -75].

∫ b

a
(t − a)α−1(b − t)β−1(ct + d)γdt = (ac + d)γ(b − a)α+β−1

× B(α, β)2F1

[

α,−γ;α + β;
(a − b)c
ac + d

]

, (3.4.21)

whereℜ(α) > 0,ℜ(β) > 0, |arg d+bc
d+ca | < π, a, c andd are constants.

Solution: Let

I =
∫ b

a
(t − a)α−1(b − t)β−1(ct + d)γdt

= (ac + d)γ
∞
∑

k=0

(−1)k(−γ)kck

(ac + d)k

∫ b

a
(t − a)α+k−1(b − t)β−1dt

= (ac + d)γ(b − a)α+β−1B(α, β) 2F1

(

−γ,−α;α + β;
(a − b)c
ac + d

)

.
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In evaluating the inner integral, the modified form of the beta function, namely

∫ b

a
(t − a)α−1(b − t)β−1dt = (b − a)α+β−1B(α, β), (3.4.22)

whereℜ(α) > 0,ℜ(β) > 0, is used.

Example 3.4.3. As a consequence of (3.4.21), it follows that

aIαx [(x − a)β−1(cx + d)γ] = (ac + d)γ(x − a)α+β−1 Γ(β)
Γ(α + β)

× 2F1(β,−γ;α + β;
(a − x)c
ac + d

), (3.4.23)

whereℜ(α) > 0,ℜ(β) > 0, |arg (a−x)c
ac+d | < π; a, c andd being constants. In a similar manner

we obtain the following result.

Example 3.4.4. We also have

xIαb [(b − x)β−1(cx + d)γ] = (cx + d)γ(b − x)α+β−1 Γ(β)
Γ(α + β)

× 2F1(α,−γ;α + β;
(x − b)c
cx + d

), (3.4.24)

whereℜ(α) > 0,ℜ(β) > 0, |arg (x−b)c
cx+d | < π.

Example 3.4.5. On the otherhand if we setγ = −α − β in (3.4.21) it is found that

aD−αx [(x − a)β−1(cx + d)−α−β]

=
Γ(β)
Γ(α + β)

(ac + d)−α(x − a)α+β−1(d + cx)−β, (3.4.25)

whereℜ(α) > 0,ℜ(β) > 0.

Example 3.4.6. Similarly, we have

xIαb [(b − x)β−1(cx + d)−α−β]

=
Γ(β)
Γ(α + β)

(cx + d)−β(bc + d)−α(b − x)α+β−1 (3.4.26)

whereℜ(α) > 0,ℜ(β) > 0.
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3.4.5. The Weyl integral
Notation 3.4.5. xWα

∞, xIα∞, Weyl integral of order α.

Definition 3.4.5. The Weyl fractional integral of f (x) of order α, denoted by
xWα
∞, is defined by

xW
α
∞ f (x) =

1
Γ(α)

∫ ∞

x
(t − x)α−1 f (t)dt, (−∞ < x < ∞) (3.4.27)

whereα ∈ C,ℜ(α) > 0. (3.4.27) is also denoted byIα− f (x).

Example 3.4.7. Prove that

xWα
∞e−λx

=
e−λx

λα
, whereℜ(α) > 0. (3.4.28)

Solution: We have

xW
α
∞e−λx

=
1
Γ(α)

∫ ∞

x
(t − x)α−1e−λtdt, λ > 0

=
e−λx

Γ(α)λα

∫ ∞

0
uα−1e−udu

=
e−λx

λα
,ℜ(α) > 0.

Notation 3.4.6. xDα
∞, Dα

− : Weyl fractional derivative.

Definition 3.4.6. : The Weyl fractional derivative of order α, denoted byxDα
∞

is defined by

xDα
∞ f (x) = Dα

− f (x) = (−1)m
( d
dx

)m(

xW
m−α
∞ f (x)

)

= (−1)m
( d
dx

)m 1
Γ(m − α)

∫ ∞

x

f (t)dt
(t − x)1+α−m

, (−∞ < x < ∞) (3.4.29)

wherem − 1 ≤ α < m,m ∈ N, α ∈ c.

Example 3.4.8. Find xDα
∞e−λx, λ > 0.
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Solution: We have

xDα
∞ e−λx

= (−1)m
( d
dx

)m

xW
m−α
∞ e−λx

= (−1)m
( d
dx

)m

λ−(m−α)e−λx (3.4.30)

= λα e−λx.

3.4.6. Basic properties of Weyl integral
Property 3.4.3 : The following relation holds.

∫ ∞

0
φ(x)

(

0Iαxψ(x)
)

dx =
∫ ∞

0

(

xWα
∞φ(x)

)

ψ(x)dx. (3.4.31)

(3.4.31) is called the formula for fractional integration by parts. It is also caled Parseval
equality. (3.4.31) can be established by interchanging theorder of integration.

Property 3.4.4 : Weyl fractional integral obeys the semigroup property. That is,

(

xWα
∞ xWβ

∞ f
)

=

(

xWα+β
∞ f

)

=

(

xWβ
∞ xWα

∞ f
)

. (3.4.32)

Proof. We have

xWα
∞ xWβ

∞ f (x) =
1
Γ(α)

∫ ∞

x
dt(t − x)α−1

× 1
Γ(β)

∫ ∞

t
(u − t)α−1 f (u)du.

Using the modified form of Dirichlet formula (3.4.4), namely

∫ a

x
dt(t − x)α−1

∫ a

t
(u − t)β−1 f (u)du

= B(α, β)
∫ a

t
(u − t)α+β−1 f (u)du, (3.4.33)

and lettinga→ ∞, (3.4.33) yields the desired result

(

xWα
∞ xWβ

∞ f
)

=

(

xWα+β
∞ f

)

. (3.4.34)
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Notation 3.4.7. −∞Wα
x , I

α
+: Weyl integral with lower limit −∞.

Definition 3.4.7. Another companion to the operator (3.4.27) is the following:

−∞Wα
x f (x) = Iα

+
f (x) =

1
Γ(α)

∫ x

−∞
(x − t)α−1 f (t)dt, (−∞ < x < ∞) (3.4.35)

whereα ∈ c, (ℜ(α) > 0).

Note 3.4.4 : The operator defined by (3.4.34) is useful in fractional diffusion problems of
physics and related areas.

Example 3.4.9. Prove that

−∞Wα
x eax

=
eax

aα
. (3.4.36)

Solution: We have, by settingx − t = u.

Note 3.4.5 : An alternative form of (3.4.34) in terms of convolution is given by

−∞Wα
x f (x) =

1
Γ(α)

∫ ∞

−∞
tα−1
+ f (x − t)dt (3.4.37)

where

tα−1
+
=















tα−1, t > 0

0, t < 0
(3.4.38)

Example 3.4.10. Prove that

xWv
∞(cosax) = a−v cos(ax +

1
2
πv) (3.4.39)

wherea > 0, 0 < ℜ(v) < 1.

Solution: The result follows from the known integral

∫ ∞

u
(x − u)v−1 cosax dx =

Γ(v)
av

cos(au +
vπ

2
) (3.4.40)

wherea > 0, 0 < ℜ(v) < 1.
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Example 3.4.11. Prove that

xWv
∞(sinax) = a−v sin(ax +

1
2
πv) (3.4.41)

Hint : Use the integral

∫ ∞

u
(x − u)v−1 sinax dx =

Γ(v)
av

sin(au +
vπ

2
) (3.4.42)

wherea > 0, 0 < ℜ(v) < 1.

Exercises 3.4.

3.4.1. Prove that

(

aIαx (x − a)β−1
)

=
Γ(β)
Γ(α + β)

(x − a)α+β−1, ℜ(β) > 0.

3.4.2. Prove that

(

aIαx (x ± c)γ−1
)

=
(a ± c)γ−1

Γ(α + 1)
(x − a)α 2F1

(

1, 1− γ; α + 1;
a − x
a ± c

)

whereℜ(β) > 0, γ ∈ �, a < x < b.

3.4.3. Prove that

(

aIαx

[

(x − a)β−1(b − x)γ−1
])

=
Γ(β)
Γ(α + β)

(x − a)α+β−1

(b − a)1−γ

× 2F1

(

β, 1− γ;α + β;
x − a
b − a

)

whereℜ(β) > 0, γ ∈ �, a < x < b.

3.4.4. Prove that
(

aIαx

[ (x − a)β−1

(b − x)α+β

])

=
Γ(β)
Γ(α + β)

(x − a)α+β−1

(b − a)α(b − x)β

ℜ(β) > 0, a < x < b.
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3.4.5. Prove that

(

aIαx

[

(x − a)β−1(x ± c)γ−1
])

=
Γ(β)
Γ(α + β)

(x − a)α+β−1

(a ± c)1−r

× 2F1

(

β, 1− γ;α + β;
a − x
a ± c

)

,

whereℜ(β) > 0, γ ∈ �, a ± c > 0.

3.4.6. Prove that

(

aIαx

[ (x − a)β−1

(x ± c)α+β

])

=
Γ(β)
Γ(α + β)

(x − a)α+β−1

(a ± c)α(x ± c)β

3.4.7. Prove that

(

aIαx [eλx]
)

= eλa(x − a)α E1,α+1(λx − λa).

wherex > a.

3.4.8. Prove that

(

aIαx [eλx(x − a)β−1]
)

=
Γ(β)
Γ(α + β)

eλa(x − a)α+β−1
1F1

(

β;α + β; λx − λa
)

,

whereℜ(β) > 0.

3.4.9. Prove that

(

aIαx

[

(x − a)β−1 ln(x − a)
])

= (x − a)α+β−1 Γ(β)
Γ(α + β)

[ln(x − a) + ψ(β) − ψ(α + β)].

whereℜ(β) > 0, whereψ(.) is the logarithmic derivative of the gamma function.

3.4.10. Prove that

(

aIνx

[

(x − a)
ν
2 Jν(λ

√
x − a)

])

=

(2
λ

)ν

(x − a)
a+ν

2 Ja+ν(λ
√

x − a),

whereℜ(ν) > −1.
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3.4.11. Prove that

(

aIνx

[

(x − a)β−1
2F1(µ, ν; β; λ(x − a))

])

=
Γ(β)
Γ(α + β)

(x − a)ν+β−1
2F1 (µ, ν; ν + β; λx − λa),

whereℜ(β) > 0.

3.4.12. Prove that

(

aIνx

[

(x − a)β−1 Eµ,β

(

(x − a)µ
)])

= (x − a)ν+β−1 Eµ,ν+β

[

(x − a)µ
]

.

3.4.13. Show that

(

aIνx

[

xµ−1 sinax
])

=
xµ+ν−1

Γ(µ)
2i Γ(µ + ν)

×
[

1F1(µ; µ + ν; iax)− 1F1(µ; µ + ν;−iax)
]

,

wherea > 0,ℜ(ν) > 0,ℜ(µ) > 0.

3.4.14. Establish the formula

(

aIνx

[

xµ−1 cosax
])

=
xµ+ν−1

Γ(µ)
2Γ(µ + ν)

×
[

1F1(µ; µ + ν; iax)− 1F1(µ; µ + ν;−iax)
]

,

wherea > 0,ℜ(ν) > 0,ℜ(µ) > 0.

3.4.15. Prove the following results:

(

aIνx
{

sinλ(x−a)
cosλ(x−a)

}

)

=
i−(1±1)/2

2Γ(ν + 1)
(x − a)ν

×
[

1F1(1;ν + 1; iλ(x − a)) ∓ 1F1(1;ν + 1;−iλ(x − a))
]
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3.4.16. Prove the following results:

(

aIνx

[

(x − a)−
1
2

{

cos λ
√

x−a
sin λ

√
x−a

}])

=
√
π

(

λ

2

)
1
2−ν

(x − a)(2ν−1)/4










J
ν− 1

2
(λ
√

x−a)

I
ν− 1

2
(λ
√

x−a)











.

3.4.17. Prove that

(

0Iνx

[

xα−1
2F1(a, b; c;−wx)

])

=
B(α, ν)
Γ(ν)

xα+ν−1
3F2(a, b, α; c, α + ν;−wx),

wherex,ℜ(α),ℜ(ν) > 0, |arg (1+ wy)| < π.

3.4.18. Prove that

(

0Iνx

[

xα−1
2F1(a, b; c; 1− wx)

])

=
x(α,ν−1)

Γ(ν)
Γ

[c, c−a−b, α,ν

c−a, c−b, α+ν

]

× 3F2(a, b, α; a + b − c + 1, α + ν; wx)

+
wc−a−b

Γ(ν)
xc−a−b+α+ν−1

Γ

[c, a+b−c, c−a−b+α

a, b, c−a−b+α+ν

]

× 3F2(c − a, c − b, c − a − b + α; c − a − b + 1; c − a − b + α + ν; wx)

wherex,ℜ(α),ℜ(ν),ℜ(c − a − b + α) > 0, |argw| < π andΓ
[a b c

d e f

]

stands for the ratio of

product of gamma functionsΓ(a) Γ(b) Γ(c)
Γ(d) Γ(e) Γ( f ) .

3.4.19. Prove that

(

0Iνx

[

xc−1(1− xz)−ρ2F1(a, b; c;wx)
])

=
Γ(c)
Γ(ν + c)

xc+ν−1(1− xz)−ρ

× F3 (ρ, a, ν, b, c + ν;
xz

xz − 1
, wx),

wherex,ℜ(c),ℜ(ν) > 0; |arg (1− wx)| < π and |arg (1− z)| < π; F3 is the Appell’s
hypergeometric function of two variables, defined by

F3(a, a′; b, b′; c; y, z) =
∞
∑

k,l=0

(a)k (a′)l (b)k (b′)ly
kzl

(c)k+lk!l!
.
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3.4.20. Prove that

aIνx

[ (x − a)α−1

x − y

]

=
(x − a)α+ν−1

Γ(α)
(x − y)Γ(α + ν) 2F1

(

1, ν;α + ν;
x − a
x − y

)

whereℜ(α),ℜ(β) > 0; y < a < x.

3.4.21. Prove that

(

0Iνx

[

xα−1(1− ux)−ρ(1− νx)−λ
])

=
xα+ν−1

Γ(α)
Γ(α + ν)

F1(α, ρ, λ, α + ν; ux, νx),

x|u| < 1, |arg u| < π; |arg ν| < π, x|ν| < 1;

wherex,ℜ(α),ℜ(ν) > 0. F1 is the Appell’s hypergeometric function of the two variables
defined by

F1(a, b, b′; c; y, z) =
∞
∑

k,l=0

(a)k+l(b)l(b′)ly
kzl

(c)k+lk!l!
.

3.4.22. Prove that

(

0Iνx

[

xα−1 lnn(cx + d)
])

=
xα+ν−1

Γ(α)
Γ(α + ν)

∂n

∂ρn

[

dρ2F1

(

−ρ, α;α + ν;− xc
d

)]

ρ=0
,

wherex,ℜ(α),ℜ(β) > 0; |arg (cx + d)| < π and 0≤ t ≤ x.

3.4.23. Prove that

(

0Iνx

[

ln(cx + d)
])

=
1
Γ(ν)

∫ x

0
tν−1 ln(cx + d − ct)dx

whereℜ(ν) > 0.

3.4.24. Prove that

(

aIνx

[

xα−1 ln(cx + d)
])

=
xα+ν−1

Γ(α)
Γ(α + ν)

ln d

+ cd−1xα+ν
Γ(α + 1)
Γ(α + ν + 1)3F2(α + 1, 1, 1; 2, α + ν + 1;−cx

d
),

wherex,ℜ(α),ℜ(ν) > 0; |arg (cx + d)| < π and 0≤ t ≤ x.
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3.4.25. Prove that

(

0Iνx

[

eλx
])

= xνE1,ν+1(λx), (ℜ(α) > 0).

3.4.26. Prove that

(

0Iνx

[sinh
√
λx√

λx

])

= xν+1E2,ν+2(λx2), (ℜ(α) > 0).

3.4.27. Prove that

(

0Iνx

[

λ, Eν(λxν)
])

= Eν(λxν) − 1, ℜ(ν) > 0.

3.4.28. Prove that

(

0Iνx

[

xρ−1(x + a)σ
])

= aσxρ+ν−1 Γ(ρ)
Γ(ρ + ν)2F1

(

−σ, ρ; ν + ρ;− x
a

)

,

whereℜ(ν) > 0;ℜ(ρ) > 0, |arg (x
a )| < π.

3.4.29. Prove that

(

0Iνx

[

xρ−1(xk
+ ak)σ

])

= akσxν+ρ−1 Γ(ρ)
Γ(ρ + ν)

× k+1Fk

(

−σ,∆(k; λ);∆(k; ρ + ν);− xk

ak

)

,

wherek ∈ �,ℜ(ν) > 0;ℜ(ρ) > 0, |arg (x
a )| < π

k , and∆(k; a) represents the sequence of
parametersak ,

a+1
k · · · , a+k−1

k .

3.4.30. Prove that

(

0Iνx

[

xρ−1exp(axk)
])

=
Γ(ρ)
Γ(ρ + ν)

xρ+ν−1
kFk

(

∆(k; ρ);∆(k; ρ + ν); axk
)

,

whereℜ(ν) > 0;ℜ(ρ) > 0, k = 2, 3, 4, · · · .
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3.4.31.
(

0Iνx

[

xρ−1
pFq(a1, · · · , ap; ρ, b2, · · · , bq; ax)

])

=
xρ+ν−1

Γ(ρ)
Γ(ν + ρ)

× pFq(a1, · · · , ap; ρ + ν, b2, · · · , bq; ax)

wherep ≤ q + 1,ℜ(ν) > 0;ℜ(ρ) > 0, |ax| < 1 if p = q + 1.

3.4.32.

(

0Iνx

[

xρ−1Gm,n
p,q

(

ax
∣

∣

∣

a1,··· ,ap

b1,··· ,bq

)])

= xρ+ν−1Gm,n+1
p+1,q+1

(

ax
∣

∣

∣

1−ρ,a1,··· ,ap

b1,··· ,bq;1−ρ−ν

)

whereGm,n
p,q (.) is Meiger’s G-Function;

m + n >
1
2

(p + q), |arga| <
(

m + n − p
2
− q

2

)

π

ℜ(ρ + b j) > 0, j = 1, · · · ,m,ℜ(ν) > 0.

3.4.33. Prove that

(

0Iαx

[

xρ−1Hm,n
p,q

(

ax
∣

∣

∣

(ap,Ap)
(bq,Bq)

)])

= xρ+α−1Hm,n+1
p+1,q+1

[

ax
∣

∣

∣

(1−ρ,1), (ap ,Ap)
(bq ,Bq), (1−ρ−α,1)

]

whereℜ
[

ρ +min1≤ j≤m

(

b j

B j

)]

> 0,ℜ(α) > 0, |arg a| < 1
2πc∗;

c∗ =
n

∑

j=1

A j −
p

∑

j=n+1

A j +

m
∑

j=1

B j −
q

∑

j=m+1

B j > 0

andµ∗ =
∑p

j=1 A j −
∑q

j=1 B j < 0 orµ∗ = 0 and 0< |ax| < β−1;

β =



















p
∏

j=1

(A j)
A j





































q
∏

j=1

(B j)
−B j



















.

3.4.34. Prove that

(

0Iαx

[

xρ−1Hm,n
p,q

(

axλ
∣

∣

∣

(ap,Ap)
(bq,Bq)

)])

= xρ+α−1Hm,n+1
p+1,q+1

[

axλ
∣

∣

∣

(1−ρ,λ),(ap,Ap)
(bq,Bq),(1−ρ−α,λ)

]

whereℜ
[

ρ + λmin1≤ j≤m

(

b j

B j

)]

> 0,ℜ(α) > 0, λ > 0|arg a| < 1
2πc∗; c∗ is defined in Exercise

3.4.33 above,
c∗ > 0;µ∗ < 0 or µ∗ = 0 and 0< |axλ| < β−1;
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β =

p
∏

j=1

(A j)
A j

q
∏

j=1

(B j)
−B j ; µ∗ is given in Exercise 3.4.33.

3.4.35. Prove that

(

xIν∞

[

xα−1(x − u)−ρ(x − v)−λ
])

=
xα+ν−λ−ρ−1

Γ(1+ λ + ρ − α − ν)
Γ(1+ λ + ρ − α)

× F1(1+ λ + ρ − α − ν, ρ, λ, 1+ λ + ρ − α; u/x, v/x),

wherex > 0; |argu| < π and|u| < x; |arg v| < π and|v| < x; 0 < ℜ(ν) < ℜ(λ + ρ − α) + 1.

3.4.36. Prove that

(

xIν∞

[

xα−1 ln(cx + d)
])

= xα+ν−1Γ(1− α − ν)
Γ(1− α)

[

ln(cx) + ψ(1− α) − ψ(1− α − ν)
]

+ dc−1xα+ν−2Γ(2− α − ν)
Γ(2− α) 3F2(2− α − ν, 1, 1; 2, 2− α;− d

cx
)

wherex,ℜ(β) > 0,ℜ(α + ν) < 1; |arg (cx + d)| < π andx ≤ t < ∞.

3.4.37. Prove that

(

xWν
∞

[

x−λ(x + a)µ
])

=
xµ+ν−λΓ(λ − µ − ν)

Γ(λ − µ)
× 2F1(−µ, λ − µ − ν; λ − µ;−a/x)

where 0< ℜ(ν) < ℜ(λ − µ); |arg (a/x)| < π or |(a/x)| < 1,ℜ(ν) > 0.

3.4.38. Prove that

(

xWν
∞

[

xν−1e−ax
])

= π−
1
2 (x/a)ν−

1
2 e−

1
2axKν− 1

2

(1
2

ax
)

whereℜ(ν) > 0,ℜ(ax) > 0.

3.4.39. Prove that

(

xWν
∞

[

x−λe−ax
])

= aB− 1
2 x−B− 1

2 e−
1
2ax WA,B(ax)

where 2A = 1− λ − ν, 2B = λ − ν;ℜ(ax) > 0,ℜ(ν) > 0.
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3.4.40. Prove that

(

xWν
∞

[

x−2νe
a
x

])

=

(

π

x

)
1
2
a

1
2−νexp

( a
2x

)

Iν− 1
2

( a
2x

)

,

whereℜ(ν) > 0.

3.4.41. Prove that

(

xWν
∞

[

x−λexp
(a

x

)])

=
Γ(λ − ν)
Γ(λ)

xν−λ1F1 (λ − ν; λ;
a
x
),

where 0< ℜ(ν) < ℜ(λ).

3.4.42. Prove that

(

xWν
∞

[

exp
(

−ax
1
2

)])

= 2ν+
1
2π−

1
2 a

1
2−νx

1
2ν+

1
4 Kν+ 1

2

(

ax
1
2

)

,

whereℜ(ax
1
2 ) > 0,ℜ(ν) > 0.

3.4.43. Prove that

(

xW+ν∞

[

x−
1
2 exp

(

−ax
1
2

)])

= 2ν+
1
2π−

1
2 x

1
2−νx

1
2ν− 1

4 Kν− 1
2

(

ax
1
2

)

,

whereℜ(ax
1
2 ) > 0,ℜ(ν) > 0.

3.4.44. Prove that

(

xWν
∞

[

x−λ log x
])

=
Γ(λ − ν)
Γ(λ)

xν−λ [log x + ψ(λ) − ψ(λ − ν)],

where 0< ℜ(ν) < ℜ(λ).

3.4.45. Prove that

(

xWν
∞

[

x−
µ

2 Jµ
(

ax
1
2

)])

= 2νa−νx
1
2ν− 1

2µJµ−ν
(

ax
1
2

)

,

a, x > 0; 0< ℜ(ν) < 1
2ℜ(µ) + 3

4.

3.4.46. Prove that

(

xWν
∞

[

xλJµ
(

ax
1
2

)])

= 22λa−2λxν G2,0
1,3

(a2x
4

∣

∣

∣

0
−ν,λ+ 1

2µ,λ− 1
2µ

)

,

wherea > 0, x > 0, 0 < ℜ(ν) < 1
4 −ℜ(λ).
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3.4.47. Prove that

(

xWα
∞

[

xλ−1
2F1(a, b; c; 1 − wx)

])

=
w−a

Γ(α)
xλ+α−a−1

Γ

[c, b−a, α, a−λ−α+1

b, c−a, a−λ+1

]

× 3F2 (a, c − b, a − λ − α + 1; a − λ + 1, a − b + 1;
1
wx

)

+
w−b

Γ(α)
xλ+α−b−1

Γ

[c, a−b, α, b−a−α+1

a, c−b, b−λ+1

]

× 3F2 (b, c − a, b − a − α + 1; b − a + 1, b − λ + 1;
1
wx

)

wherex, ℜ(α) > 0,ℜ(λ + α − a) > 1, ℜ(λ + α − b) < 1; |argw| < π.

3.4.48. Prove that

(

xWν
∞

[

xλ−1
2F1(a, b; c;−wx)

])

=
1
Γ(ν)

xα+ν−1B(ν, 1− λ − ν)

× 3F2 (a, b, λ; c, λ + ν; −wx) +
w1−λ−ν

Γ(ν)
Γ

[c, a−λ−ν+1, b−λ−ν+1, λ+ν−1

a, b, c−λ−ν+1

]

× 3F2 (1− ν, a − λ − ν + 1, b − λ − ν + 1; 2− λ − ν, c − λ − ν + 1;−wx),

wherex, ℜ(ν) > 0;ℜ(λ + ν − a), ℜ(ν − b) < 1; |argw| < π.

3.4.49. Prove that

(

xWν
∞

[

xα−1Gm,n
p,q

(

ax
∣

∣

∣

a1,··· ,ap

b1,··· ,bq

)])

= xα+ν−1Gm+1,n
p+1,q+1

[

ax
∣

∣

∣

a1,··· ,ap,1−α
1−α−ν,b1,··· ,bq

]

whereℜ(ν) > 0,ℜ[α + ν + max1≤ j≤n(a j)] < 2 |arga| < 1
2πc∗, c∗ > 0. c∗ is defined in

Exercise 3.4.33

3.4.50. Prove that

(

xIν∞

[

xα−1Hm,n
p,q

(

axλ
∣

∣

∣

(ap,Ap)
(bq,Bq)

)])

= xα+ν−1Hm+1,n
p+1,q+1

[

axλ
∣

∣

∣

(ap,Ap),(1−α,λ)
(1−α−ν,λ),(bq ,Bq)

]

whereλ > 0, ℜ(ν) > 0, |arga| < 1
2πc∗, c∗ > 0, c∗ is defined in Exercise 3.4.33;

ℜ[α + ν +max1≤ j≤n
(a j−1)

A j
] < 1.
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3.5. Derivatives of Fractional Order

In this section, we study various fractional order derivatives which occur in certain
reaction (relaxation) and diffusion problems.

3.5.1. Riemann - Liouville fractional derivatives of arbitrary or-
der

Notation 3.5.1. {α} means the fractional part of number α, 0 ≤ {α} < 1.

Notation 3.5.2. [α] means the integral part of number α.

Note 3.5.1 We note that

α = {α} + [α]. (3.5.1)

Notation 3.5.3. Dα
a+, aDα

xφ(x), Riemann - Liouville derivative of the function φ(x)
of order α, (left - hand).

Notation 3.5.4. Dα
b−, bDα

xφ(x), Riemann - Liouville derivative of the function φ(x)
of order α, (right-hand).

Definition 3.5.1. The left-hand Riemann - Liouville derivative of order α > 0
is defined by

Dα
a+φ(x) = aDα

xφ(x) =
1

Γ(n − α)

( d
dx

)n ∫ x

a

φ(t)dt
(x − t)α−n+1

(n = [α] + 1). (3.5.2)

Example 3.5.1. Prove that

0Dα
x xγ =

Γ(γ + 1)
Γ(γ + 1− α)

xγ−α, α ≥ 0, γ > −1, x > 0. (3.5.3)

Solution: We have
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0Dα
x (xγ) =

1
Γ(n − α)

dn

dxn

∫ x

0
tγ(x − t)n−α−1dt

=
Γ(γ + 1)

Γ(γ + 1+ n − α)
(γ − α + 1)nxγ−α

for γ + 1 > 0, γ + 1+ n−α > 0

=
Γ(γ + 1)
Γ(γ + 1− α)

xγ−α,

for γ + 1 > 0, (γ − α + 1)n , 0.

Note 3.5.2 It is interesting to observe that forγ = 0, We obtain

0Dα
x (1) =

x−α

Γ(1− α)
, α , 1, 2, · · · . (3.5.4)

which is a remarkable result and indicates that fractional derivative of a constant is not zero.

Definition 3.5.2. The right - hand Riemann - Liouville fractional derivative
of order α, of the function φ(x) is defined by

Dα
b−φ(x) = xDα

bφ(x) =
(−1)n

Γ(n − α)

( d
dx

)n ∫ b

x

φ(t)dt
(t − x)α−n+1

(n = [α] + 1). (3.5.5)

In short, we can express (3.5.2) in the form

aDα
xφ(x) =

dn

dxn aIn−α
x φ(x) (3.5.6)

and (3.5.3) as

xDα
bφ(x) =

dn

dxn xIn−α
b φ(x). (3.5.7)

We shall also employ the notations

aDα
xφ = aI−αx φ =

(

aIαx

)−1
φ, α ≥ 0. (3.5.8)

Similarly, we have

xDα
bφ = bI−αx φ =

(

bIαx

)−1
φ, α ≥ 0. (3.5.9)
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Example 3.5.2. Prove that

0Iνx ln x =
xν

Γ(ν + 1)
[ln x − γ − ψ(ν + 1)].

Solution: We have

0Iνx ln x =
1
Γ(ν)

∫ x

0
(x − t)ν−1 ln t dt

If we make the change of variablet = xu, then

0Iνx ln x =
1
Γ(ν)

∫ 1

0
xν(1− u)ν−1(ln x + ln u)du

=
xν ln(x)
Γ(ν + 1)

+
xν

Γ(ν)

∫ 1

0
(1− u)ν−1 ln u du.

We know that

∫ 1

0
tα−1(1− t)β−1 ln t dt = B(α, β)[ψ(α) − ψ(α + β)],

whereℜ(α) > 0,ℜ(β) > 0. Applying the above formula forα = 1 , and noting that
ψ(1) = −γ, we see that

0Iνx ln x =
xν

Γ(ν + 1)
[ln x − γ − ψ(ν + 1)].

Similarly we can establish the result in the next exercise.

Example 3.5.3. Prove that

0Dα
x (ln x) =

x−ν

Γ(1− ν) [ln x − γ − ψ(−ν + 1)]

Example 3.5.4. Prove that

0Dα
x (eax) =

x−α

Γ(1− α)1F1(1; 1− α; ax)

Solution: We have
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0Dα
x (eax) =

∞
∑

r=0

ar

r! 0Dα
x (xr)

=

∞
∑

r=0

ar

r!
Γ(r + 1)
Γ(r − α + 1)

xr−α

=
x−α

Γ(1− α)1F1(1; 1− α; x).

Example 3.5.5. Prove that

0Dα
x (x + a)p

=
apx−α

Γ(1− α)2F1(1,−p; 1− α;− x
a

).

Solution: We have

0Dα
x (x + a)p

=ap
∞
∑

r=0

(−1)r

r!

(−p)r0Dα
x (xr)

ar

= ap
∞
∑

r=0

(−1)r(−p)rΓ(r + 1)
r!arΓ(r − α + 1)

xr−α

=
apx−α

Γ(1− α)2F1(1,−p; 1− α;− x
a

).

In above expression, the following result has been used:

0Dα
x (xp) =

Γ(p + 1)xp−α

Γ(p − α + 1)
.

Exercises 3.5.

3.5.1. Prove that

(

0Dα
x [sinax]

)

=
x−α

2iΓ(1− α)

[

1F1(1; 1− α; iax) − 1F1(1; 1− α;−iax)
]

.
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3.5.2. Prove that

(

0Dα
x [cosax]

)

=
x−α

2Γ(1− α)

[

1F1(1; 1− α; iax) + 1F1(1; 1− α;−iax)
]

.

3.5.3. Prove that

(

0Dα
x [xp ln x]

)

=
Γ(p + 1)
Γ(p + 1− α)

xp−α[ln x + ψ(p + 1)− ψ(p − α + 1)]

whereψ(.) is the digamma function.

3.5.4. Prove that

(

0Dα
x [xp(a + x)q]

)

=
Γ(p + 1)xp−αaq

Γ(p − α + 1) 2F1(−q, p + 1; p − α + 1;− x
a

),

for (p − α + 1)n , 0, p , −1,−2,−3, · · · , | xa | < 1.

3.5.5. Prove that

(

0Dα
x [xpeax]

)

=
Γ(p + 1)xp−α

Γ(p − α + 1) 1F1(p + 1; p − α + 1;ax)

for (p − α + 1+ k)n , 0, k = 0, 1, · · · , p , −1,−2,−3, · · · ,

Special functions can be expressed as fractional derivatives. This can be seen from the
following exercises.

3.5.6. Prove that

2F1(a, b; c; x) =
Γ(c)
Γ(b)

x1−c
0Db−c

x [xb−1(1− x)−a]

forℜ(c − b) > 0,ℜ(b) > 0.

3.5.7. Prove that

1F1(a; c; x) = φ(a, c; x) =
Γ(c)
Γ(a)

x1−c
0Da−c

x (ex xa−1)

forℜ(a − c) > 0,ℜ(c) > 0.
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3.5.8. Prove that

p+1Fq+1

[a1,··· ,ap

b1,··· ,bq

; x
]

=
Γ(d)
Γ(c)

x1−d
0Dc−d

x

{

xc−1
PFq

[a1,··· ,ap

b1,··· ,bq

; x
]

}

forℜ(c − d) > 0,ℜ(d) > 0.

3.5.9. Prove that

Jν(x) = π−
1
2 21−νx−ν0D

−ν+ 1
2

x (sinx).

3.5.10. Prove that

ψ(x) = −γ + ln z − Γ(x)z1−x
0D1−x

z (ln z).

3.5.11. Prove that

γ(a, z) = Γ(a)e−z
0D−a

z (ez)

whereγ(a, z) is incomplete gamma function.

3.5.12. Prove that

(

0Dν
x

[

x
µ

2 Jµ(x
1
2 )
])

= 2−νx
1
2 (µ−ν)Jµ−ν(x

1
2 ),

whereℜ(µ) > −1.

3.5.13. Prove that

(

0Dν
x

[

sinx
1
2

])

=
1
2
π

1
2 (2x

1
2 )

1
2−νJ 1

2−ν
(x

1
2 ).

3.5.14. Prove that

(

0Dν
x

[

x−
1
2 cosx

1
2

])

=
√
π (2x

1
2 )−ν−

1
2 J−ν− 1

2
(x

1
2 ).

3.5.15. Prove that

(

0Dν
x

[

x
µ
2 Iµ(x

1
2 )
])

= 2−νx
1
2 (µ−ν)Iµ−ν(x

1
2 ).
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3.5.16. Show that

(

0Dν
x

[

sinhx
1
2

])

=
1
2

√
π (2x

1
2 )

1
2−νI 1

2−ν
(x

1
2 )

and

(

0Dν
x

[

coshx
1
2

])

=
√
π (2x

1
2 )−

1
2−νI− 1

2−ν
(x

1
2 ).

3.5.17. Prove that

(

0Dν
x

[

xλ1F0(α;−; x)
])

=
Γ(λ + 1)
Γ(λ − ν + 1)

xλ−ν

× 2F1(λ + 1, α, λ − ν + 1; x).

3.5.18. Establish the result

0Dν
x

[

xλ2F1(a, b; c; x)
]

=
Γ(λ + 1)
Γ(λ − ν + 1)

xλ−ν

× 3F2(λ + 1, a, b, c; λ − ν + 1; x)

whereℜ(λ) > −1,ℜ(λ + 1− ν) > 0, and c , 0,−1,−2, · · · and|x| < 1.

3.5.19. Prove that

0Dν
x

[

xλpFq(a1, · · · ap; b1, · · · bq; x)
]

=
Γ(λ + 1)
Γ(λ − ν + 1)

xλ−ν

× p+1Fq+1(λ + 1, a1, · · · ap; b1, · · · bq, λ − ν + 1; x)

whereℜ(λ) > −1,ℜ(λ − ν + 1) > 0.

3.5.20. Prove that

(

0Dν
x

[

xλpFq(a1, · · · ap; b1, · · · bq; ax2)
])

=
Γ(λ + 1)
Γ(λ − ν + 1)

xλ−ν

× p+2Fq+2

[1
2

(λ + 1),
1
2

(λ + 2), a1, · · · , ap; b1, · · · , bq,
1
2

(λ − ν + 1),
1
2

(λ − ν + 2);ax2
]

whereℜ(λ) > −1,ℜ(λ − ν + 1) > 0 and|ax2| < 1;b j , 0,−1,−2, · · · ( j = 1, · · · , p).
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3.5.21. Show that

(

0Dν
x [eax2

]
)

= x−ν
∞
∑

n=0

Γ(2n + 1)(ax2)n

Γ(2n − ν + 1)n!
.

3.5.22. Show that

(

0Dν
x Jµ[x]

)

=
xµ−ν

2µΓ(µ − ν + 1)

× 2F3

[1
2

(µ + 1),
1
2

(µ + 2);µ + 1,
1
2

(µ − ν + 1),

1
2

(µ − ν + 2);−
(1
2

x
)2]

.

3.5.23. Prove that

p+1Fq

[−n,α1,··· ,αp;x

β1,··· ,βq

]

=
Γ(β1) · · · Γ(βq)

Γ(α1) · · · Γ(αp)
x1−βq

× 0D
αp−βq
x

(

xαp−βq−1

)

0D
αp−1−βq−1
x

(

xαp−1−βq−2

)

· · ·

× xα3−β2
0Dα2−β2

x xα2−β1
0Dα1−β1

x

[

xα1−1(1− x)n
]

.

3.5.24. Prove that0Iνx(eλx) = xνE1,ν+1(λx) whereℜ(α) > 0.

3.5.25. Prove that
(

0Iνx[cosh
√
λ x]

)

= xνE2,ν+1(λx2), whereℜ(α) > 0.

3.5.26. Prove that
(

0Iνx

[

sinh
√
λ x√

λ x

])

= xν+1E2,ν+2(λx2).
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