CHAPTER 5

RAMANUJAN’'S THEORIES OF THETA AND ELLIPTIC
FUNCTIONS -l

[This chapter is based on the lectures of Professor S.Bhargava of the Department of Math-
ematics, University of Mysore, Manasa Gangothri, Mysore -570006, India.]

5.0. Introduction

The present lectures are aimed at covering in detail andt@bibasics of the
theory of cubic theta functions implied in Ramanujan’s vwoakd being developed
by current day mathematicians including the present autibe lectures are el-
ementary and self-contained and should enable the readéheif related reading
and research.

5.1. The One-variable Cubic Theta Functions

5.1.1. Series definitions of cubic theta functions and somasple
consequences

Definition 5.1.1. One variable cubic theta functions.
We define folq < 1,

a(q) - Z qmz+mn+n2’
m,N=—oco

(o0

b(C]) = Z wm—nqmz+mn+n2’ (w _ ezﬂTi),
m,Nn=—co

oa) =y gmBm e,
m,N=—oco
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Remark 5.1.1 We note the analogy between the above functions and theaoire v
able classical theta functions (in Ramanujan’s and Jagabtations, respectively).

oA = Os(a):= ) ",
6(-a) = Oua):i= ) (-1Nq",
2qiu(@) = Ox(q) = ) g™

Exercises 5.1.

5.1.1. Discuss the convergence of the series in Definition 5.1.1Rewdark 5.1.1.

5.1.2. Prove
() a@) = @) +4au(a)u(d)
(i) a@®) = @) + o)
(i) be) = Sa(d) - a0
()o@ = a@) - a)
) o) = lala) - b))
) b =ae) - o).

5.1.2. Product representations foib(qg) and c(q)

Theorem 5.1.1. We have
3o (@93

0 ba = f(-®) ~ (% 9w
3(_3 L 3; 3\3
i) g = 3&% _3 5(((1q. g))m,
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where, following Ramanujan,
f-o):=[ [@-o) = (@ D
n=1

Proof: (J.M. Borwein, P.B. Borwein and F.G. Garvan [7]):
The Euler-Cauchg-binomial theorem says that, fi < 1,

(& 9w (a/b)n
(b; d)eo Z (q)n
where, as usual,

(o)

@ =@ = | |@-ad),
n=0

@n:=(@Qn: = [ |@-adD.
k=1

Letting b to 0 in theg-binomial theorem we have (Euler)

nan n(n 1)/2
(® )= Z( : ?q)n

This gives, since

@5 P = (8 Doo(8w; Poo(a?; Qe
Z a3n Sin-1/2 i ("2 gho+nu+ng
3. 3
(@ P)eo i o
q[no(no—1)+n1(n1—1)+nz(nz—l)]/2
(Do (D, (An,

Equating the ca@cients of like powers o&, we have,

q[no(no—l)+n1(n1—1)+n2(n2—1)]/2

1 ni—ny
(P Z_ “ (Dro (@D (D

No+N1+N2=3n

Or, changinghytom +n, i =0,1,2,

1 _ Z oM q%(mg+m§+m§)
(0F; &%) _ (Drmoen(@myen(Drmpen

Mo+my+Mp=0
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Letting n to o, this gives

N My —Mp ME+My Mp+1M5. _ @2 )
2, W (& P

my,Mp=—0co

This indeed is the first of the required results.

We leave the proof of part (ii) as an exercise.
Exercise 5.1.3. Prove thay-binomial theorem.

Exercise 5.1.4. Complete the proof to the second part of Theorem 5.1.1. (See
Exercise 5.2.3 for a proof.)

5.1.3. The cubic analogue of Jacobi’s quartic modular equadns

The following theorem gives two versions of the cubic coypeet of the Ja-
cobi's modular equation

¢*(q) = ¢*(-q) + 16a0*(a")-
The first version is Entry (iv) of Chapter 20 in Ramanujan’s@el Notebook, and
the second is due to J.M. Borwein and P.B. Borwein.

Theorem 5.1.2.
3(_a3 12(_ 3
+—]: (=%) :(27+—f12( q)3) ,
qz f3(=of) qf+(-ad)
or, what is the same,
a’(q) = b%(a) + c*(a).

Proof of first version (B.C. Berndt [2].)

We need the following results concerning the classicalatfienction and its
restrictions as found in Chapter 16 of Ramanujan’s Secondi¢ok [1],[11].
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f(a,b) := ian(ml)/an(n—l)/z
= (- ab)w(-b; ab).(ab; ab).., |abl < 1,
22 _ (G -0e
a (q1 _q)oo ’

f(d, ) = (-0 -0 (-a; q

e <1 2D 0@
@) = ) = sl = T

p@ = f(a.q) = f(a’.d°) + qu(a®).
These follow by elementary series and product manipulatibh Now, setting

0= @Px(-a)/X3),

¢(0)

We have

N G 1 I Gle )
qEu(ad)

(=% @) F (g, P)p(-0°)
QEU(AR)(AP; 0P)eo
fa.o?) _ @)

U gS()

Thus,

Similarly,

1-2v=

From the last two identities, we have
3(-q%)  A(—g)u(q?)

Q3 3(-f) 93 ¢2(~ )y (aP)
(1—20)2(1+%):402+%—3.
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Changingg? to wq? andq: to w?qg: in this equation and multiplying it with the
resulting two equations we have, on some manipulations,

-0 _ [,z 1Y
s = (W) 7
3(_of 3
= (M-i_B) _27,
g3 (=)

which is the desired identity.
Proof of the second version (J.M. Borwein, P.B. Borwein and |&. Garvan [7].)
Firstly, we have, under the transformatians> wq,

i) a@®) = D>, ™™™ - a@d)

mn=-—co

and similarly,

(i) b(a®) — b(g®) and (iii) c(o®) — we(d?).
Similarly, we havea(q®), b(g®) andc(q®) going respectively ta(g®), b(g®) and
w?c(q®) underq — w?qg. Thus, for these and result (v) of Exercise 5.1.2, we have

b(wa) = a(e®) - we(a?),
b(w?a) =a(g’) - w’c(a’)
and, therefore,

@@®) - c(@®)(@@’) - we(@®)

(@e®) - w?c(a)

a’(q°) - ().

However, on using Part (i) of Theorem 5.1.1, the left sideheflast equality equals
b3(g®) on some manipulations. This completes the proof of therésilentity.

b(q)b(wa)b(w?q)

X

Remark 5.1.2. For still another proof of the theorem within Ramanujanigare
toire, one may see [3].

Remark 5.1.3. (H.H. Chan [8]). That the two versions of the theorem are\&ui
lent follows on employing Theorem 5.1.1 and result (v) of EExs&e 5.1.2.
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Exercise 5.1.5. Prove the various identities quoted in the proof to Theoreh?5

Exercise 5.1.6. Complete the manipulations indicated throughout the podof
Theorem 5.1.2.

Exercise 5.1.7. Work out the details under Remark 5.1.3.

5.2. The Two-variable Cubic Theta Functions

5.2.1. Series definitions and some simple consequences

Definition 5.2.1. Two-variable cubic theta functions.
For|g < 1,z # 0, we define

a(q’ Z) = Z m2+n’ﬂ+n22m_
b(q, Z) - Z - mz+mn+n22n (w e27fi/3)’
C(q, Z) = q(m+%)2+(m+%)(n+%)+(n+%)22m_n
ng—oo
a,(q, Z) = Z qm2+r’m+n22n
m,N=—co

Remark 5.2.1 We note that the one-variable functions of Section 5.1 as&ice
tions of the above functions at= 1. In fact

a(a) a(g, 1) = a(qg, 1);
b(a) b(a, 1); c(a) = c(q, 1).
Remark 5.2.2. We note the analogy between the above functions and the two-

variable classical theta functions (in Ramanujan’s andi& notations, respec-
tively);
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fazaz?) = 0xq.2):= ) d"7,
f(-az-az") = 04q.2:= ) (-1)'q"7,
G f(zz?) = 002 := ) q"¥7,

where, as before, following Ramanujan,

f(a, b) = Z an(n+1)/2pn(n-1)/2.

Exercises 5.2.

5.2.1 Discuss the convergence of the series in Definition 5.2.1.

5.2.2. Prove,

(i) a(a.2 =2Zq%(q ),
(i) a2 =Zdga(g. ),
(i) b(a.2 =Zq’b(q, z0),
(iv) (0.2 =Zqc(q, ),
v) &(@.2 =a(q’.2)+2qc(a’,2),
(vi) b(@.2 =a(e’.2-ac(d’.2),
(viiy &(9.2) =b(g,2)+ 3ac(c’, 2).
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5.2.2. Product representations foib(qg, z) and c(q, 2)
Theorem 5.2.1. We have,

: B . (20)(z 10w
) b2 = @Dl P . ) (i P
(i) (02 = G+ 2z+Z YAl e

y (20 )7 10 0P
(2 (Z1Pes

Here, @). :=(a;0)., for brevity.

Proof (Part (i): M. Hirschhorn, F. Garvan and J. Borwein [10] .)
We have, by definition olf(q, 2),

b(q,z): Z wm—nqmz+mn+n22n+ Z wm—nqmz+mn+nzzn.

n.even,—co n:odd,—co
Settingn = 2k in the first sum anah = 2k + 1 in the second, we get, after slight
manipulations,

b(q,2) = i wmqmz i q3k222k
Mm=—co k=—o0

2
n w—lqz Z wmthm Z q3k +3k22k.
m=—oco k=—o0

Applying Jacobi’s triple product identity ( the product ferof f(a, b) met with in
the proof of Theorem 5.1.2 ) to each of the sums we have, afteesecombining
of the various products involved,

3. ~O 2. 2 6. ~6
(-9%q )OEEZ ;, (;12 )):(q Do (263 o).,
(-7 )
(=% 0o (0 ) (0% )
(=0 ¢)eo
(-2 ) (-2 0%, 0.

b(c. 2)

X

a(z+z2h

X
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On the other hand, one can prove that the right side(z$ay of the required identity
for b(q, 2) is precisely the right side of the above identity. One hafrsb observe
thatG(g®2) = z2q3G(2) and then use it to show that we can have

G@ = Co Z ¢ 2"+ Cyz Z e 2", or,
N=—o00

Nn=—oco
Co(-Z0; ) (-Z'0%; 8)o (A O)oo
+ Ci(z+ ZH)(-Z% 8°)eo(-Z 2% )eo(; 8°)o-
It is now enough to evaluat®, andC;. For this, one can put successively i

andz = iq‘% in the last equation. Now, for Part (ii) of the theorem, wedadvy
definition ofc(q, 2),

G(2

q% Z qmz+mn+n2+m+nzm—n

mn=—co

c(@.2)

oo
= q% Z q(n+2k)2+(n+2k)n+n2+2n+2k22k

n,k=—co

(o8]
1 2 2
+ Qgiz Z q(n+2k+1) +(n 2k ) n? 4204 2k 2k+ 1
n,k=—co

(on separating even and odd powerg)pf
1 2 2
= g Z q3(n+k) +2(nK)+k* 2K

n,k:—oo

q%z Z q3(n+k)2+5(n+k)+2+k2+k22k

n,k=—co

+

q% Z q3t2+2tqk22k+q%z

t,k=—c0

[ee)

% Z q(3t’—1)(t’+1)qk2(22q)k
t' k=—oc0

(settingn+ k =tandn+ k+1=1"),

3 210t N k2 2k 3
= Q8 q3t g va +(3Z
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N N A
k=—c0

t=—00
= (e’ Q) f(@?, az?) + gizf (o o) (P, 22).
Comparing this with the required identity fofq, z), it is now enough to prove
(20, %) (°; &)
(20 0o (Z 105 O
f@.af(@az?) a2, 27

G2 = (1+z+7Yh

+ 2 5.2.1
(0 Deo (05 &) (0 Do (0} &) 621
Now, we can write 2. o8 s s
1(Z ) (7707, O)o
o) - LD @)
Z (0 (200w
We have,
1 23 3; 300 Z—3; 3oo
@ - LECDL D)
0z (20, (2% Deo
1
= @G(Z)
so that
20G(02) = G(2).
This gives, on seeking
G(2) = Z C.2",
Nn=—oco
Z qn+1anr|+2 _ Z C.2",
N=—0c0 N=—c0
and hence
Co=q"!Chp n=0,+1, +2, ...
This gives, on iteration,
Con = 4" Co, Cone1 = "™VCy, N =0,+1, 2, ...
Thus, the power series sought f6(z) becomes
G = G Z q 2" + Ciz Z g™ (2q)", or,
N=—co N=—co
G2 = Cof(aZ, qz2) + Cizf (0?2, 27?). (5.2.2)
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Comparing this with (5.2.1), it is enough to prove,

f(g°,q)
Cy = , and
T (4 9)w(0F )
4 ~2
S (5

(@ Deo(0; 8o
Puttingz =i in (5.2.2) and using the definition &(z2) in (5.2.1), we have

(—i10%; 0%)e(i0®; O)eo

0O = g auig e
= GCof(-0q,0).
or 6 6

(0% 09 (0 870 (0?5 B oo
(5 0o (=% 9o
(0 9o (0 970
(=0 8o (=0% 0o
((oHlo) 8
(=0 )0 (=0 ®)oo(—0°; )
((oHlo) 8
(=0 8°)eo(—0°; 0®)eo (=0 @)oo (=0°; O
(0 Do
(=0 8°)e(—0°; 6%)eo (0% 0°)oo
(0 A)eo(A®; 0%)eo
f(9,9°)
(0 D)oo (A, 0¥)es

as required, as regar@. Now, for C;, puttingz = iqz in (5.2.2) and using the
defintion ofG(2) in (5.2.1), we have.

_igt 1 @)i0 )
(i9°%; 9e(-19%; Q)
(:liq_E f(_q, _q)

G(ig?) =

or,
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—q(=iq%; P)w(i0; ¢
(10725 Do (102 00 GR)2 (075 PB)eo
—(1+ig2)(A +ig2)(=ig%; o) (i0?; 6)s
(1—ig)(1 - i62)(i0%; O)eo(=i0E; Qo0 Deo(T P
(=0 &) I G
(=0 ) eo(@ P)oo (A Do (0% 0o (T Qoo
(=% 89)e (=0 )

C =

(eH(e)
_ (9% )0 (=0 0% (-0 0%)e (-0 AP
(0 Ao
(9 @) (=0 @)oo (=0 0o
- (0 Q)
_ @) P (-0 ) (Y
(0 Deo(0; ) (0 D)oo P

as required. This completes the proof of Part (ii) of the teeoand hence that of
the theorem.

Exercise 5.2.3 Deduce from Theorem 5.2.1, product representationb(fprand
c(9).

Exercise 5.2.4. (M. Hirschhorn, F. Garvan and J. Borswein [10]).If

G(a) := f(azq?,a 'z q%)(f(az g%, a 'zq?) f (ag?, a 1qF)
then show successively that

() Glag) = a’qif(a),

(i)  G@)

Cof (32, a~3q?) + C4[ F (8392, a3q2) + a1 f (a%qZ, a3q2)].
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[Hint: SeekG(a) = X7 ., C,a" and apply Part (i) for a recurrence relation @y.

zY(q)3,

(i) 3Cy = (- )2,
f( r3q, 23) 3n2 3n1
i) { “32( e T 1)}
_f%(-71q, —z)].

[Hint: Changea to a2qz in (i), multiply the resulting equation ba?, apply operator
0, = a% after rewriting the equation suitably and ketend toi in the resulting
equation.]

. 1 f(-2, -3

iv) C,=z'92(q)t —>——2L.

V) =205

[Hint: Changeato azq% in Part (i), multiply bya® and then leai to et ]

(v) a(g,2) equals constant term in the expansionGgh) as power series ia.
Hence show that

Il
|
—~
=
+
N
+
Nl
[
~

a(g,2)

3
3n 2 3n 1
X {1+ 62( q3n 2 q3n l)}

@ (& ,q3)oo(r3q  %)eo

8 (32 (20, 0)(z10; Qoo
+ 1‘(2 —7— Z—l) (q)go (Z . )2 (Z—l . )2
3 (@ o O

[Hint: a(q, z) = Z;;’erpzo’mn’p:_w q(mz+n2+p2)/22m—n.]

(vi) c(g,2 = q% constant term in the expansion aIB(aq%) as power series in
a. Hence prove the product representationdgg 2) given in Theorem 5.2.1.

Exercise 5.2.5. Lettingz = 1 in Part ¢) of Exercise 5.2.4, obtain the “Lambert

series” fora(Q):
3n 2 3n-1
q

a(q)_1+62(1 q3n2 1_q3n—l’
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5.2.3. Atwo-variable cubic counterpart of Jacobi’s quartc mod-
ular equation

Theorem 5.2.2. (M.Hirschhorn, F. Garvan and J. Borwein [10].)
We have

a’(d,2) = b*(Q)b(g, 2) + ac’(a, 2).

Proof: By Part (vi) of Exercise (5.2.2),

b(g, 2b(gw, 2b(qw?, 2) = a(¢°, 2) - (4, 2.
But, by Part (i) of Theorem 5.2.1, we have the left side of toide, on slight
manipulation, equal tb?(g*)b(q?, 2). This proves the theorem witif instead ofy.

Exercise 5.2.6(M. Hirschhorn, F. Garvan and J. Borwein [10]).

b(G2c(42 iq i
Show thatm is independent of.

5.3. The Three-variable Cubic Theta Functions

5.3.1. Series definitions of three-variable cubic theta fuctions
and their equivalence, unification of one and two-variable
cubic theta functions

Definition 5.3.1.  S. Bhargava [4].
If |9 < 1,7,z# 0, we define

(o)

a(q, 7,2 = Z qm2+mn+n2 L men
m,N=—oco
b(q, 7, Z) = Z wm—nqmz+mn+n27,mzn
m,N=—co
Q7,2 = Z q(m%)2+(m%)(n+%)+(n+%)zTn+mzn—m

mn=-—co
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a’(q,r,z) — Z qmz+mn+n2,[_mzn’

mn=—co

Exercises 5.3.

5.3.1. Show,
a0.1.2 = a2, a(q. 1.2 =2(0,2
b(g.1.29 = b(q.2), c(g.1,2) = c(q, 2.
5.3.2. Show,
a(@ = a(g,1,1).=2a(q,1,1); b(q) = b(g, 1. 1)

c@ = c(@11)

Theorem 5.3.1. (S Bhargava[4]).
The four two-variable theta functions are equivalent. In fact,

d@r2 = a@ vz Vz/1),
b@, 7,2 = ag vz w?+z/7),
ca.r.2 = q“%a(g,7q 2.

Proof: Exercise
Theorem 5.3.2. (S Bhargava[4].)
For any integers A and u, we have
a(q’ T, Z) — q312+3/1/1+/12,r2/1+,1 A a(q’ Tq3(2/1+,1)/2, qu/z)

Proof: Exercise.
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Theorem 5.3.3. (S Bhargava[4].)

a(0, 7, 2) = a(®, V73/Z, V7B + aqrz AP, V3B, D).

Proof: Exercise.

Exercise 5.3.3. Complete the proof of Theorem 5.3.1. For example,

a(a, \/‘TZ, w? \/Z/_T) = Z qmz+mn+n2 (TZ)%

mn=—co

x W2 N(z/ T)%

(o]
_ 2
_ Z " mqn12+mn+n "M

mn=—oco

= b(g.7,2).

Exercise 5.3.4. Complete the proof of Theorem 5.3.2.
[For a start, expand the right side to get, after some maaiiou,

Z q3(m+/l)2+3(nH/l)(n+/1)+(n+/1)2 2 (p)
m,N=—oco

Then changen+ A to m andn + p to n.]

Exercise 5.3.5. Complete the proof of Theorem 5.3.3.
[In fact, we can write
a(q, T, Z) =Sy + S]_ + S_]_

S, = Z qi2+ij+j2Ti+jzj—i
with i — j = r(mod 3). Now puti = | + 3m+ r and manipulate. ]

where

Exercise 5.3.6. Obtain the following identities as special cases of ThedseiR:

d(0.2 = Zoa(q.zP),
aq.2 = Zqa(g, ),
b(a.2 = Zo’b(qg, z’),
c@.2 = Zqc(g, z0).
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Exercise 5.3.7. Obtain the counterparts of Theorem 5.3.2 g, 7, 2),b(q, 7, 2)
andc(q, 7, 2).

Exercise 5.3.8. Obtain the following identities as special cases of ThedsedrB3.

a2 = a2 +2qc(c’,2),
bg,2 = a2 -qc(d’,2).

5.3.2. A representation fora(q, 7, z2) generalizing Hirschhorn -
Garvan - Borwein identity

Theorem 5.3.4. (S Bhargava[4].)
o f(-ar%, ~¢*r A)Ci(r. 2
6 [Tra(L— ) (L~ 7 2)(L - *)So(r)
3n 2 2 3n— 1 2
q
1+ 62(1 P 2.2 1 — P 17"2)]
2T2f(—QT , —qZTZ)Cl(T ,2)
ST AL~ Pl
3n 2 q3n—lT2
1+ 62 ( — g 202 11— q3n—1T2)
1
3

a(g, 7,2 =

X

T+1l-z-71 (1—q”)5
So(7) ] 1—[ (1-cp)
H (1-q Tz)(l Q" '9(1 - q'rz’")

q3n TZ)

(1 -q'r'z?)
(1-g*r?)
where,
[wD(r,2) + D(r"%, 2)]73qz
w+1

Ci(r.2) :=
with
(—w™ 15 + wr™ 3)
(™t + w)

D(r,2) = (z+ 7 - 130 - T3 w)
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= (1- ™)’ 1 (- Qord)(d - i)
. H(1—qn)H T+ q + o)
1—[ 1-qwr 32)
1 @+ +g)?
x (1-q'w?r32)(1- qwr 3z Y1 - qwirizh

b 3n-2 3n.-—2
-1 q’r q'r
) ( n2 n—)'
nzz; 1_q3T2 1_q3T2

Proof: Proof is similar to that of Part (v) of Exercise 2.4 but moraberate due
to the presence of extra variahleWe therefore only sketch the proof by indicating
the steps involved.

Step (1). Show

and
T_lSo(T) =

g(aq,7,2) = a3 2 3g(a, 7, 2),
where

g(ar1,2 = flarzg?,atrizlq?)f(arztq?, atrtzg?)
x  f(ac?,a’q?)
Step (2). Show

g(a,,2) Co(t,2 Z a"rg? 3/2

N=—0c0

+ Ci(r,2) Z a:’:n7_2nq(3n2+2n)/2
Nn=—oco
" Cl(‘r z)a Z a an(3n2—2n)/2’

Step (3). Put each summation in Step (2) in product form.
Step (4). Now, it is easy to see,

a(q, T, Z) = Z q(n12+n2+p2)/2Trn+nzrn_n

mH+n+p=0



180 5. RAMANUJAN'S THEORIES OF THETA AND ELLIPTIC FUNCTIONSII
equals the cagicient ofal in

[ i amequ%J ( i a”T”z‘”qn_zzJ[ i apqp_zz]

mM=—o0 N=—oc0 p:—oo

equals the ca@cient ofa in g(g, 7, 2) which is equal taCy(r, 2). Now, Similarly,

Codficient ofa® in ag(ag?, 7, 2)
q:Ci(r L 2).

a(q, 70, 2)

Step (5). We have thus proved (after replacing aﬂnﬁ q% and then multiplying by
8.3‘['2),

a2 f(arizga?r iz f(alr3z g, a3 f(arig a?r %)
= a(q, 7, 2a%* f (%"q®, a®r ™)
+ a(q, or, r3af (a%*e? a°r*q)

+a(q, qr t, 2)r3a L f (% g, a b4 eP).
Step (6). Sety = —iwr3 anday ;= iw?r 3.
Substitutea = a;, ] = 1,2 in the identity of Step (5) to obtain two linear simul-

taneous equations ia(g, 7q, z2) anda(g, 7q 1, 2). Eliminatinga(g, g, 2), we get
a(qg, 7q, 2) = Ci(r, 2) whereC/(r, 2) is as in the statement of the theorem.

Step (7). Now set = ag := i7=3. We have from the identity in Step (5),

f(a2riq, a2r3)
a—adp

ar’f(-rztg, - v f(~rzq, -7z’ Y) lim
a—ap
= 3ai7%a(q, 7, ) f (-4 v °q°)
. 1 d 6_-4 6_4.3
X »1+ 3a°da0|09f(a T at')
+a(q, 7q, 273 (—7°0?, —77%q)

x [1+ aO% log f (a7, a‘GT“‘q)]
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- a0, 7 'q, 98y’ P (-7, —7°q) (5.3.1)
_ i 6.4~ ~A—6_-4.2
x |1 aodaologf(arq,ar q9)|.

This yields the expression fa(q, 7, z) stated in the theorem.

Exercise 5.3.9. Letting r — 1 in Theorem 5.3.4, deduce Hirschhorn -Garvan -
Borwein [10] representations faqg, ) andc(qg, 2).

Exercise 5.3.10.Complete the proof of each step in Theorem 5.3.4 followirgy th
directions therein.

5.3.3. Two -parameter cubic theta functions in terms of clasical
theta functions (or, Laurent’s expansions for two-parameer
cubic theta functions)

Theorem 5.3.5. (S Bhargava and SN. Fathima[5].)

() a@r2 =f(@ g ) qz?

+ qrzf (o°r?, 72 f (P2, 2°9),

@) b(g, 7,20 = f(qrw, q‘r_lu)z) f (q3T_lZZ, q3TZ_2)
+ a)zqu (q3‘ra), T_la)z) f (q6T_122, TZ_Z),

(i) car2 =g ard)f(ad az?)
+ girzf (P2 g2 ) (P2, 279

(iv) a(q72 =flrnar)f(* 72, oz ?)
+ qzf (ot T 1 F(o®r 122, v 272).

Proof: We have,

(I) a(q, T, Z) = Z qn2+nm+m2Tn+mZn_m

mn=-—oco

equals the sum of terms with even powets- sum of terms with odd poweg«?
which is
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— Z q3(m+k)2+k2T2(m+k)22k+QTZ Z q3(m+k)2+3(m+k)+k2+k

mk=co mk=—oc0
oo (5] (5] (5]
2 2 2 2
_ Z g&" 72 Z 9“2 + qrz Z QB2 Z gtk
N=—o0 k=—oc0 N=—co k=—00

f(a*r?, P2 F(aZ. 0z°) + arzf (o, T2) (P2, 22).

(“) b(q, T, Z) — Z wm—nqmz+mn+n2TmZn
m,n=—co
equals the part with even powerszf part with odd powers af, which is

(o)
Z wk+mT3k2+(k+m)2Tk+m(22T—l)k

k,rT\Z—oo

+ an)Z Z wrmkq3k2+3k+(m+k)2(qT)rmk(ZZT—l)k

k,m=—c0

— Z wnq3k2+n2Tn(22T—1)k

n,k=—co

+ogw? ) o (rwa) ¥ (P2

n,k=—co

= f(qur, q’t H T (P2, f*rz?)
+ g’ f(0Prw, 7 w?) f (P21, 27%7), as desired.

(i) We havec(qg,,2) = q%a(q, gr, 2). Using this in Part (i) we have the required
result.

(iv) We have,
a(q,7,2) = b(q, Tw?, zw).

Using this in Part (ii), we have the required result.
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Exercise 5.3.11. Puttingr = 1 in Theorem 5.3.5, obtain the corresponding results
[S. Cooper [9]) fora(g, 2), b(g, 2), ¢(q, 2) anda'(q, 2).

Exercise 5.3.12. Combining Part (i) of Theorem 5.3.5 with Theorem 5.3.1, get
alternative representation far(q, 7, z), b(q, 7, 2) andc(q, 7, 2).

Exercise 5.3.13. (S. Bhargava [4].) Show that
a(q,7,2 = flqrztgr')f (2, ')
+ qrzf(g®rz L, 1) f(Q®r B, v 17d).
[Hint: Write a(g,7,2) = So + S1, j = 2m+r, where

S = ) e )

Exercise 5.3.14. Write the counterparts of Exercise 5.3.13 B4q, 7, 2), ¢(q, 7, 2)
anda'(q, 7, 2).

Theorem 5.3.6. (S Bhargava and SN. Fathima[6].)

ot i 1 @ + 362
2t A A0 _
ae ,e',é)_—t\/éexp[ ( o )

a(e‘%, et e%).

Proof: If, as before,
f(ab) = Z "+ D/2pn(n-1/2.

n=—co

We need the following transform [ Entry 20, Chapter 16, [1]L]],

\/51: (e—az+na’ e—az—na) — enz/4 \/Ef (e—ﬁ2+iﬂ3, e‘ﬁz—irﬁ)
provideda = 7 and Re &?) > 0. In particular, we need

i i 1 92 +6 -6
f e—nt+l9 e—ﬂt—le = — exp(— f e_T, e’ T ,
(7, e7) = “exptg )

and

, . 2 t i 6 2420 21-20
f(et0 gi0) = \/je — —— — —)f(-e 7t ,—e 1)
( )= V7RG 5~ e -

We also need the addition results (Entries 30(ii) and 30@hapter 16, [1], [11])
f(a b) + f(-a,—b) = 2f(a’b, ab®)
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and o
f(@b) - f(-a-b) = 2af (2, Ea“b“).

We have from Exercise 5.3.13 and repeated use of the abamsfdres forf(a, b),
a(e—27rt, eiqﬁ’ ée) f(e—Znt+i(¢—9), e—27rt—i(¢—6)))
f(e—Gnt+i(¢+3H) e—6nt—i(¢+39))
g 2rt+i(9+6) £ (e—47rt+i(¢—9), e—i(¢—9))
f (e—127rt+i(¢+3e), e—i(¢+3€))
1 [ (¢2 + 362
24/3t ont

X + X

)] (@B +ap)

where

n+¢—0 T—¢+60

a = f(e =z ,e =),
:8 = f(e‘” 6t ’e‘ke—;)’

, +¢p—0 n—¢+0

a
B = f(-e & ,—e ).

This becomes, on using the addition theorems for f(a,b)egliabove and the trivial
identity

20B+aB) = (@+@)B+B)+(@-a)B-5),
o)

S 1
—2nrt ¢ 9 _
a(e, €%, d) = —exp|-

( ) tv3 p[ ( 6rt
2n-6+¢ 2n+6—¢ 2m+30+¢ 2n-30—-¢
X [f(e‘ To,e T )f(e‘ I e = )
21+20 -0 Ar—0+¢ ¢+30 An+¢p+30
+ € = f(eT,e‘ T )f(eT,e‘ 3 )]

- 5o (e

tv/3 6t
x [ (@2, P23 f(grzt gr ')
+ qrzf(®rZ, 7123 f(Prz L, 1) ]
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withq = ef r=e%,2= e’s” . This reduces to the required identity on using Ex-
ercise 5.3.13 once again, the trivial identifg, 7, 2) = a(g, 71, z'!) and the easily
verified identity

a(@, Xy, xy ™) = a(q, y*, X°).
Exercise 5.3.15 Work out all the details in the proof of Theorem 5.3.6.

Exercise 5.3.16. Prove the mixed transformations

. ot in 1 ¢ + 362
2t Ao (% — —
(i) ae ™, e%,e%) = t\/:_))exp[ [ ot ”
_am W W
X a’(e 3t,83t,e3t),

. Cort b 1 ¢? — 0 + 36°

’ 2nt ¢ 6 _ N L A ——
(i) ae™ e’ = t\/gexp[ ( ot )

_x ¢ 24
X a(e a,ea,eet),

o 1 P> — 0+ 6%\ ¢
ot o HO0y & N (R -
2 ¢ 209
X C(e Bl’e2t,e 6t ),
| 20 o o gy _ L o[ (213

X b(e‘%,e%,e%).
[Hint: Use Theorem 5.3.1 on Theorem 5.3.6].

Exercise 5.3.170Obtain S. Cooper’s [9] modular transformations by putiing O
in Theorem 5.3.6 and Exercise 5.3.16.
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