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CHAPTER 7

SPECIAL FUNCTIONS OF MATRIX ARGUMENT

[This Chapter is based on the lectures of ProfeissbMaA®ALl Mathersity,
Canada (Director of the 3rd SEIRC School)

7.0. Introduction

Real scalar functions of matrix argument, when the matrazesreal, will be
dealt with. 1t is di cult to develop a theory of functions of matrix argument for
general matrices. LeX = (x;);i =1 ;mandj =1, ;nbeanm nmatrix
where thex;;'s are real elements. It is assumed that the readers haveathe b
knowledge of matrices and determinants. The followingd&ad notations will be
used here. A prime denotes the transpo€es transpose of;j(:)j denotes the
determinant of (.). The same notation will be used for thehlte value also. tiX)
denotes the trace of; tr(X) = sum of the eigenvalues &f. A real symmetric
positive de nite X will be denoted byX = X°> 0. Then0< X = X< ) X =
X%> 0andl X > 0. Further, & will denote the wedge product or skew symmetric
product of the dierentials d;;'s.

7.1. Wedge Product and Jacobians

De nition 7.1.1. Wedge product or skew symmetric product of di erentials.
Let x andy be real scalar variables withxptly denoting the dierentials. Then

dx” dy= dy” dx (7.1.1)
where” denotes the wedge product or skew symmetric product.

From the de nition itself it is clear thatxI® dx = 0. As a consequence, we
have the following interesting result:  Lgt = fi(Xy; %) andy, = fy(Xq; %) be
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228 7. SPECIAL FUNCTIONS OF MATRIX ARGUMENT

two functions of the real scalar variablesandx,. Then the di erentials iny; and
y, are given by the standard formulae, where for exam%edenotes the partial
derivative off with respect to,

@ . @
dyr = ldx, + —=Ldx
R T M
and
a@. @
dy, = —=dx;+ —=dxy: 7.1.2
V2 = Gt G (7.12)

Let us take the wedge product of;cand d/,.

dy; N dy, = %dxl + %dxz A %dxl + %dxz
= %%dxy‘ dx, + %%dxy‘ dx,
+ %%dx/‘ dxy +#% %dxz" dx,
%% %% dx, " dxo (7.1.3)

since g M dx; = 0; dxo ™ dxo, = 0; dxo ™ dxg = dx;” dx,. But

@.a @.@_ 2 2 g

1 2

= determinant of the Jacobian matrig
j

and this determinant is called th#&acobianof the transformation ofxX; x,) going
to (y1;y2). Then

dy; M dy, = Jdxg M dxp; J = @ :
@
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(%V); i = 10k ) = 105k, that is, the i j)th element or the-th row, j-th col-
umn element in this matrix is the partial derivativeypfwith respect tox;. The
determinant of this matrix is the Jacobidr j(%jy)j. Then

dy; N dy, N M dy = Jdxg M dxe NN dXxe: (7.1.5)
If the transformationXy; ;%) to (y4; :2:; W) is one-to-one thejlj, 0. In this case

1
dxg N /N dx = jdyl" N dyge (7.1.6)
If X=(x;) andm nthen
dX = dxgg N N dXgn N dXor NN dXon N N dXg N N dXn:
If X = X° that is symmetric ang p, then

dX = dxg1 M dXor N dXop ™ i dXpy A i dXpp
the wedge product of the(p + 1)=2 di erentials inX.

Example 7.1.1. Let X andY be p 1 vectors of real scalar variables, functionally
independent, and lef = AX; jAj, 0, whereA = (g;) is a matrix of constants (free of the
elements inX andY). Evaluate the Jacobian of this transformation.

Solution:

Vi a1 a2 aip X1

; 1 a a X

Y=fF ! f=ax=0" 7 ol |- )
Yo 8p1 Ap2 8pp  Xp
Yi = aipXg + i apXp i = 1,0

@y @y .

@ aij ) & (ai)) = A) A
Hence,

dy = jAjdX:

Thatis,YandX,p 1,Aisp p;jAl, 0;Ais a constant matrix, then

Y= AX jAj, 0) dY = jAdX: (7.1.7)
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Example 7.1.2. LetXandY bem nandletA;m mandB;n n, be nonsingular
constant matrices. Then show that

Y = AXB) dY = jA]"jBjMdX: (7.1.8)

Solution:  Let Z = AX = (AX®: AX@::::: AXM) where XO; ;XM are the
columns ofX. Then the Jacobian matrix faf going toY is of the form

A O :: 0O
) bbb = A= (7.1.9)
O O :: A

A O O
O A ]

O O @t A
whereO denotes a null matrix and; is the Jacobian for the transformation Xf
going toZ or dZ = jA"dX. Now, consider the transformation

ZWp
Y=27ZB= :

ZmB

wherez®: ::::2M are the rows of. The Jacobian matrix is of the form,

B 0O % Bo o N
b 3 VR g ~iB") dv=jBdz

00 B
Then

Y= AXBjAj, 0;jBj, 0;¥m nXm n;) dY=jA"BMdX:  (7.1.10)

Example 7.1.3. LetXbep p, symmetric positive de nite and I€f = (t;) be a lower
triangular matrix. Consider the transformation

X=TTC

Obtain the conditions for this transformation to be on@te- and then evaluate the Jaco-
bian.
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Solution:

X11 X2 it Xpp
X=0M)=g + + =

with x; = x; foralliandj, X = X%> 0. WhenX is positive de nite, that isX > 0
thenx;; > 0; j = 1, ::;;p also.

ty, O @2 0 tir tor oty
— tz:l tz:z n O O t2:2 o t?z - X)
tor too I tpp 0 O top
X11 = tfl ) tin = px_ll. This can be made unique if we impose the condition

t1; > 0. Note thatx;, = t33t5; and this means that; is unique ift;; > 0. Continuing
like this, we see that for the transformation to be unique gu cient thatt;; >
0; j = 1;:::;p. Now, observe that,

— 2 . — 2 2 .. — 2 2
Xll - tll’ X22 - t21+ t22, ...,pr - tpl + ...+ tpp

andXqs = tygtog; N0 Xp = t]_]_tpl, and so on.

@ = 2ty @1 =0 @ -0

@Ll @21 1

@2 =t .....@lp =t

V=N - 11 -y o — U1,

@1 @1

@22 - 2t22; @22 - O; . @22 - O;

@ @s1 @1
and so on. Taking the;'s in the orderx;s; Xiz; s X1p; X22; » Xops ; Xpp and
the tj;'s in the ordertyq; to1; tr; ;tpp We have the Jacobian matrix a triangular

matrix with the diagonal elements as follovig; is repeateg times,t,; is repeated

p 1times and so on, and nally,, appearing once. The number 2 is appearing
a total of p times. Hence the determinant is the product of the diagdeatents,
giving,

Psp 1 .
2pt11t22 tpp!
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Therefore, forX = X°> 0; T = (t;;); t; = 0;i< j; t;; >0;j=1; pwe have
8 9
EYD +1 E
X=TT°) dXx=2Pg " 'zdT: (7.1.112)
-, :
The transformation in (7.1.11) is a nonlinear transfororatwhereas in (7.1.10)
itis a general linear transformation involvingnfunctionally independent real;'s.
If Xisp pandsymmetric then there are onlg2+ + p= p(p+ 1)=2 func-
tionally independent elements X because, herg; = x; for all i and j. Let

Y = Y0= AXA% X = X%jAj, 0. Then we can obtain the following result:

Y = AXA% X = X%jA), 0;) dY = jAPHdX: (7.1.12)
This result can be proved by using the fact that a nonsinguoidrix such a#\ can
be written as a product of elementary matrices in the form

A= E]_Ez Ek
whereE;; ; Ex are elementary matrices. Then

Y=AXA) EE, EXE E
Let Yx = ExXE; Y« 1 = Ex 1YkE? ;; and so on. Evaluate the Jacobians in these
transformations to obtain the resultin (7.1.12).
For various types of matrix transformations and the assetidacobians see
Mathai (1997). We will need a few more Jacobians for our dismn. These are
listed below without proofs.

Y=X%jXj, 0) dY jXj 2° for a generaX

iXj "D for X = X© (7.1.13)
LetXbeap n;n p, matrix of rankp and letX = TU whereT isp p
lower triangular with distinct nonzero diagonal elements &9 a uniquen p

semiorthonormal matrixJU; = I, all are of functionally independent variables.
Then

8 9
o Y B
X=TU?) dX=3 jt;j" J3dT ~ du, (7.1.14)

=1
where
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Z op &
dUl = .

- (7.1.15)
P2
(see page 236 for,() ). Combining (7.1.15), (7.1.14) and (7.1.11) we have the
following result: LetX be ap n; n  p matrix of full rankp. LetS = XX°> 0.
Then
%P

dX = iSj? 7 ds: (7.1.16)

n
p 2

Exercises 7.1.

7.1.1 LetX = (x;) bem nwith x;'s functionally independent. Let Abe an m
nonsingular constant matrix. Then show that

Y = AX) dY = jA"dX:

7.1.2 LetX be as de ned in Exercise 7.1.1. LBtbe an n nonsingular constant
matrix. Then show that

Y=XB) dY=jBj"dx:

7.1.3 LetX°= Xap pskew symmetric matrix of functionally independent
real variables. Lef be a nonsingular constant matrix. Then show that

Y = AXA) dY = jAP tdX: (7.1.17)
7.1.4 LetXbeap pskew symmetric nonsingular matrix. Then show that
Y=X1) dY=jXj ® Vdx: (7.1.18)

7.1.5 LetX = X°> 0bep p. LetT = (t;) be an upper triangular matrix with
positive diagonal elements. Then show that
8 9
3P =
X=TT°) dX=2P3 t/3dT: (7.1.19)
ol
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7.1.6 Letx;; ;Xpberealscalarvariables. Lgt = x; +  + Xp; Y2 = XX +
X1X3+  Xp 1Xp (Sum of products taken two at atime), ;yx = X1 X. Then for
X;>0;,j=1  ;kshow that

w4
dy;» N dyk=3 X Xjjpdxg NN dxp: (7.1.20)
Ti=l j=ivl '
7.1.7. Letxy; ;X bereal scalar variables. Let
X1 = rsin ;
Xj = rcos icos, cos;isingj j=23 ;;p 1
Xp = TICOS 1COS 3 COS p 1
forr>0; 5< ; 3j=1 ;p 2, < 1 .Thenshow that

8. 1 9

B
dx N dxy=rP 1§ jeos jjiPlizdrrd A A d g (7.1.21)
T :

7.1.8 LetX = % whereX andT arep p lower triangular or upper triangular
matrices of functionally independent real variables wibisiive diagonal elements.
Then show that

dX = (p 1)Tj MP*L72gT: (7.1.22)

7.1.9 For real symmetric positive de nite matricésandY show that

t

. XY t . XY
imI+— =e"™=|m| —: (7.1.23)
ti1 t t1l t

7.1.10. Let X = (x;); W = (w;) be lower triangularp p matrices of distinct
real variables withx;; > O;w;; > 0;j =1, ;p, ;J<:1\/V,2k =1j=1 ;p. Let
D=diag(1;, ; p); j>0;j=1, ;p, realanddistinctwhere diag;, ; p)
denotes a diagonal matrix with diagonal elements ; ,. Show that
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8Yio 9

: =
X=DW) dX= § w5 dD A dwe (7.1.24)
> ,

7.2. Real Matrix-variate Gamma and Related Func-

tions

In the real scalar case the integral representation for argafnction is the
following:

Z 1
()= x leXdx; <()>0: (7.2.1)
0
Let X beap preal symmetric positive de nite matrix and consider theegnal
Z
o( )= iXj e "9gx (7.2.2)
x=x%0

where, when p1l the equation (7.2.2) reduces to (7.2.1). We will evalu@t2.p)
with the help of the Jacobian in (7.1.11). Let= (t;;) be a lower triangular matrix
with positive diagonal elements. Put

B 3 v

_ 0 — PHL (T 4T T T = 2.

X=TT") dX—2p.3 tjj "sdT, ITT )= tjj,
j=1 j=1

r(X) = tr(TT) = B+ (G + B+ + (B + +2):

Then,
8 9
. O R tr(TTO)5 pr p+l 15
o( ) = TJTTJ ze .32 t; ’sdT
-
8 98, 7 9
EY Z1 t2 EEW Z3 2y bt =
= 3 edijzz 2(t5) ‘e ndtyz;
sy 1 B ’
sincetjj > 0 by de nition and t;;i, jcouldvary from1l to1l subjectto the
condition thafl T’ is positive de nite. But
Z 1 z 1 ) .
— i 1
efidty=""and  2(2) et = ‘

1 0 2
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j 1. : _ 4. . 1. Q
for<()>%%j=1 ;p)< ()>5:Notethatin™;there are i 2+

+p 1l=p(p 1)=2factorsand hence the nalresultis the following:

De nition 7.2.1.  Real Matrix-variate gamma function.

_ e 1 P 1_ P
()= 7 () 3 S-i<()>
We will call ,( ) the real matrix-variate gamma. Observe thatfgor 1, ( )

reduces to ( ).

= (7.2.3)

7.2.1. Matrix-variate real gamma density

With the help of (7.2.2) we can create the real matrix-varggmma density as
follows, where Xis @ p real symmetric positive de nite matrix:

p+l
11 7 A tr(X)-yw = X° . p1
f(X):§ O & TXEX >0 <()>5

70; elsewhere .

If another parameter matrix is to be introduced then we albdagamma density
with parameters { B); B = B’ > 0; as follows:

(7.2.4)

8
B iy BratBX-yw = ¥0Os O-R=RY> () p1
fl(X):§P(>JXJ 2 e X=X">0B=B">0<()>5

(7.2.5)
- 0; elsewhere

As in the scalar case, two matrix random variables X and Y aiekte be indepen-
dently distributed if the joint density of X and Y is the pradwf their marginal den-
sities. We will examine the densities of some functions dejmendently distributed
matrix random variables. To this end we will introduce a fearenfunctions.

De nition 7.2.2. A real matrix-variate beta function, denoted By(; ); is de-
ned as

By( )=—P§()+P());<( > B t<()>

The quantity in (7.2.6), analogous to the scalar casé)s the real matrix-variate
beta function. Let us try to obtain an integral represeatafor the real matrix-
variate beta function of (7.2.6). Consider

p 1
5 (7.2.6)
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"Z #
o() o )= iXj 7 e "dx
..Zx=x°>o #
ivj % e Mdy
v=Y%0

where both XandY arp p m%tri%es.

p+1

= iXj ZjY] e t*gx A gy
PutU = X+ Y fora xed X. Then

Y=U X)jYj=jU Xj=juUjl U XU 3
where, for conveniencd)? is the symmetric positive de nite square root Of

Observe that when two matrices A and B are nonsingular wh&eaid BA are
de ned, even if they do not commute,

jl ABj=jl BA
andifA= A’> 0andB = B’ > 0 then
jl ABj=jl AIBAj=jl BZABIj
Now,

Z Z
o( ) o( )= Ui Zjxj Zjl U XU ¥ FetWdu A dx:
U X

LetZ=U 2XU zfor xed U. Then X = jUj%ldU by using (7.1.12). Now,

4 Z
o() ()= 12 7il Zj Tdz Ui+ e "Wduy;
z u=u%0
Evaluation of theJ-integral by using (7.2.2) yieldsy,( + ): Then we have
Z
() () o1 . pn
Bo(; )= =" 2= jzj Zjl Zj zdz
o ) T+ 44

Since the integral has to remain non-negative we tavwe zZ°’ > 0;I Z > O
Therefore, one representation of a real matrix-variata fagtiction is the following,
which is also called the type-1 beta integral.
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Z
Bo(; )= iZj %jl Zj %dz;<()>p21;<()>

0<z=7"%|

p 1
> (7.2.7)

By making the transformatiod = | Z note that and can be interchanged in
the integral which also shows thBg(; )= By(; ) inthe integral representation
also.

Let us make the following transformation in (7.2.7).

wW=( 2iz0 2%() w=@Z* ') wi=z"! |
)i Wj ®PDdw = jzj ®Vdz) dZ = ji + Wj PDdw

Under this transformation the integral in (7.2.7) beconmesfollowing: Observe
that

iz = Wil + Wi S Zj= 1+ Wi
Z

Bo(; )= W E W dw (7.2.8)
W=W0%0

1. 1.
for < ()> B < ()> 2k

The representation in (7.2.8) is known as tlipe-2 integrafor a real matrix-variate
beta function. With the transformation= W ! the parameters and in (7.2.8)
will be interchanged. With the help of the type-1 and typ&t2gral representations
one can de ne the type-1 and type-2 beta densities in thema#ix-variate case.

De nition 7.2.3. Real matrix-variate type-1 beta density for thep p real
symmetric positive de nite matrix X such that X=X°>0; 1 X>0:

8

1 - ptl. . &1_ _ 0 . p_]_. p_]_.

fz(X):§Bp(? 1% I L VR =0<X=X<I<()>5<()>5;
- 0; elsewhere.

(7.2.9)

De nition 7.2.4. Real matrix-variate type-2 beta density for thep p real
symmetric matrix X.
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DX Fj X X = X> 0
<()>8h <()>22 (7.2.10)
- 0; elsewhere.

f3(X) =

0/ /AN OO

Example 7.2.1. LetX;; Xobep pmatrix random variables, independently distributed as

(7.2.4) with parameters; and ; respectively. Letd = X1+X5;V = (X1 + Xp) %xl(xl + X5) %;
1 1

W = X, ?X1 X, ?. Evaluate the densities &f, V andW.

Solutions:  The joint density oiX; andX,, denoted byf (X;; X5), is available as the
product of the marginal densities due to independence. i$hat

iXqi 1 Ll'x i2 &16 tr(Xg+Xz)
F(Xq; Xp) =2 2172~ 2 X0 = X095 0; X = X8> 0
p( 1) p( 2)

<(0> 2% <> 2% (7.2.11)

U=Xi+X)] %i=jU Xij=jUjil U XU %
Then the joint density ofy; U;) = (X1 + X3; X1); the Jacobian is unity, is available
as

fi(U;Uy) = jUqj %ljuj 2 %l“ U 2U,U %j 2 Bt ().

_r

p( 1) p( 2)
PutU, = U 3U U #) dU; = jUj% dU,: Then the joint density ot andU, = V
is available as the following:

(U V) = —————juj 2 Fe "Wjvjr Fji vjz 7
p( 1) p( 2)

Since f,(U; V) is a product of two functions dff andV: U = U°> 0;V = V°> (;

| 'V > 0 we see that) andV are independently distributed. The densitiedJof

andV, denoted by, (U); g(V) are the following:

gi(U) = cjuj 2 Fe 'Oy =ul>0
and +1 +1
RV)= Vit Tjl Vj? ZT;v=V0>01 V>0
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wherec; andc; are the normalizing constants. But from the gamma densidy an
type-1 beta density note that

1 +
- ¢, = p( 1 2)

CL=———;
o( 11 2)

m; <(1)>0, <(2>0:

HenceU is gamma distributed with the parameter ¢ ) and V is type-1 beta
distributed with the parameters and , and further that U and V are independently

distributed. For obtaining the density\&f = XZ%Xlxz% start with (7.2.11). Change

(Xg; X3) to (Xq; W) for xed X,. Then &X; = szj%ldW. The joint density ofX, and
W, denoted byf,,, (W X,); is the following, observing that

U3+ X, XX, 5)X]]
tr[XZ%(I + VV)XZ%] = tr[(1 + W)X;]
(1 + W)EXo(l + W)?]

by using the fact that tAB) = tr(BA) for any two matrices where AB and BA are
de ned.

tr(Xl + Xz)

fuse (W Xg) = W) = i) = 2 Fe vt

-
p( 1) o( 2)

Hence the marginal density of W, denoteddyyW), is available by integrating out
Xz from f, (W, X3). That is,

Z
1 e g, B W) Exo(1+wW) 2
Gu(W) = jwj ez Xoj 1+ 2 7@ MIFWI BRI,
p( 1) p( 2) X=X%50
PutXs; = (I + VV)%XZ(I + VV)% for xed W, then &3 = |l + Wj%ldxz:
Then the integral becomes

V4
p+l

1 1
Xt 2 e W) 2Xo(4W) 2] g,
Xo=X2>0

= o 1+ 2l +Wj T2
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Hence,

8 .
g —f W i+ W W= W 0
2 (D2 . )
(W) = 3 <(1)>21 <(y>22
- 0; elsewherg
which is a type-2 beta density with the parametersand ,. Thus, W is real
matrix-variate type-2 beta distributed.

7.3. The Laplace Transform in the Matrix Case

If f(xyg ; X¢) is a scalar function of the real scalar variables ;X then
the Laplace transform of, with the parameters; ;ty; is given by
Z 1 Z 1
Li(ty;  ;t) = e Wf(x:  x)dx A N dxe  (7.3.1)
0 0

If f(X)is areal scalar function of the p real symmetric positive de nite matrix X
then the Laplace transform ¢fX) should be consistent with (7.3.1). Whxn= X°
there are onlyp(p + 1)=2 distinct elements, eithet;%;i j or x;%;i  j: Hence
what is needed is a linear function of all these variableat1d) in the exponent we
should have the linear functidiX;1 + (to1Xz1 + tooXoz) + + (tpXpr +  + tppXpp):
Even if we take a symmetric matrik = (t;) = T° then the trace of TX,

xe
tr(TX) = tigXaa +  + tppXpp + 2 tij X
i<j=1

Hence if we take a symmetric matrix of parametgts such that

1'[11 St Stip
s 2 5lop 1
T = 25 ’ ;T =) 4=t = Etij; Iy
%tpl %th tpp
then
X X
tr(T X) =taXn t + tppxpp + t”X”

i=1 j=1i>]

Hence the Laplace transform in the matrix case, for real sgimniopositive de nite
matrix X, is de ned with the parameter matrix .
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De nition 7.3.1.  Laplace transEorm in the matrix case.
Li(T )= e "T X £(X)dX:; (7.3.2)
X=X0%0

whenever the integral is convergent.

Example 7.3.1. Evaluate the Laplace transform for the two-parameter gaahenaity
in (7.2.5).

Solution: Here,

. . 1
f(X) = JB(J )ij T BN, X =X0>0,B=B">0; <()> pz (7.3.3)
P
Hence the Laplace transform bzﬁs the following:
p( ) x=xo0

Note that sincd ;BandX arep p,
tr(T X)+tr(BX) =tr[(B+ T )X]:
Thus for the integral to converge the exponent has to renwsitiye de nite. Then

the conditionB+ T > Oissu cient. Let 8+ T )% be the symmetric positive
de nite square root oB+ T . Then

t[(B+ T )X] = tr[(B+ T )2X(B+ T )?];
(B+T )XX(B+T)=Y) dX=jB+T|=dy

and
iXj Fdx=jB+Tj jYj Zdv
Hence,
o Z
LT )= 2 B+Tj jYj Zet™dy
p( ) v=voo
=jBjjB+Tj =jl+BTj : (7.3.4)

Thus for knownB and arbitraryT , (7.3.4) will uniquely determine (7.3.3) through
the uniqueness of the inverse Laplace transform. The dondifor the uniqueness
will not be discussed here. For some results in this diracsee Mathai (1993,

1997) and the references therein.
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7.3.1. A convolution property for Laplace transforms

Let f1(X) and f,(X) be two real scalar functions of the real symmetric positive
de nite matrix X and letg;(T ) andg,(T ) be their Laplace transforms. Let
Z

f3(X) = fi(X  S)f(S)dS: (7.3.5)
0<S=8%X

Theng,g; is the Laplace transform dg(X).
This result can be establisheg from the de nition itself.

Li(T ) = e "M X £(X)dX

X=x%0
Z Z
= e "TXf (X S)f,(S)dSdX:

x>0 S<X
Note thatfS < X; X > 0Ogis also equivalent t6X > S;S > Og Hence we may
interchange the integrals. Then

Z "z #

Li(T) = f,(S) e "TXf (X S)dX dS:

S>0 X>S

PutX S=Y) X=Y+Sandthen

Z "Z #
e "T S {,(S) e "TYf(Y)dY dS

S>0 Y>0

Q2(T )gu(T ):

Example 7.3.2. Using the convolution property for the Laplace transforrd an integral
representation for the real matrix-variate beta functioovsthat

Lfs(T )

Bp(; )= p( ) p()=p( + )

Solution:  Let us start with the integral representation
Z

o, PrL, .

Bo(; ) = Xz X

0<X<I

p+l

Z dX;

<()> p21;<()>p71:

Consider the integral



244 7. SPECIAL FUNCTIONS OF MATRIX ARGUMENT

Z Z
I p+l, . prl .,. brl - ptl
jUp ZjX Uj Zdu=jXj = juj =z
O<U<X O<U<X
. 1 1. ptl
jI X ?U%( 2j 7 duU
=ixj* = iYj =l Y] FdYY=X 2UX 3
o<Y<I
Then
Z
e 4+ P L. Pl .oprl
Bo(; )iX 7 = juj 7jX Uj zdu: (7.3.6)
O<U<X

Take the Laplace transform on both sides to obtain the faigw
On the left side, 2

Bo(; ) IXIT ZTe T NdX = By(; )Tj() o + )

On the right side we get,
Z A #

e 1T Ui ZjXx Uj Zdu dx
x>0 O<U<X

= o( ) p( )T j *? (by the convolution property in (7.3.5).)
Hence
Bo(; )= p() p()=p( + )

Example 7.3.3. Leth(T ) be the Laplace transform &{X); thatis,h(} ) = L¢(T ): Then

show that the Laplace transform jf 5 p(%l)f(X) is equivalent to h(U)du:
uU>T

Solution: From (7.3.3) observe that for symmetric positive de nitestant matrix
B the following is an identity.

Z
B = iXj Fet®gx.< ()> 2= (7.3.7)
p( ) xs0 2
Then we can replagj = ,(22) by an equivalent integral.
4 7
ix %, BT 1 YjZ Fe Mgy = g tMgy:

2 Y>0 Y>0
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Then the Laplace transform x| =2 D %1 f(X) is given by,
Z Z

e tr(T X)f(x)[ e tr(YX)dY]dX

x>0 7 7 Y>0
_ e T X f(x)dydX: (PutT +Y=U) U>T)
ZX>O Y>0 Z
= KT +Y)dY= h(U)du:
V50 usT

Example 7.3.4. ForX > B;B=B%>0and > 1 show that the Laplace transform of
X Bj isjTj (*%e tTB) (4 By,

Solution:  Laplace transform giX Bj with parameter matriX is given by,

Z Z

Jx BJ e tr(T X)dx —e tr(BT ) JYJ e tr(T Y)dY, Y = X B
X>B Y>q

= g U1(BT) ) +p+ J-I-J(+P*1)
p+1

(bywriting = + 22 Elyfor +22>22) > I

Exercises 7.3.

7.3.1. By using the process in Example 7.3.3, or otherwise, shottties_aplace
transform of | p('°+1)JXj %]”f(X) can be written as
Z Z Z
h(Wo)dw, A A dw,

Wi>T Wo>W,q Wn>W;, 1
whereh(T ) is the Laplace transform of f(X).

7.3.2. Show that the Laplace transformj§" isjT j " IO(n+ Py forn> 1.

7.3.3. Ifthe p preal matrix random variabl¥ has a type-1 beta density with
parameters (1; ») then show that

(HU=( X) zX( X)Z type-2beta(s »)
(V=X 1 type-2beta(y; 1)
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where “ " indicates “distributed as”, and the parameters are ginghe brackets.

7.3.4. Ifthe p preal symmetric positive de nite matrix random variable Xsha
a type-2 beta density with parametersand , then show that

(HU=X1 type-2beta(s; 1)
(HV=01+X 1 type-1beta(y; 1)
(i) W= (1 +X) 2X(1 +X) 2 type-1beta (i, »):

7.3.5. If the Laplace transform of (X) is g(T ) = Lt (f(X)); whereX is real
symmetric positive de nite angg  p then show that

. @
"o(T ) =Ly (X"f(X)); = (1) a

wherej@@j means that rst the partial derivatives with respect;ts for all i and j
are taken, then written in the matrix form and then the detsant is taken, where

T =(t):

7.4. Hypergeometric Functions with Matrix Argument

There are essentially three approaches available in gratitre for de ning a
hypergeometric function of matrix argument. One approashtd Bochner (1951)
and Herz (1955) is through Laplace and inverse Laplace fbems. Under this
approach, a hypergeometric function is de ned as the fonctatisfying a pair
of integral equations, and explicit forms are available #&s and ;Fo. Another
approach is available from James (1961) and Constantirg8jXfirough a series
form involving zonal polynomials. Theoretically, explidorms are available for
general parameters or for a gengjfa but due to the di culty in computing higher
order zonal polynomials, computations are feasible onlgioall values of p and g.
For a detailed discussion of zonal polynomials see Matlravd3t and Hayakawa
(1995). The third approach is due to Mathai (1978, 1993) #hthhelp of a gener-
alized matrix transform or M-transform. Through this ddion a hypergeometric
function is de ned as a class of functions satisfying a dariiategral equation. This
de nition is the one most suited for studying various prdpe of hypergeometric
functions. The series form is least suited for this purpdgkthese de nitions are
introduced for symmetric functions in the sense that
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F(X) = £(X) = f(QQX) = f(QXQ) = f(D); D = diag( 1;::; p):

If Xis p pand symmetric then there exists an orthonormal matrix Q,isha
QQ’ = 1;Q°Q = I such thaQ’XQ = diag( 1;::; ) where 3;:::; , are the eigen-
values of X. Thus, f(X), a scalar function of tipép+ 1)=2 functionally independent
elements in X, is essentially a function of the p variablgs::; ,:

7.4.1. Hypergeometric function through Laplace transform

Let [Fs(aq; ::i;a; by i bg Z) be the hypergeometric function of the matrix ar-
gument Z to be de nedZ = Z’. Consider the following pair of Laplace and inverse
Laplace transforms.

r+1Fs(al;:::;ar'zc; (TR T T

= pl(c) U:Uo>oe VOV E(ag;a by nbs U)US 2 du (7.4.1)
and

Fora(an o butbric » O)Jn° 7

= (ZI)‘;% . €D Fyay;:a; by inbs Z Yjzj dz (7.4.2)
whereZ = X +1Y; | = p_1; X =X > 0;andX andY belong to the class of

symmetric matrices with the non-diagonal elements Wetgb'ge%. The function
+Fssatisfying (7.4.1) and (7.4.2) can be shown to be uniquenoetéain conditions
and that function is de ned as the hypergeometric functibmatrix argument®,
according to this de nition.

Then by takingFo(;; ~ ) = e '™ and by using the convolution property of the
Laplace transform and equations (7.4.1) and (7.4.2) onesgatematically build
up. The Bessel functiogF, for matrix argument is de ned by Herz (1955). Thus
we can go fromyFq to 1F( to oF to 1F; to ;F; and so on to a generg,,.

Example 7.4.1. Obtain an explicit form forFg from the above de nition by usingFg
G; U)=e L)

Solution:  From (7.4.1)
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Z
: ic Bla V) £ (..
p(C) U:U0>OJUJ : e OFO(! ] U)dU
Z
i 1(c) juP Ze t+lgy = ji + 4 ¢
p u>0
since
oFo(;; U) = e "W
But

L+ e =g e e
Then from (7.4.1)
1Fo(Giy A D =jl+n e

which is an explicit representation.

7.4.2. Hypergeometric function through zonal polynomials

Zonal polynomials are certain symmetric functions in thgeavalues of the
p pmatrix Z. They are denoted iy« (Z) where K represents the partition of the
positive integer kK = (ki; 5 kp) with kg +  +ky = ke When Zis 1 1 then
Ck(2) = Z%. Thus,Ck(Z) can be looked upon as a generalizatiorzoh the scalar
case. For details see Mathai, Provost and Hayakawa (199%rrhs ofCk (Z) we
have the representation for a

@) N @,

k=0 k=0 K
The binomial expansion will be the following:
X X
Ck(2) _ . .
Fo( 7= D@y g (7.4.9)
k=0 K ’
for0< Z < |, where,
|
I O N e
()= > K= (ke iiskp) ket k= k (7.4.5)

j=1 K
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In terms of zonal polynomials a hypergeometric series isxdd as follows:

XX @k @)kC(@).
wo « bk (b K

For (7.4.6) to be de ned, none of the denominator factorsjisato zeroq p,
orqg= p+1and0< Z < I. For other details see Constantine (1963). In order to
study properties of a hypergeometric function with the hafli§7.4.6) one needs
the Laplace and inverse Laplace transforms of zonal polyalsmThese are the
following:

oFq(as; i ap; by by Z) = (7.4.6)

Z
X_X%ijj' e M0AC, (XT)dX = jZj Ck(TZY) o(; K) (7.4.7)
where
v o j N
o(; K)y= PP D= + K| — = o( ) (7.4.8)
=1 7
_ l tr(Sa. .
TR g 0 KA
-1 s Fcusyni= "1 (7.4.9)
p(; |<) K y .

forZ=X+iY; X = X%> 0; X andY are symmetric and the nondiagonal elements
are weighted b;%. If the non-diagonal elements are not weighted then thesidé
in (7.4.9) is to be multiplied by 2° V2. Further,

Z
i B e el K) ()
o<x<|JXJ X CK(TX)dX—WCK(T)
<()>p21;<()>p21 (7.4.10)

Example 7.4.2. By using zonal polynomials establish the following results

p(©)
Zp(a) p(C Q)

AR o ca A xjhar (7.4.11)

0<n <l

2F1(a; b; c; X)
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1. 1
for <@>5% <(c a>5-.

Solution:  Expandingl ~ Xj P in terms of zonal polynomials and then integrating
term by term the right side reduces to the following:

X X Ck(* X)

jl A XjP= (b)k I for0O<AX< |
k=0 K ’
and
z @K) o a)
A2 A cr Fo (r xar = 2P Ty (X
A A U k(" X) R oX
by using (7.4.10). But
p(a; K) p(c a): p(@ p(c @) (@),
p(C; K) p(C) Ok
Substituting these back, the right side becomes
X X
)k (b)k Ck(X
( )(Z)( s Kk(, ) = Ry o )
k=0 K K :
This establishes the result.
Example 7.4.3. Establish the result
SF1(a;b;c 1) = p(O o 23 b) (7.4.12)

p(c a) p(c Db
for<(c a b)>2% <(c a>2% < b>L2%:

Solution:  In (7.4.11) put X1, combine the last factor on the right with the previous
factor and integrate out with the help of a matrix-variaigeyl beta integral.

Uniqueness of thgF, through zonal polynomials, as given in (7.4.6), is estab-
lished by appealing to the uniqueness of the function de tihedugh the Laplace
and inverse Laplace transform pair in (7.4.1) and (7.41#) ky showing that (7.4.6)
satis es (7.4.1) and (7.4.2).

The next de nition, introduced by Mathai in a series of papes through a
special case of Weyl's fractional integral.
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7.4.3. Hypergeometric functions through M-transforms

Consider the class gf p real symmetric de nite matrices and the null matrix
O. Any member of this class will be either positive de nitermggative de nite or
null. Let be a complex parameter such tkaf ) > p71: Let f(S) be a scalar
symmetric function in the sengg€AB) = f(BA) for all A andB whenAB andBA
are de ned. Then th&-transform off (S), denoted byM (f); is de ned as
Z
M (f) = juj = f(U)du (7.4.13)
u=u%0

Some examples of symmetric functions ar&®; jl Sj for nonsingularp p
matricesA andB such that,

e MAB) = g "BA: j| AR =jl BA:

Is it possible to recovef(U), a function ofp(p + 1)=2 elements irJ = (u;;) or
a function ofp eigenvalues ofJ, that is a function op variables, fromM (t) which
is a function of one parametef? In a normal course the answer is in the negative.
But due to the properties that are seen, it is clear that #vasts a set of sucient
conditions by whichM (f) will uniquely determinef(U). It is easy to note that
the class of functions de ned through (7.4.13) satisfy the pf integral equations
(7.4.1) and (7.4.2) de ning the unique hypergeometric fiorc

A hypergeometric function throughl-transform is de ned as a class of func-
tions, F satisfying the following equation:
Z
+1
X pTrFS (ay; i@, by by X)dX
X=x%0

Qfl RCEN S

J 1 p(aj)gf J 1 p(bj )9
where is an arbitrary parameter such that the gammas exist.

o) (7.4.14)

Example 7.4.4. Re-establish the result
|

+1
LrGX Bj)= , +'O2 iTj (+%)e 1B (7.4.15)

by usingM-transforms.
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Solution:  We will show that theM-transforms on both sides of (7.4.15) are one
and the same. Taking tiM-transform of the left-side, with respect to the parameter
, we have,

Z Z "Z #
+1 +1
iTi ZfL:GX BigT= [Tj 7 X Bje"™dx dT
T>0 Z IIZ T>0 ﬁ>B
= 7] Ze'™®  jyje gy dT:
T>0 Y>0
pri p+l

Noting that = + == the Y-integral givegT] 2 o( + %1): Then the

2 2
T-integral gives

p+1 p+1 . e

M (left-side)= , + : b >

M-transform of the right side gives,

z ( L q )
M (rightside)= ) % , +P = T (e T g
T>0 I I
_ p+1 p+1 . ., . pn
= + > P > ]B] 2

The two sides have the same M-transform.

Starting withoFo(; ; X) = €™, we can build up a generaF, by using the
M-transform and the convolution form fdM-transforms, which will be stated next.

7.4.4. A convolution theorem forM-transforms

Let f1(U) andf,(U) be two symmetric scalar functions of the p real symmet-
ric positive de nite matrixJ, with M-transformaM (f;) = gi( ) andM (f,) = gz2( )
respectively. Let

Z

f3(S) = jUjBf(U2S U2) fo(U)dU (7.4.16)
uU>0
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then theM-transform offs is given by,

M (f3) = ou( )02 + (7.4.17)

The result can be easily established from the de nitionliitsg interchanging
the integrals.

Example 7.4.5. Show that

©

AT oI TN P Fe Vs gty
p p <U<

1Fi(g;c; ~ ) =

Solution:  We will establish this by showing that both sides have theeshdn
transforms. From the de nition in (7.4.14) thd-transform of the left side with
respect to the parameteis given by the following:

y
M (leftside)= j°] =3 1F1(a'c"‘ )
n A=A>0
p@ ) () p(C) .
T ) ° p(a())
+1 C
M (right-side)= jrp T —R2
ranesde= YT T@ e @
jUPR il U Fe Wy dn
O<U<I

Take,

f1(U) = e " and f,(U) = jJUR =jl Uf?a %



254 7. SPECIAL FUNCTIONS OF MATRIX ARGUMENT

Then
Z ‘1
M(f)=a()= U] Fe'™Wdu= ,()<()>P2=
ZU>O 2
M(f)=g()= U Zjur T uf e T du
ptl
- pla+ 7) olC a);<(c a)>p ,
pc+s B 2

<(at+ )>pi<(ct )>p:
Taking f3 in (7.4.16) as the second integral on the right above we have

)
EEZ; p( )M = M (left-side)

M (right-side)= )
p

Hence the result.

Almost all properties, analogous to the ones in the scake fia hypergeomet-
ric functions, can be established by using the M-transfaanique very easily.
These can then be shown to be unique , if necessary, throeghniljueness of
Laplace and inverse Laplace transform pair. Theories foctions of several ma-
trix arguments, Dirichlet integrals, Dirichlet densitigbeir extensions, Appell's
functions, Lauricella functions, and the like, are avd#ga@ hen all these real cases
are also extended to complex cases as well. For details ste@aiM&997). Prob-
lems involving scalar functions of matrix argument, real aomplex cases, are still
being worked out and applied in many areas such as stalidistabution theory,
econometrics, quantum mechanics and engineering aree® tie aim in this brief
note is only to introduce the subject matter, more detailsnst be given here.

Exercises 7.4.

7.4.1. Showthatfo* =~°>0andp p,
WFi@c » )=e "™ Fic acn):

7.4.2. Forp preal symmetric positive de nite matricésand_ show that
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© z
ha@et) =~ 3 o o

p+l p+l

j_j® Nt mav

7.4.3. Show that for a scalarandap p matrix withp nite

o . A
lim ji + Aj;:|'li’nj|+—j =e'®™:

7.4.4. Show that

. Z . 1
!Hn 1F1(a; ¢ a) |I!n2)1|:1 -:c, Z

oFi(;c; 2):

7.4.5. Show that 7

p(C)

1Fi(ac )= "
2 )5 <@=x%

é@jzj 51 + 7z Y 2dz:

7.4.6. Show that
JFi@b;eX)=jl Xj oFi(c ab;e; X(1 X))
7.4.7. For< (9 >Z'°Tl;< (b 9>2%<(c a 9> 2% showthat
iXie 7l XP s % LR (a: b; ¢ X)dX

p(C) p(s) p(b ) p(c a 9.
p(b) p(c @) p(c 9 '

O<X<lI

7.4.8. De ning the Bessel functiomA (S) with p  p real symmetric positive
de nite matrix argument S, as

1 1
A(S) = ———oFaGr + P22 sy (7.4.19)

ol +57) 2
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shovxéthat |
Cn + N - . + 1
iSj pTlAr(S)e r*S)ds = —p( [)J+1 I aF1 s+ P ot
S>0 p(r + 5°) 2
7.4.9. If 7
+1 +1
MG 5A) = X T+ Xz e "dx;
x=x%0
1
<()> p2 A=A >0
then ShO\Q that |
. . s +1 +1 '
X+ Aj e Mgx = jaj *5 M P12 BT o aAbral
X>0 2 2

7.4.10. If Whiriaker function W is de ned as

iZi Tl +zj e Mgz
Z>0

sas 1
=JA 7 o )eztr(A)W%( )40+ “’%”)(A)

then show tha%

X+BR ZjX U e tMX)gy
xX>U

= jU + Bj 9 T jMj ( *DghtlB UM] +(20)
1 1
W, o oq @2)(S)S = (U + B)IM(U + B):
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